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Abstract

The goal of this paper is to remove the irreducibility hypothesis in a theorem of
Richard Taylor describing the image of complex conjugations by p-adic Galois repre-
sentations associated with regular, algebraic, essentially self-dual, cuspidal automor-
phic representations of GLg, 1 over a totally real number field F'. We also extend it
to the case of representations of GLs,, /F whose multiplicative character is “odd”. We
use a p-adic deformation argument, more precisely we prove that on the eigenvarieties
for symplectic and even orthogonal groups, there are “many” points corresponding to
(quasi-)irreducible Galois representations. Recent work of James Arthur describing
the automorphic spectrum for these groups is used to define these Galois representa-
tions, and also to transfer self-dual automorphic representations of the general linear
group to these classical groups.
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1 Introduction

Let p be a prime. Let us choose once and for all algebraic closures Q, @p, C and embeddings
tp: Q= Qp, Lo : Q = C. Let F be a totally real number field. A regular, L-algebraic,
essentially self-dual, cuspidal (RLAESDC) representation of GL,,(Ar) is a cuspidal auto-
morphic representation m together with an algebraic character x = n|| - [|? of Ax/F* (n

being an Artin character, and ¢ an integer) such that
o 7/~ (yodet)®m,

e For any real place v of F, LL(m)|w. =~ @; (z = 2%izbvi) where LL denotes the
local Langlands correspondence, W¢ o~ C* is the Weil group of C, and a, , b,; are

integers satisfying a,; # a, ; for i # j.

By definition, 7 is regular, L-algebraic (in the sense of | |), essentially self-dual, cuspi-
dal (RLAESDC) if and only if 7®|| det ||(*~1)/2 is regular, algebraic (in the sense of Clozel),
essentially self-dual, cuspidal (RAESDC). The latter is the notion of “algebraic” usually
found in the literature, and is called “C-algebraic” in | |. For example, any cuspidal
eigenform of weight k& > 2, level N > 1 and Nebentypus « : (Z/NZ)* — C* gives rise to
an RLAESDC representation 7 of GL2(Ag) which is essentially self-dual with respect to
o~ |-||*~! and such that LL(7o)|we = (2 +— diag(2!7*, 217%)), where co denotes the real
place of Q. Up to twisting by a character, any regular L-algebraic cuspidal automorphic
representation of GLg(Aq) arises in this way.

Let Galp denote the absolute Galois group of F'. Given a RLAESDC representation 7 of
GL,, (AF), there is (Theorem 3.1.2) a unique continuous, semisimple Galois representation
Pipyoo () : Galp — GLy,(Qp) such that p,, . () is unramified at any finite place v of F
not, lying above p and for which m, is unramified, and toot, ' Tr (.00, (7) (Froby)) is equal
to the trace of the Satake parameter of m, (implicit in this assertion is the fact that this
trace is algebraic over Q). It is natural to ask if for other places v of F, the restriction of
Pupyioo () to a decomposition group at v is also determined by m, via the local Langlands
correspondence. This problem is usually called “local-global compatibility”. At any finite
place v of F' not dividing p, local-global compatibility is known (see | I, [ ]), up to
semisimplification in some cases. At p-adic places the Galois representation p,, .. (7)|caly,
is known to be de Rham and its associated Weil-Deligne representation coincides with the
local Langlands parameter of m,, up to semisimplification in some cases (| I,
[ |). Moreover the Hodge-Tate weights of the representations (p,,, .., (7)|Gal, Jv|p are
the integers (a;y)y|oo defined above (see Theorem 3.1.2 for a more precise statement). Thus
the only remaining case of local-global compatibility is that of a real place v of F', where
the only non-trivial element of the decomposition group Galg, is a complex conjugation
cy. It is conjectured that the conjugacy class of p,,,... (7)(cy) is determined by LL(m,)
(see | |[Lemma 2.3.2| for the case of an arbitrary reductive group). In the present
case, by Clozel’s purity lemma and by regularity, LL£(m,) is determined by its restriction
to W, and since det (p,, .. (7)) is known, the determination of p,, . (7)(c,) amounts to

the following



Conjecture. Under the above hypotheses, ‘Tr (pLP’LC>o (ﬂ')(CU))’ <1.

There are several cases for which this is known. For example, if 7 is a RLAESDC
automorphic representation of GL2(Ag) corresponding to a cuspidal eigenform of weight
k > 2, level N > 1 and Nebentypus « : (Z/NZ)* — C*, then necessarily a(—1)(—=1)F =1
and so det p,, ... (T)(coo) = =1 (“purpu00 () is 0dd”), which implies the conjecture because
the dimension is 2. More generally, according to [ |, for v an infinite place of F' the
value of ,(—1) € {£1} does not depend on v, and we denote the common value by 7.(—1).
When 75 (—1)(—1)? = —1 (this happens only if n is even, and by | | this means that
Pipioe (M) together with the character p,, ... (7] - [|7) = (n o rec)cyclo?, is “symplectic”),
Prpioe (T)(Cy) is conjugate to —p,, ... (7)(cy), so the trace is obviously zero. In all other
cases, essential self-duality of p,, . () does not yield information at the real places and
the conjecture is non-trivial.

Solving this conjecture is important to formulate, and probably also to prove, generali-
sations of Serre’s modularity conjecture | | stating that any odd irreducible continuous
Galois representation Galg — GLa(TF,) is modular, i.e. comes from a cuspidal eigenform.

In | |, Richard Taylor proves the following.

Theorem (Taylor). Let F be a totally real number field, n > 1 an integer. Let 7 be a reg-
ular, L-algebraic, essentially self-dual, cuspidal automorphic representation of GLay11/F.
Assume thal the altached Galois representation p,, .. (7) : Galp — GL2n+1(@p) s irre-
ducible. Then for any real place v of F,

Tr (pr7Loo (ﬂ-)(cv)) = =+1.

Although one expects p,, .., (7) to be always irreducible, this is not known in general.
Nevertheless it is known when n < 2 by | |, and for arbitrary n but only for p in a set
of positive Dirichlet density by | |.

In this paper, the following cases are proved:

Theorem A (Theorem 5.3.4). Let n > 2, F a totally real number field, = a regular,
L-algebraic, essentially self-dual, cuspidal representation of GLy(Ap), such that 7 =~
(x odet) ® m, where x = n|| - ||? for an Artin character n and an integer q. Suppose that

one of the following conditions holds
1. n is odd.
2. n is even, q is even, and ns(—1) = 1.

Then for any complex conjugation c € Galp, [Tr(p,,...(7)(c))| < 1.

This is achieved thanks to the result of Taylor, Arthur’s endoscopic transfer between
twisted general linear groups and symplectic or orthogonal groups, and using eigenvarieties
for these groups. Let us describe the natural strategy that one might consider to prove the
odd-dimensional case using these tools, to explain why it fails and how a detour through

the even-dimensional case allows us to conclude.



Let m be a RLAESDC representation of GLoj,+1(Ar). Up to a twist by an alge-
braic character 7 is self-dual and has trivial central character. Conjecturally, there should
be an associated self-dual Langlands parameter ¢, : Lp — GLo2j4+1(C) where Lp is the
conjectural Langlands group. Up to conjugation, ¢, takes values in SOgy,4+1(C), and by
functoriality there should be a discrete automorphic representation II of Sp,,,(Ar) such
that LL(I1,) is equal to LL(m,) via the inclusion SOg;,11(C) < GLa,+1(C) for any place
of F' which is either archimedean or such that m, is unramified. Arthur’s results | |
imply that this (in fact, much more) holds. To construct p-adic families of automorphic
representations, that is eigenvarieties, containing I, it is preferable to work with a group
which is compact at the real places of F', and work with representations having Iwahori-
invariants at the p-adic places. A suitable solvable base change allows us to assume that
[F': Q] is even and that m, has Iwahori-invariants for v|p. Using [Tai] we can “transfer”
7 to an automorphic representation II of G, the inner form of the split reductive group
Sps,,/F which is split at the finite places and compact at the real places of F. By | I,
generalizing | |, there is an eigenvariety 2" for G. Using | | and [Tai] again,
one can associate p-adic Galois representations p,,,... (II) to automorphic representations
IT of G, yielding a family of Galois representations on 2", that is to say a continuous map
T : Galp — O(Z) which specializes to Tr (p,,,...(-)) at the points of 2~ corresponding
to automorphic representations of G(Ag). One can then hope to prove a result similar
to | , Lemma 3.3], i.e. show that one can “p-adically deform” II to reach a point on
2 corresponding to an automorphic representation II' whose Galois representation is ir-
reducible (even when restricted to the decomposition group of a p-adic place of F'). Since
Prpuoo (') comes from an automorphic representation 7" of GLan41(AF), 7' is necessarily
cuspidal and satisfies the hypotheses of Taylor’s theorem. Since T'(¢,) is locally constant
on Z', we would be done.

Unfortunately, it does not appear to be possible to reach a representation II' whose
Galois representation is irreducible by using local arguments on the eigenvariety. However
we will prove the following, which includes the case of some even-dimensional special

orthogonal groups as it will be needed later:

Theorem B (Theorem 3.2.2, Theorem 4.0.1). Let G be an inner form of Sp,,, or SOy,
over a totally real number field, compact at the real places and split at the p-adic ones.
Let 11 be an irreducible automorphic representation of G(Ar) having Iwahori invariants at
all the places of F above p, and having invariants under an open subgroup U of G(Ag)f),
Let p,,,...(II) denote the p-adic representation of the absolute Galois group Galp of F
associated with I1 and embeddings 1y : Q < Qp, too : Q = C. Let N be an integer. There

exists an automorphic representation I of G(Ap) such that:

o II' is unramified at the places above p, and has invariants under U ;

o The restriction of p,,...(II') to the decomposition group at any place above p is either
irreducible or the sum of an Artin character and an irreducible representation of

dimension 2n (the latter occurring only in the symplectic case);

o For all g in Galp, Tr(p, ... (I1)(9)) = Tr(ps,, (1) (g)) mod p™.



The possible presence of an Artin character (in the case of inner forms of Sp,,,) comes
from the fact that the standard representation of SOgy,4+1(C) is not minuscule: the set of
characters of a torus T'(C) of SOg,+1(C) in this representation has two orbits under the
Weyl group, one of which contains only the trivial character. The key fact allowing us
to prove the above theorem is that classical points on the eigenvariety for G correspond
to automorphic representations II of G(Ap) (say, unramified at the p-adic places) and a
refinement of each II,, v|p, that is to say a particular element in 7'(C) in the conjugacy
class of the Satake parameter of II,. The variation of the crystalline Frobenius of p,, ... (-)
on the eigenvariety with respect to the weight and the freedom to change the refinement
(by the action of the Weyl group) are at the heart of the proof of Theorem B. The proof
is more delicate than that of | , Lemma 3.3], essentially because the dimension of the
Galois representations is greater than the dimension of the eigenvariety 2. In fact we will
be able to strengthen Theorem B, to show that for any p-adic place v the Lie algebra of
Prpuco (II')(Galp,) can be assumed to be as large as one can expect: Corollaries 3.2.3 and
4.0.2. This could be useful in future applications.

Although the strategy outlined above fails because of the possible presence of an Artin
character in Theorem B, Theorem A can still be deduced from Theorem B. Indeed, | |
and [Ta1] imply that certain formal sums of distinct cuspidal self-dual representations of
general linear groups “contribute” to the automorphic spectrum of inner forms of Sp,,, or
SOy, as above. The even-dimensional case in Theorem A will be proved by transferring
wH g, where 7, 7y are regular, L-algebraic, self-dual, cuspidal representations of GLay, (AF)
(resp. GL3(AF)) with distinct weights at any real place of F', to an automorphic represen-
tation II of an inner form G of Spy,, /F. Since p,, .. (7) © p., .o (T0) does not contain
any Artin character (the zero Hodge-Tate weights come from p,, .. (7o), which is known to
be irreducible), for big enough N any representation II’ as in B has an irreducible Galois
representation.

To treat the original case of a regular, L-algebraic, self-dual, cuspidal representation of
GL2,,+1(Ar) having trivial central character, we appeal to Theorem B for special orthog-
onal groups. For example, if n is odd, 7 B mp, where 7 is the trivial character of A5 /F*,
contributes to the automorphic spectrum of G, which is now the special orthogonal group
of a quadratic form on F?"*? which is definite at the real places and split at the finite
places of F'. Note that « H 7y is not regular: the zero weight appears twice at each real
place of F. However the Langlands parameters of representations of the compact group

SO3,+2(R) are of the form
n+1

P Id}ye (z s (z/Z)k")
=1

when composed with SO2y,42(C) < GLay42(C), with k1 > ... > kyy1 > 0;and LL ((m B mo)y)

is of this form, with k,11 = 0. The rest of the proof is identical to the even-dimensional

case.
After the first version of this paper was written, Harris-Lan-Taylor-Thorne | | and
Scholze | | have attached Galois representations to (not necessarily essentially self-

dual) L-algebraic regular automorphic cuspidal representations of general linear groups



over totally real number fields. Ana Caraiani and Bao Viet Le Hung | |, following
Scholze’s construction and using Theorem A, have proved that the above Conjecture also
holds for these Galois representations.

We now fix some notations for the rest of the article. The valuation v, of Q, is the one
sending p to 1, and | - | will denote the norm p~*»(). All the number fields in the paper
will sit inside Q. We have chosen arbitrary embeddings Lp Q— @p, too : Q = C. In fact,
the constructions will only depend on the identification between the algebraic closures of
Q in Qp and C (informally, tpt5}). Observe that the choice of a p-adic place v of a number
field F' and of an embedding F, — QTD is equivalent, via ¢p, to the choice of an embedding
F < Q. The same holds for the infinite places and too. Thus if F is totally real, LpLgol
defines a bijection between the set of infinite places of F' and the set of p-adic places v of
F together with an embedding F, — Q,. The eigenvarieties will be rigid analytic spaces
(in the sense of Tate). If 2" is a rigid analytic space over a finite extension E of Q,, | 2|
will denote its points.

I would like to thank Gaétan Chenevier for introducing me to this fascinating subject,
Colette Meeglin and Jean-Loup Waldspurger for Lemma 5.1.1, and James Arthur for his
help.

2 The eigenvariety for definite symplectic groups

In this section we recall the main result of | | in our particular case (existence of the
eigenvariety for symplectic groups), and show that the points corresponding to unramified,
“completely refinable” automorphic forms, with weight far from the walls, are “dense” in

this eigenvariety.

2.1 The eigenvariety

2.1.1 Inner forms of symplectic groups compact at the archimedean places

Let F' be a totally real number field of even degree over Q, and let D be a quaternion
algebra over F', unramified at all the finite places of F' (F, @ p D ~ M3(F,)), and definite
at all the real places of F'. Such a D exists thanks to the exact sequence relating the
Brauer groups of F' and the F,. Let n be a positive integer, and let G be the algebraic
group over F' defined by the equation M*M =1, for M € M, (D), where (M*), . = M7,
and -* denotes conjugation in D.

Then G (F ®gR) is a compact Lie group, and for all finite places v of F', G xp
F, ~ Sp,,/F,. The connected reductive group G is an inner form of the split group
G* :=Sp,,,/F.

Fix a prime p. We will apply the results of | | to the group G’ = Res(g (G). Let

E be a finite and Galois extension of Q,, containing all the F,, (v over p).



2.1.2 The Atkin-Lehner algebra

The algebraic group G’ xq@ Qp = [[,, G xq Fy (where v runs over the places of F)
is isomorphic to Hv|p Res(g;San /Fy, which is quasi-split but not split in general. The

algebraic group Sp,,, is defined over Z by the equation ‘M JM = J in My,, where J =
0 1

<_0Jn {;‘) and J, = . We define its algebraic subgroups T,, B,, B,
1 0

N,, N, of diagonal, upper triangular, lower triangular, unipotent upper triangular, and
unipotent lower triangular matrices of Resz?;Sp%/Fv, and let T =][,,, Tv, B =[], Bo,
and so on. In | , 2.4], only the action of the maximal split torus of G’ xg Q) is
considered. For our purpose, we will need to extend this and consider the action of a
maximal (non-split in general) torus, that is T, instead of a maximal split torus S C T.
The results in | | are easily extended to this bigger torus, essentially because T(Q))/
S(Qp) is compact. Moreover, we let I, be the compact subgroup of Sp,,, (O,) consisting
of matrices with invertible diagonal elements and elements of positive valuation below
the diagonal. Finally, following Loeffler’s notation, we let Gy = Hv|p I,. 1t is an Iwahori
sugroup of G'(Q,) having an Iwahori decomposition: Gy >~ NoTp Ny where %o = *(Q,)NGo.

For each place v of F' above p, let us choose a uniformizer w, of F,. Let X, be the
subgroup of Sps,, (F,) consisting of diagonal matrices whose diagonal elements are powers

of w,, i.e. matrices of the form

T1

Wy

r
"

—rq

Wy

Let ;F be the submonoid of ¥, whose elements satisfy 11 < ... < r, <0, and 3/ the
one whose elements satisfy ry < ... <1, < 0. Naturally, we set X = Hv|p Y.y, and similarly
for X7 and X1,

The Atkin-Lehner algebra ’H; is defined as the subalgebra of the Hecke-Iwahori algebra
H(Go\G'(Qp)/Go) (over Q) generated by the characteristic functions [GouGo), for u € X7.
Let H,, be the subalgebra of H(Go\G'(Qp)/Go) generated by the characteristic functions
[GouGop) and their inverses, for u € T (in | |, a presentation of the Hecke-Iwahori
algebra is given, which shows that [GouGy] is invertible if p is invertible in the ring of
coefficients).

If SP is a finite set of finite places of F not containing those over p, let % be the Hecke
algebra (over Q) /

R H(G(OR)\G(F.)/G(OR,)
W SPUSHUS oo
where S, denotes the set of places above *. This Hecke algebra has unit e5. Let He be a
commutative subalgebra of @, cqp H(G(Fy)), with unit egs.



Finally, we let H™ = H," @ Hsp @ HY, H=Hy,@Hgr @H® and e = eg, ® egr @ €.

2.1.3 p-adic automorphic forms

The construction in | | depends on the choice of a parabolic subgroup P of G’ and
a representation V' of a compact subgroup of the Levi quotient M of P. The parabolic
subgroup we consider here is the Borel subgroup B, and thus, using LoefHler’s notation,
T = M is a maximal (non-split in general) torus contained in B. The representation V' is
taken to be trivial.

The weight space # is the rigid space (over E, but it is well-defined over Q) parametriz-
ing locally Qp-analytic (equivalently, continuous) characters of T ~ (Hv|p Of)n As

1+ @, O, is isomorphic to (ppe N F)) X Zng:Qp}, W is the product of an open polydisc of
dimension n[F : Q] and a rigid space finite over E.

The construction in | | defines the k-analytic ((Gj)r>0 being a filtration of Go)
parabolic induction from Ty to Gg of the “universal character” x : Ty — O(#')*, denoted by
C(% , k) (k big enough such that y is k-analytic on the open affinoid %), which interpolates
p-adically the restriction to G'(Q,) of algebraic representations of G'(Q,). From there
one can define the spaces M (e, %, k) (| , Definition 3.7.1]) of p-adic automorphic
forms (or overconvergent automorphic forms, by analogy with the rigid-geometric case of
modular forms) above an open affinoid or a point % of # which are k-analytic and fixed
by the idempotent e. This space has an action of Ht. By | , Corollary 3.7.3], when
considering p-adic automorphic forms which are eigenvectors for [GouGy] for some u € 27T
and for a non-zero eigenvalue (“finite slope” p-adic eigenforms), one can forget about k,

and we will do so in the sequel.

2.1.4 Existence and properties of the eigenvariety

We choose the element

n
w’U

v

Theorem 2.1.1. There exists a reduced rigid space X" over E, together with an E-algebra
morphism W : HT — O(2)* and a morphism of rigid spaces w : & — W such that:

1. The morphism (w,¥([GonGo])™") : & = # x Gy, is finite
2. For each point  of 2, V@ w': HT ®F Ow(z) = Oz 15 surjective

3. For every finite extension E'/E, 2 (E') is in bijection with the finite slope systems
of eigenvalues of H™ acting on the space of “overconvergent” automorphic forms, via

evaluation of the image of ¥ at a given point.



Moreover, for any point x € | 2|, there is an arbitrarily small open affinoid ¥ containing
x and an open affinoid % of W such that ¥V C w= (%), the morphism w|y : V — U s

finite, and surjective when restricted to any irreducible component of V.

Proof. This is | , Theorems 3.11.2 and 3.12.3|, except for the last assertion. To prove
it, we need to go back to the construction of the eigenvariety in | |. Buzzard begins
by constructing the Fredholm hypersurface 2 (encoding only the value of U ([GonGo))),
together with a flat morphism 2 — #, before defining the finite morphism 2" — 2. By
[ , Theorem 4.6], 2 can be admissibly covered by its open affinoids ¥ such that w
restricted to % induces a finite, surjective morphism to an open affinoid % of #', and ¥;
is a connected component of the pullback of . We can assume that % is connected, and
hence irreducible, since # is normal. The morphism %) — % is both open (since it is flat:
[ , Corollary 7.2]) and closed (since it is finite), so that any irreducible component of
Yy is mapped onto /. This can be seen more naturally by observing that the irreducible
components of % are also Fredholm hypersurfaces, by | , Theorem 4.3.2].

By | , Proposition 6.4.2], if ¥ denotes the pullback to 2" of ¥}, each irreducible
component of ¥ is mapped onto an irreducible component of %y (more precisely, this is a
consequence of | , Lemme 6.2.10]). To conclude, we only need to show that if x € ¥,
up to restricting %, the connected component of ¥ containing x can be arbitrarily small.

This is a consequence of the following lemma. O

Lemma 2.1.2. Let f : 27 — Z5 be a finite morphism of rigid analytic spaces. Then
the connected components of f~1(U), for U admissible open of 25, form a basis for the

canonical topology on 27.

Proof. Tt is enough to consider the case 27 = SpAi1, Z5 = SpAs. Let x1 be a maximal
ideal of Aj. Then f~' ({f(x1)}) = {@1,...,7m}. We choose generators t1,...,t, of f(x1),
(@) (4)

and ry”,...,r. " of z;. Using the maximum modulus principle, it is easily seen that Q; y :=

7

{ye 25| tj(y)| > p_N}j v is an admissible covering of the admissible open 23\ {f(z)}
of Z3. Let Vs be the admissible open {JJ e 21 | Vi, 3k, ]r,(:) (x)] > p‘M}, which is a finite

union of open affinoids, hence quasi-compact. Consequently, the admissible open sets

Uj7N = VMﬁf_l(Qj7N)

= {re2i Vi3, 1) 20" and | ()] > p‘N}jN

form an admissible covering of Vjs. Therefore there is an N big enough so that

Vi = J Ujx
j=1

which implies that

T ye il <) cUfee 2n vk, 1 @) <p7}

(2

and when M goes to infinity, the right hand side is the disjoint union of arbitrarily small
affinoid neighbourhoods of the z;. 0

10



We define the algebraic points of #(E) to be the ones of the form

n
kv.o‘,v’,
(Ivﬂ')v,i — H o (H T, )
v,0 =1
where k, ,; are integers, and such a point is called dominant if k, 51 > kygs2 > ... >
kv,a,n > 0.
Recall that a set S C |Z7| is said to accumulate at a point x € | 27| if x has a basis of

affinoid neighbourhoods in which S is Zariski dense.

Proposition 2.1.3. Let (¢,.), be a finite family of linear forms on R* where A is the set of
triples (v, 0,1) for v a place of F above p, o : F,, — E and 1 <i <n, and let (¢,), be a fam-
ily of elements in R>q. Assume that the open affine cone C = {y € RA | Vr, ¢.(y) > o}
is nonempty. Then the set of algebraic characters in C yields a Zariski dense set in the

weight space W', which accumulates at all the algebraic points.
Proof. | , Lemma 2.7]. O

In particular the property of being dominant or “very regular” can be expressed in this
way.

By finiteness of G(F)\G(AF,f)/U for any open subgroup U of G(Afy), if IT is an au-
tomorphic representation of G(Ar), the representation Il is defined over 1o (Q). Loeffler
defines (| , Definition 3.9.1]) the classical subspace of the space of p-adic automor-
phic forms above an algebraic and dominant point w of the weight space. This subspace
is isomorphic to L} (e (C(G(P)\G(Ap)) ® W*)G(F®@R)> as Ht-module, with W the
representation of G(F ®qg R) which is the restriction of the algebraic representation of
G’ x@g C having highest weight (5 !i,(w). The classical points of the eigenvariety are the
ones having eigenvectors in the classical subspace.

We need to give an interpretation of classical points on the eigenvariety 2, in terms
of automorphic representations of G(Ag). Namely, there is a classical point x € 2 (E')
defining a character ¥, : H — E’ (here E C E' C Q,) if and only if there is an automorphic
representation II = @/ 11, = Il ® I, ® chp) of G(Ap) such that:

o 1t (®U|00Hu) is the algebraic representation having highest weight w(x);
° L ((eS ® eS)ngp)) contains a non-zero vector on which H° ® Hg acts according to
x5

e ,(eq,I1,) contains a non-zero vector on which H, acts according to Pav(z) Vo, where

The twist by the character fi,,;) is explained by the fact that the classical overconvergent
automorphic forms are constructed by induction of characters of the torus extended from
To (on which they are defined by w) to T trivially on X.

11



2.2 Unramified and “completely refinable” points

2.2.1 Small slope p-adic eigenforms are classical

The algebraic and dominant points of # are the ones of the form

n
k .
(acw-)v,i — H o (H xyj;;mz)
v,0 1=1

where ky 51 > kyo2 > ... > kyon > 0 are integers. The proof of the criterion given
in | , Theorem 3.9.6] contains a minor error, because it “sees” only the restriction of
these characters to the maximal split torus S (over @), and the BGG resolution has to
be applied to split semi-simple Lie algebras.

We correct it in the case of quasi-split reductive groups (in particular the restriction to
a subfield of a quasi-split group remains quasi-split), and give a stronger criterion. This
criterion could be used on an eigenvariety for which only the weights corresponding to a
given p-adic place of F' vary. For this purpose we use the “dual BGG resolution” given in
[ |. We follow closely the proof of | , Propositions 2.6.3-2.6.4]. In the following
G’ could be any quasi-split reductive group over Q,, and we could replace E/Q, by any
extension splitting G'.

Let B be a Borel subgroup of G/, S a maximal split torus in B, T the centralizer of S,
a maximal torus. This determines an opposite Borel subgroup B such that BN B = T.
Let ®F (resp. A) be the set of positive (resp. simple) roots of G’ xg, E, with respect to
the maximal torus T of the Borel subgroup B. One can split A = U;A; where «, 8 belong
to the same A; if and only if a|g = B|s (equivalently, the A; are the Galois orbits of A).
Let ¥ be a subgroup of T(Q,) supplementary to its maximal compact subgroup, and X+
the submonoid consisting of the z € T(Q,) such that |a(z)| > 1 for all & € A. For each
i, define 7; to be the element of X1/ (Z(G’)(Qp) NX) generating Nj; ker |o;(+)| (here o
denotes any element of Aj, and |o;(-)| does not depend on this choice).

Assume that G is a compact open subgroup of G’'(Q,) having an Iwahori factorization
NoTyNy. Using a lattice in the Lie algebra of N and the exponential map, it is easily seen
that Ny admits a decreasing, exhaustive filtration by open subgroups (Ny)r>1 having a
canonical rigid-analytic structure. Moreover any ordering of ®* endows the Banach space
of Qp-analytic functions on Ny taking values in E/ with an orthonormal basis consisting of
monormials on the weight spaces.

Let A be an algebraic and dominant weight of T xq, E. By | |, there is an exact
sequence of E[l]-modules, where I = GoX+Go = BgXT Ny is the monoid generated by Gy
and X7

0 — alg-Tnd§ (A) ® sm-Ind 21 — la-Ind 3 (A) — € la-IndZ™ (sa (A + p) — p) (2:2.1)
acA
where 2p = ) g+ @, “sm” stands for “smooth” and “la” for “locally analytic”. The relation
with Loeffler’s Ind(V), is la—IndgNO()\) R A\, = ligﬂnd(EA)k, where Agy is the character
k

on T" which is trivial on its maximal compact subgroup and agrees with A on X. Naturally
Indg () @ sm-Ind 21 @ A5l = lim Ind(Ey )5
k

12



To prove a classicity criterion, we need to bound the action of n; on the factors of the
RHS of (2.2.1) twisted by A;l. Let ng = a¥()\) € N for a € A, then so(A+p) —A—p =
—(14nq)a. The Banach space of k-analytic functions on N is the direct sum of the spaces
of analytic functions on Ny, x € Ny/Ni, and each of these spaces has an orthonormal
(with respect to the supremum norm) basis (v;z)jes where J = N®" (monomials on the
weights spaces). This basis depends on the choice of a representative z, but if we fix ¢ and

1 ] . . . . )
xo € No, we can choose 1, “xon; as a representative of its class. Then if ¢ = zj A5V 0o,

(with a; — 0) is an element of Ia—IndgN“(sa()\ +p) —p) @ Agp, and € € N,
—(14nq)a —
(- 6)(x08) = n; ") Zaj”j,nflzom(ni taolmi)
jeJ
—(14+nq)a—s(g
= a0y (o)

jedJ

where s(j) = 3 _gcq+ J(B8)B. This shows that |n;-¢| < lau(n;)|~(H7e) ||, and so the operator
n; has norm less than or equal to |a(n;)|~(+7) on lau—hngNO (sa(A+p) — p) ® Mgt

We can then apply the exact functor which to an E[I]-module W associates the auto-
morphic forms taking values in W, and take the invariants under the idempotent e (this
functor is left exact). We obtain that M (e, Ex)/M (e, E))a (the space of p-adic automor-
phic forms modulo the classical automorphic forms) embeds in € aea Mo where each M, is
a Banach space on which the operator [Gon;Go] has norm < |a(n;)]~(+"). The following

criterion follows:

Lemma 2.2.1. If an overconvergent eigenform f € M/(e, E)) satisfies [Gon;Go] f = wif
with p; # 0 and
vp(pi) < inf —(1+na)vp(a(m:))

acl;

for all i, then f is classical.

In the case of the symplectic group G’, the family (1;); can be indexed by the couples
(v,4) where v is a place of F' above p and 1 <i < n, and A, ; is indexed by the embeddings
F, — E. Specifically, n,; is trivial at all the places except for v, where it equals

1 71)

Diag(x1,...,2n, Ty ..., 2]

wyt ifj<i
1 ifj>i
The conditions in the previous lemma can be written

with .%'j =

’Up(,uv’l') < é infg(l + k‘vygﬂ‘ — ]{v’gvzqu) fori<n
Up (o) < é infy (24 2ky 00) -

2.2.2 Representations having Iwahori-invariants and unramified principal se-
ries

We recall results of Casselman showing that irreducible representations having Iwahori-
invariants appear in unramified principal series, and giving the Atkin-Lehner eigenvalues

in terms of the unramified character being induced.
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In this subsection, we fix a place v of F' above p. Recall I, has an Iwahori decomposition
I, = NyoTy0Nyo. Asin [Cas], if (IL V) is a smooth representation of G(F,), V(V,) is
the subspace of V spanned by the II(n)(z) — z, 7t € Ny, Vg, = V/V(N,) and if N, ; is a
compact subgroup of N, V(N, ;) = {’U eV | fNy H(n)(v)dn = O}.

Lemma 2.2.2. Let (II,V) be an admissible representation of G(F,) over C. Then the

Tv,O

natural (vector space) morphism from VI to (VNU) s an isomorphism, inducing a

. -equivariant isomorphism
2 (Mg,) ™ @67
Ny B,
where dp = denotes the modulus morphism of By, and u € X acts on II' by [L,ul,)].

Proof. Let N, be a compact subgroup of N, such that VI N V(N,) C V(N,1). There
is a u € X such that ulN, ju™! C N,o. By [Cas, Prop. 4.1.4], and using the fact that
[I,ul,] is invertible in the Hecke-Iwahori algebra, the natural morphism from Vv to V]E\C“’O
is an isomorphism (of vector spaces).

Lemmas 4.1.1 and 1.5.1 in [Cas] allow one to compute the action of ;F. O

Corollary 2.2.3. Any smooth irreducible representation of G(Fy) over C having Twahori
invariants is a subquotient of the parabolic induction (from B,) of a character of the torus
Ty, which is unique up to the action of W (T, G(Fy)), and unramified.

Proof. 11 is a subquotient of the parabolic induction of a character of the torus T, if and
only if Iy, # 0, which is true by the previous lemma. The geometrical lemma | , 2.12]

shows that if x is a smooth character of T,

(Indg(Fv)X> sf ~ @ Xw51§/2
v Ny weW (Ty,G(Fy)) )

O

Since *p is left adjoint to non-normalized induction, the first argument in the proof
shows that II is actually a subrepresentation of Indg(Fv) for at least one x in the orbit
under W (T, G(Fy)). In that case we will say that (qux) is a refinement of II. Note that
up to the action of W(T,, G(Fy)), there is a unique y such that IT is a subquotient of

Ind(B}EF”) .

2.2.3 Most points of the eigenvariety arise from unramified, completely refin-
able representations

We will need a result of Tadi¢, characterizing the irreducible principal series. If x1,..., Xn

are characters of F°,

we denote simply by x = (x1,-..,Xn) the character of 7, which

14



maps
I

In

3

-1
Ly

to [T/, xi(z;). Let v be the unramified character of F, such that v(w,) = [F,| "
The following Theorem is | , Theorem 7.1].

Theorem 2.2.4 (Tadi¢). Let x = (x1,---,Xn) be a character of T,,. Then IndSBPQ"(F“)X 18

wrreducible if and only if the following conditions are satisfied
1. For all i, x; is not of order 2.
2. For all i, x; # v*.
3. For all distinct i, 75, XiX;l £ v and XiXj 7 vEL

Definition 2.2.5. An irreducible representation 11, of G(F),) is completely refinable if it
Sp 'VL(FU
B,

An automorphic representation I1 of G(Ap) is completely refinable if 1L, is completely

15 1somorphic to Ind )X for some unramified character x.

refinable for any v|p.

Note that completely refinable representations are unramified (for any choice of hyper-
special subgroup). A representation I, is completely refinable if and only if (Hv)?\—sfv is the
sum of |W(T,, G(F,))| unramified characters.

Recall that classical points on the eigenvariety are determined by an automorphic repre-
sentation II together with a refinement of each II,, v|p. Completely refinable automorphic
representations are the ones giving the greatest number of points on the eigenvariety. When
one can associate Galois representations to automorphic representations, each refinement

of II comes with a “p-adic family” of Galois representations going through the same one.

Proposition 2.2.6. Let fi,...,f, € O(Z)*, and let (Aj)jes be a finite family of non-
constant affine functions on (Q”)Hom@(ER). The set S of points of Z  corresponding to

classical, unramified and completely refinable points at which

minmin{k, o1 — kv02, - s kv.on-1 — kvomn, kvont > max{v,(fi),...,vp(fn)} (2.2.2)

v,0

and Aj((kv,o1s-- s kvon)ve) # 0 for allv, o, j, is Zariski dense and accumulates at all the

algebraic points.

Compare | , Proposition 6.4.7], | , Corollary 3.13.3]. To evaluate A; at
(kvo1s- -+ kvon)ve we have used the bijection between Homg(F,R) and Homg(F,Q,)

given by ip, too-

15



Proof. The hypotheses in the classicality criterion 2.2.1 and the ones in Theorem 2.2.4 are
implied by inequalities of the form 2.2.2. First we prove the accumulation property. We
can restrict to open affinoids ¥ of the eigenvariety, and hence assume that the right hand
side of 2.2.2 is replaced by a constant. By Theorem 2.1.1, ¥ can be an arbitrarily small
open affinoid containing an algebraic point x of 2", such that there is open affinoid % of
W such that ¥ C w= (%), the morphism w|y : ¥ — % is finite, and surjective when
restricted to any irreducible component of ¥". By Proposition 2.1.3, the algebraic weights
satisfying 2.2.2 and such that Aj(ky .1, ., kven) 7 0 for all v, o, j are Zariski dense in the
weight space # and accumulate at all the algebraic points of #. | , Lemme 6.2.8]
shows that S N ¥ is Zariski-dense in 7.

Each irreducible component 27 of 2" is mapped onto a Zariski-open subset of a con-
nected component of #/, by | , Corollaire 6.4.4] (which is a consequence of the de-
composition of a Fredholm series into a product of irreducible Fredholm series, | ,
Corollary 4.2.3]), so 2" contains at least one algebraic point (the algebraic weights inter-
sect all the connected components of #'), and hence the Zariski closure of SN.2" contains
an open affinoid of 2"/, which is Zariski dense in 2. O

3 Galois representations associated with automorphic repre-
sentations of symplectic groups

3.1 Existence of Galois representations

3.1.1 Automorphic self-dual representations of GL2,,1 of orthogonal type

If IT = ®, 11, is an automorphic representation of G(Ar), then for any Archimedean place
v of F, the local Langlands parameter of II,, (composed with SOgy,4+1(C) < GL2y,4+1(C))

is of the form:

LL(I,) ~ ¢ & P Ind}? (2 - (2/2)™)
i=1

where € is the only non-trivial character of W¢/Wg, and the r; are integers, with r,, >
Tn—1 > ... > 11 > 0. We define AG to be the set of automorphic representations such
that for each infinite place v of F, riy > 2 and r;41 > r; + 2. The equivalence above is
meant as representations of Wy (i.e. morphisms Wgr — GLgy,4+1(C)), although £L£(I1,) is a
parameter taking values in SOg,11(C). These two notions of conjugacy actually coincide.

Similarly, let Agr,,,, be the set of formal sums of self-dual cuspidal representations
7 = Bim; of GLap41(Ap) such that for each infinite place v of F, the local Langlands
parameter LL(m,) := @, LL(7;,) is isomorphic to

" & P Indff (2 — (2/2)7)
=1

where the r;’s are integers such that ry > 2, r;41 > r; + 2, and such that the product of

the central characters of the m;’s is trivial.
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These inequalities between the r;’s are imposed to ensure that the corresponding global
parameters are trivial on Arthur’s SLy(C), to simplify the statement of Proposition 3.1.1
below. That is why we take formal sums of cuspidal (not discrete) representations.

Note that there is no non-zero alternate bilinear form preserved by such a parameter

(one could say that the parameter is “completely orthogonal”).

Proposition 3.1.1. For any Il € Ag, there is am™ € AGL,,.,, such that the local Langlands
parameters match at the infinite places, and for any finite place v of F, m, ts unramified

if 1L, is unramified, and in that case the local parameters match, by means of the inclusion

SOQn+1 (C) C GL2n+1 ((C) .

Here “II, is unramified” means that there exists a hyperspecial maximal compact sub-
group K, of G(F,) such that ITXv #£ 0.

Proof. This follows from [Tai]: to any II € A& one can associate a formal sum H;m;[d;]
where the 7;’s are self-dual cuspidal representations of GL,,,/F and d; > 1 are integers, and
by compatibility with infinitesimal characters and the assumption on the r;’s associated to
IT at any Archimedean place, all d;’s are equal to 1. O

3.1.2 p-adic Galois representations associated with RLASDC representations
of GLN

An automorphic cuspidal representation 7w of GLy(AF) is said to be L-algebraic if for any

infinite place v of F', the restriction of the Langlands parameter LL(m,) to W¢ ~ C* is of

z +— Diag ((z““-iéb”ﬂ') )

where a;,b; € Z. By the “purity lemma” | , Lemme 4.9], a,; + b,,; does not depend

the form

on v,1. We will say that m is L-algebraic regular if for any v as above, the a,; are distinct.

By purity, this implies that if v is real,

’

¢ ®; I} (z o (z/g)am-) if N is odd, with e = 0, 1

LL(my)|-|7% = ,
(@)l @ﬂnd%ﬁ (z > (z/i)avvi> if N is even

for some integer s, and integers 0 < a,; < ... < al N2
As a special case of | , Theorem 4.2] (which builds on previous work of Clozel,

Harris, Kottwitz, Labesse, Shin, Taylor), we have the following theorem.

Theorem 3.1.2. Let 7 be a reqular L-algebraic, self-dual, cuspidal (RLASDC) representa-

tion of GLN(Afp). Then m is L-arithmetic, and there is a continuous Galois representation

Pip oo (m) : Galp — GLN(@)
such that if v is a finite place of F' and w, is unramified,
1. if v is coprime to p, then p,, ... (7)|Galy, is unramified, and

det (T1d — p,, .. (7)(Froby,)) = tpeod det (T1d — A)
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where A is the semisimple conjugacy class in GLy(C) associated with m, via the

Satake isomorphism.

2. if v lies above p, pu, 1., (7)|Galy, i crystalline. The associated filtered p-module (over
Fy0 ®q, Q,) is such that

det g (Tld - goﬁ’) = 1yt det (TTd — AP

where A is the semisimple conjugacy class in GLx(C) associated with m, via the
Satake isomorphism. For any o : F, — @p, the o-Hodge-Tate weights are the a,;,

where w 1s the real place of F' defined by o, v, and t.

The power f, appearing at places above p may seem more natural to the reader after
reading section 3.2.1, where we give an equivalent formulation which does not involve this
power.

Combining this theorem with Proposition 3.1.1, we obtain

Corollary 3.1.3. Let I be an automorphic representation of G(Ar), whose highest weights
kw1 > kw2 > -+ > kypn > 0 at the real places w are far from the walls (Il € Agve is
enough), and unramified at all the p-adic places of F. There exists a continuous semisimple

Galois representation
Piptoo (H) : Galp — GL2n+1(@p)

such that for any finite place v of F' such that 1L, is unramified
1. if v is coprime to p, then p,, .., (I1)|Galp, s unramified, and
det (T1d — p,, ... (II)(Froby)) = t,es det (TId — A)
where A € GLN(C) is associated with 11, via the Satake isomorphism.

2. if v lies above p, prvboo(H)\Gava is crystalline. The associated filtered p-module is
such that
det - (Tld . gof“> = 1) det (T1d — A)P

where A € SO2,4+1(C) C GLap+1(C) is associated with 11, via the Satake isomor-
phism. For any o : F, — @p, the o-Hodge-Tate weights are ky1+n > kyo+n—1>
o> kw1 +1>0> —ky1—1>...> —ky1 —n, where w s the real place of F'
defined by o, v, and .

Proof. There is a formal sum of self-dual cuspidal automorphic representations of gen-

eral linear groups m = H;m; corresponding to II by Proposition 3.1.1. Let p,, . (II) =
@i pr,Loo (ﬂ—’l) O

Note that in that case, since I is C-algebraic, II is obviously C-arithmetic (which is
equivalent to L-arithmetic in the case of Sp,,, ), and thus the coefficients of the polynomials

appearing in the corollary lie in a finite extension of Q.

18



Using | , Corollary 1.3] one sees that p,,,. (II) is orthogonal, i.e. factors as the
composition of a continuous morphism Galp — SO2,41(Q,) and the standard representa-
tions SO2,,41(Qp) — GLa2n+1(Qp). We will not need this fact in order to reach our goal of
determining the image of complex conjugations in certain Galois representations, but we
will use it in the proof of Corollaries 3.2.3 and 4.0.2.

3.1.3 The Galois pseudocharacter on the eigenvariety

To study families of representations, it is convenient to use pseudorepresentations (or pseu-
docharacters), which are simply the traces of semi-simple representations when the coeffi-
cient ring is an algebraically closed field of characteristic zero. We refer to | | for the
definition, and | , Theorem 1] is the “converse theorem” we will need.

On O(Z"), we put the topology of uniform convergence on open affinoids.

The Zariski-density of the classical points at which we can define an attached Galois

representation implies the following

Proposition 3.1.4. There is a continuous pseudocharacter T : Galp — O(Z"), such that
at every classical unramified point of the eigenvariety having weight far from the walls, T
specializes to the character of the Galois representation associated with the automorphic

representation by Corollary 3.1.5.

Proof. This is identical to the unitary case, and thus is a consequence of | , Proposi-
tion 7.1.1], by Proposition 2.2.6. O]

Thus at any (classical or not) point of the eigenvariety, there is an attached Galois

representation.

3.2 Galois representations stemming from symplectic forms are generi-
cally almost irreducible

3.2.1 Crystalline representations over Q,

We fix a finite extension K of Q,, and denote by Ky the maximal unramified subextension,
e = [K: Ko, f=[Ko:Qp]. Let p: Galg — GL(V) be a continuous representation of
the absolute Galois group of K, where V is a finite dimensional vector space over L, a
finite Galois extension of Q,. We will take L to be big enough so as to be able to assume
in many situations that L = @p. For example, we can assume that L is an extension of
K, and that p has a composition series 0 = Vi C ... C V,, = V such that each quotient
Vit1/Vi is absolutely irreducible.

For any such p, let Deis(V) = (Bc,fiS ®q, V) Galx  From now on we assume that pisa
crystalline representation, which means that dimg, Deris(V) = dimg, V. It is well-known
that Deis(V) is a filtered p-module over K, and since V' is a vector space over L, Deis(V)
is a p-module over Ko ®q, L, and Dgr(V) = K ®, Duis(V') is a module over K ®q, L

with a filtration by projective submodules.
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We have a natural decomposition Ko®q, L ~ HUOE% Lo, with Yo = Homg, —alg. (Ko, L)
and Ly, ~ L, given by the morphisms oo ® Id. Similarly, K ®q, L ~ [[,cy Lo with
T = HOme_alg.(K, L).

Hence we have decompositions

Dcris(v) = H Dcris(V)aoa DdR(V) = H DdR(V>U-
00€Yo oceY

The operator ¢ restricts as linear isomorphisms from Deyis(V')s, t0 Deris(V) 1, and so

00~
ol isa Ly,-linear automorphism on each D¢is(V)s,, which are isomorphic as vector spaces
over L equipped with the linear automorphism ¢7.

Each Dgr(V), comes with a filtration, and hence defines dimy V' = N Hodge-Tate
weights ks 1 < ... < ko n (the jumps of the filtration).

Although we will not use it, it should be noted that by | , Proposition 3.1.1.5],
to verify the weak admissibility of a filtered ¢-module D over K with an action of L
commuting with ¢ and leaving the filtration stable, it is enough to check the inequality
tn(D") >ty (D') for sub-Ky ® L-modules stable under .

If ¢/ has eigenvalues 1,...,¢nN, With v,(¢1) < ... < v,(pn), we can in particular
choose D' = @;<;jker(p/ — ¢;) (if the eigenvalues are distinct, but even if they are not,
we can choose D’ such that ¢/ |p/ has eigenvalues 1, ..., p;, counted with multiplicities).

The worst case for the filtration yields the inequalities

1
Up((Pl) > g Z ko‘,l

1
vp(p102) > o Z ko1 + ko2
g

In the sequel, we will only use these inequalities, and we will not be concerned with the
subtleties of the filtrations.

It will be useful to know how these objects behave when p is restricted to an open
subgroup of Galg. Let K'/K be a finite extension and denote by K, the maximal unram-
ified subextension of K'/Qy, ¢’ = [K': Ky, f' = [K{ : Qp]. Denote by V' the L-vector
space V' considered only with its Galg/-action. Then Deis(V') = K ®ky Daris(V) as
¢-modules, and so for of, € Homgq, —alg. (K, L) the eigenvalues of of " on Deyis (V! )06 are
the f’/f-powers of the eigenvalues of ¢/ on Deis(V)s,, Where o is the restriction of o}
to Ko. Similarly, Dgr(V’) = K' ®x Dqr(V') and thus for any o’ € Homg, —a1g.(K’, L), the
o’-Hodge-Tate weights of V' are simply the o-Hodge-Tate weights of V', where o = o’'|k.

Note that the inequalities above remain unchanged when replacing p with p|gal,, -

3.2.2 Variation of the crystalline Frobenius on the eigenvariety

In this section we make explicit the formulae relating the eigenvalues of the crystalline
Frobenius at classical, unramified points of the eigenvariety and the eigenvalues of the

Hecke-Iwahori operators acting on p-adic automorphic forms. Let x be a classical point on
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the eigenvariety. There is an automorphic representation II of G(Ap) such that ¢,¢50 (Tlso)
is the representation having highest weight w(z). Assume that II, is unramified. The
point x defines a refinement of II,, that is an unramified character x, : Tp — C* such that
I, = Ind g (@p)xm, or equivalently the character 5]13/2Xm appearing in (II,) 5. By 2.2.2, for
any u € X, piy () Ualr, = (tp 015} 0 X2)04 .

The diagonal torus in SOgy,+1(C) and the identification of it with the dual of the diago-
nal torus of Sp,,, /F, being fixed, the character y, is mapped by the unramified Langlands
correspondence for tori to y = (yy)y|p With ¥, = Diag(y1.0,-- - Ynws 1,y,§j}, . ,yl_ﬂl}), and
Yvi = xz(Diag(1,..., @y, ..., 1,1,...,w, %, ..., 1)) (@, being the i-th element). Thus the
linearization of the crystalline Frobenlus @ on Deris(piy,100 ()| Gal, Jo (for any choice of

oo : F, — Ein Yg,) has eigenvalues

LpL;)l(yU’Z) _qU+1 Z¢vn+1 z( ) H U(wv)k“"’»i

oYy
and their inverses, together with the eigenvalue 1. Here ¢y 41— € O(Z) is defined by

¥ ([Goui—1Go))

¢v,n+1—i - U ([GOUZGO])

with u; = Diag(wy !, ...,y 5,1, ..., 1, @y, ..., @) (the last w, ! is the i-th element), and
ky.o,i the integers deﬁmng the weight w(z).

Assume furthermore that II, admits another refinement x, = x5 for some a = (ay)yp
in the Weyl group W(G'(Qp), T(Qp)) = [[, W(G(F,),T,). Each W(G(F,),T;) can be
identified with the group of permutations a, : {—n,...,n} — {—n,...,n} such that

ay(—i) = —ay (i) for all 7, acting by
ap(Diag(x1, ..., Tn, .. 27 )) = Diag(xa;1(1), =1y Tzt (L ,;17%71(1))
on T, where by convention x_; = xi_l for ¢ < 0. Similarly we define &k, o —; = —ky o, and
Gy, —i = cb;Zl We also set ky 50 =0, ¢y 0 = 1. The equality x,» = x5 can also be written
glrtDsign(w(@)—w() ¢ 1 —w(i) (2) H o () Fvowi) = grtDsien@—ig () H o (wy )i
€Yy, o€Yy
for all —n < i < n, where sign(j) = +1 (resp. 0, —1) if 5 > 0 (resp. 7 = 0, 7 < 0).

Equivalently,

Do nt1-i(T) = Pyni1wi) (z) gl @)+ (n+1)(sign (i) —sign(w(7))) H o (wy ) ow ~Ruoi

UET’U

This last formula will be useful in the proof of the main result.

3.2.3 Main result

Lemma 3.2.1. Let K be a finite extension of Q,, and let p : Galg — GLy(Q,) be
a continuous and crystalline representation. Let (D, q,Fil'D ®K, K) be the associated

filtered p-module. Denote by ko1 < ... < ko n the Hodge-Tate weights associated with the
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embedding o : K — Q. Let ¢1,...,on be the eigenvalues of the linear operator ol (on
any of the Dy, oo € Yo), and suppose they are distinct. Finally, assume that for some
T, for all 7,

min ] — K
eN 1<j<N-1 Rt mJ

1
up(pi) — - Z Koi| S —%

oeT

Then if D' C D is an admissible sub-p-module over K ®@p@p (corresponding to a subrep-
resentation of p), there is a subset I of {1,..., N} such that D" has ¢/ -eigenvalues (¢;);c;
and T-Hodge-Tate weights (Koi);c;-

Proof. Since the eigenvalues of ¢f are distinct, and D’ is stable under ¢, there is a subset
Iof{1,...,N} such that D’ = ker[[,; (¢/ — ¢;). There are unique increasing functions
010 : 1 —{1,..., N} such that the o-weights of D' are the r, g, _(;),fori € I. By ordering
similarly the weights of D/D’, we define increasing functions 63, : {1,....N} \ I —
{1,..., N}, and we can glue the 6., to get bijective maps 6, : {1,...,N} — {1,...,N}.
We will show that 6, = Id.

We now write the admissibility condition for D" and D/D’. Let i1 be the smallest
element of I. Then ker (apf — apil) is a sub-p-module of D’. Its induced o-weight is one
of the Kgyg,(;) for @ € I, thus it is greater than or equal to g, ;). This implies that

vp(piy) = 1/ ser Koo, (i) We can proceed similarly for the submodules

ker (o = ¢u) - (" = 1))

(where the i. are the ordered elements of I), to get the inequality

va(plx— ZZO’Q’LI

1<z<r 1<a:<7 oceY

The same applies to D/D’, and by adding both inequalities, we finally get
1
Z up(pi) = - Z Z Ko,0, (i)
1<i<s 1<i<s €Y

We now isolate 7, using the fact that > ;.o kg0, (i) > Do1<i<s Foi for 0 # 7, and obtain

the inequality

ZUPSOZ— 22501272579(2_ Tl

1<i<s € | <i<soer 1<i<s

Let r be minimal such that 6,(s) # s (if no such s exists, we are done). In that case, we

necessarily have 0,(s) > s+ 1, and the previous inequality yields

Rr,s+1 7,8
PORAIOEEI B PR e

1<i<s 1<z<s oceY

but the hypothesis implies that the left hand side is less than min; (k41 — kr;) /e, and

we get a contradiction. 0
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Theorem 3.2.2. Let II be an irreducible automorphic representation of G(Ap) having
Twahori invariants at all the places of F' above p, and having invariants under an open
subgroup U of G(A F)f) For each p-adic place v of F, let K(v)/F, be a finite extension.
Let (Aj)jes be a finite family of non-constant affine functions on (Q")Homa(FR) " et N pe
an integer.

There exists an automorphic representation I = @) I of G(Afp) such that:
o II' is unramified at the places above p, and has invariants under U.

e For any p-adic place v of I, the restriction of p,, ... (II') to Galg(y) is either irre-
ducible or the sum of an Artin character and an irreducible representation of dimen-

ston 2n.

o Forany j € J, Nj((ky 1,5k p)w) # 0 where for w a real place of F kyyy > -+ >

Kiyn = 0 denotes the highest weight of 1T,

e For all g in Galp, Tr(p,, .. (IT')(g)) = Tr(p.,,00 (I)(g)) mod pv

Proof. We will write II'’ = II mod p” for the last property. For simplicity we only give the
proof in the case where K(v) = F,, for all v, the proof in the general case being identical
up to notational changes.

Recall that for v a place of F' above p, there are elements ¢y, 1, ..., ¢y n € O(Z")* such
that for any unramified classical point € 2°(Q,) refining an automorphic representation
I, the filtered p-module associated with the crystalline representation p,, ... (I)|Gal,, has

ofv-eigenvalues

<¢U,—n(x)qun H U(wv)kv’a’_ly ) va —1 - H U kv’(r’_na 17

(e

¢v,1($)Qv H O’(zﬂv)kv,fﬂn7 ey ¢v7n(x)qg H O—(wv)kv,ch)

and o-Hodge-Tate weights

kv,a,—l —n,... 7kv,a,—n - 1,0, kv,a,n +1,... akv,a,l +n

In the following if a3 or zj is a classical point, kf)b()y

i will be the weights defining w(xp).
The representation IT corresponds to at least one point x of the eigenvariety 2 for G’ and
the idempotent ey ® eg,. By Proposition 2.2.6, and since Galp is compact, there exists
a point 1 € 2 (E') (near z, and for some finite extension E’ of E) corresponding to an
unramified, completely refinable automorphic representation II; and a refinement x, such

that for any v,

szvaz —Up (z)v l(xl) ¢v,n(x1))+3n(n+1)fv

Vi=1 o

and IT; = II mod p». Since II; is completely refinable, there is a point 2y € 2 (E')

associated with the representation II; and the character x®, where a is the element of the
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Weyl group acting as —Id on the roots. Specifically, \I'$1|H5®”Hs®eao = \I/x’1|7-ts®7-ls®ec0’
but

ok(D)
2 2 2
¢v,n+1*i(x,1) d’v —n— l+z(x1 i+(Ent2) H g Foo

for i = 1,...,n, and all places v. There exists a point zo € 2 (E') (near z, and up to
enlarging E') corresponding to an unramified, completely refinable automorphic represen-

tation IIy and a refinement, such that for any v and any j < 0,

1 2) 2)
o > (kv,a,nﬂ' - kz(),a,nﬂ'ﬂ) > —vp(Pv,—jt+1(22)) — fo
g
and II, = II; = II mod p". Like before, since Il is completely refinable, there is a point
x/Z € ‘%(E/) such that \Ijm"HS®'Hs®eGO = \I]xé‘HS®Hs®eGO7 and

_(2)
bunleh) = ua(aalal " [ ot or s

(2) _1.(2) ) .
¢v7i(a:’2) = Ovit1(22)q0 H U(wy) von—i"Fuon—it1 for § = 1,...,n—1.
g

Here we used the element of the Weyl group corresponding (at each v) to the permutation
—n -n+1 ... =2 -1 1 ... n
-n+1 —n+2 ... =1 —n n ... n—1/"
Again, we can choose a point z3 € 2 (E’) (near 2}, and up to enlarging E’) corresponding

to an unramified automorphic representation Il3 and a refinement, such that for any v and

any T €T,

1

s 3 _ .3 (3) .3 3
T D mln{k KOk kmn,kmn}>

v,T,2) v,7,n—1
max {07 |Up(¢v,7',1(x3))‘v sy |Up(¢v,'r,n($3))|}

and II3 = II mod p~. By Proposition 2.2.6 we can also assume that none of the affine
functions A; vanishes at the highest weight of (II3 )y Let us show that II3 has the
desired properties. First we apply the previous lemma to the crystalline representation
Pip oo (I13)|Galy, Where v is any p-adic place of F'. Since the differences vy (¢;) —% Y oer Ko

in the hypotheses of the lemma are equal in our case to

UP(va,n(xi%))a R _U;D(va,l(xii))v 0, vp(¢v,1(x3))a s vvp(¢v,n(x3))a

the hypotheses of the lemma are satisfied for all 7 € T. Thus if p,, .. (73)|cal, is not
irreducible, there is a subset § C I C {—n,...,n} such that if iy < ... < i, are the
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elements of I and j; < ... < jop+1—r those of J ={—n,...,n}\ I,

Up(¢v,i1 ($3)) > 0
vp(¢v,i1 (373)) + Up(¢v,i2 ($3)) >0

vp(¢v7i1 (z3)) +...+ vp(¢v,ir (x3)) =0
Up(Po i (23)) =2 0
V(B g (23)) + Vp(Pu,jp (23)) > 0

Up(Pu,ja (z3)) + ... + vp(¢vaj2n+17r (z3)) =0

by the admissibility of the corresponding filtered p-modules. For all i, vp(¢py(zh)) =
Up(dv,i(x3)), so all these conditions hold also at zf,. Up to exchanging I and J, we can

assume that i1 = —n. If j; <0,

1 2 2
0p(Bu (3)) = =0p(G0,—i2 (@5)) = —0p(Busi1(@2)) = fu = — DR L = kD
(%
g
and z9 was chosen to ensure that this quantity is negative, so we are facing a contradiction.
Thus J has only nonnegative elements, and {—n,...,—1} C I. If we do not assume that
i1 = —n, we have in general that {—n,...,—1} is contained in [ or J. Similarly, suppose

ir =n. If Jont+1—r > 0,

,UP(¢”UJ‘2’VL+17T (xIQ)) - Up(¢v:j2n+17'r (1'/2))

1 @) @)
= vp(¢v,j2n+1—r (z2)) + fo + e V,0,n=jont1—r V00 —j2n+1—r+1
v
g

is positive, another contradiction. Therefore {1,...,n} is contained in I or J.
Assume for example that {—n,...,—1} C I and {1,...,n} C J. In that case

Up(qbv,jl (z3)... ®v,joni1r (73)) = vp(Pva1(x2) ... Pun(z2))
= Up(Pu1(x]) ... Pum(z)))
= —vp(Pp1(z1) ... Pun(x1)) +3n(n+1)f,
2NN
€w ; ; kv,a,i

is negative, which is yet another contradiction.

As a consequence, we can conclude that I or J is equal to {0}, and this shows that at
each place v of I above p, the semisimplification of p,, ., (II3)|gal,, is either irreducible
or the sum of an Artin character and an irreducible representation of dimension 2n. Con-

sequently II3 has the required properties. O
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3.2.4 From irreducibility to large image

Theorem 3.2.2 can be strengthened as follows, although we will not need this stronger

result in this paper.

Corollary 3.2.3. Let II be an irreducible automorphic representation of G(Ap) having
Twahori invariants at all the places of F' above p, and having invariants under an open
subgroup U of G(A%) ). Let N be an integer.

There exists an automorphic representation I = @) I of G(Afp) such that:

o Il is unramified at the places above p, and has invariants under U.

e For any p-adic place v of F, there exists a finite extension Ey of Qp in Q, and a Lie
algebra by over Ey such that either

~ Qp®g, ho ~ 502,41 and the Lie algebra of Prpioe (II')(Galp,) is conjugate under
GL2,+1(Q,) to the image of by in the standard representation of 502n+41, or

— Qp ®E, bo = 502, and the Lie algebra of p,,,. (II')(Galp,) is conjugate under
GLay,+1(Qp) to the image of ho in the direct sum of the standard representation

of s00, and the one-dimensional trivial representation,
e For all g in Galp, Tr(pr,Loo (H/>(9)) = Tr(pr,Loo (ID)(g)) mod pN-

Proof. For any p-adic place v of F, let K (v) be the compositum of all finite extensions of
F, of degree dividing 2n 4+ 1 or 2n, so that K(v)/F, is a finite Galois extension. We will
apply Theorem 3.2.2 using these extensions and for a finite family (A;);cs that we will
determine below.

Let II' € AZ. As we observed after Corollary 3.1.3, | , Corollary 1.3] implies that
the Galois representation p := p,, .. (II') is orthogonal, i.e. there exists a non-degenerate
quadratic form @ on @2n+1 preserved by p(Galp). We abusively still denote by p the
resulting continuous morphism Galp — SO((QTI,%H7 Q). Assume that for any p-adic place
v, plaal K(x) is either an irreducible representation of dimension 2n+1 or the direct sum of an
irreducible 2n-dimensional representation and a character. Consequently if p, := p|gal, is
not irreducible, it is isomorphic to the direct sum of an irreducible representation p, o and
det py o : Galp, — {£1}. If p, is irreducible then p[GalK(v) is the direct sum of irreducible
representations in the same Gal(K (v)/F,)-orbit, in particular having same dimension, and
50 p|Galg,, is irreducible. If p, is irreducible (vesp. py = py,0 S det(py0)), we claim that for
any finite extension L/F,, the orthogonal representation py|gal, (resp. pv,0lgal,) remains
irreducible. This follows from | J[Lemma 4.3] and the definition of K (v). Let E C Q,
be a finite extension of @, such that @ takes values in F on E?"*1 and p takes values in
SO(E?"*+1 Q). In the case where p, = pv,0 ® det(py0) we can also assume that the line in
@MH corresponding to det(p, o) is defined over E, i.e.

N ker(ps(v) — det(puo(7)) = Qp ®p D
v€Galp,
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for a well-defined line D C E?"*!. Let V be E?"*!if p, is irreducible, and V = D= if
pv = pvo @ det(pyo). The Lie algebra b = Lie(p,(Galp,)) is a sub-Q,-Lie algebra of the
E-Lie algebra so(V, Q). Let g be the E-span of h. The representation V of g is faithful,
traceless, and absolutely irreducible by the above. Therefore g is a semi-simple FE-Lie
algebra, and the rank of QTD ®p g is at most n. Note that dimg V = 2 is impossible.

We use Sen theory to relate g to the weights of IT', in order to define a family (A;);
forcing this rank to be n. Recall that Dgen(V) is a free Fy o ®g, E-module of rank

dimg V, where Fy, oo = Fy,(tpe). It can be defined as the subspace of Q,[Gal(F, /Fy)-

Gal(E/Fuyoo) —
) where Fy, is the completion of an algebraic closure

finite vectors in (E ®q, V
F, of F, . In particular Dge,(V) is equipped with a continuous semi-linear action of
Gal(Fy 0/ Fy), which the cyclotomic character identifies with a finite index subgroup of
Zyy - This action is locally described by the linear operator © € Endp, eq, £(Dsen(V))-

There is a natural decomposition

FU,OO ®QP E = H F’U,OO ®F’U EG
o:Fy—F

inducing a similar decomposition of Dge, (V) and O, and the characteristic polynomial of
O, has coefficients in E, C Fy, oo @, Ey. Since V' is de Rham, the roots of this polynomial
are the o-Hodge-Tate weights of V. By | , Theorem 1], the endomorphism 1 ® © of

E ®Fv,oo DSen(V) - E ®Qp V

belongs to F, ®q, b. In particular, for any Q,-embedding o : F, < FE we have that

1 ® O, belongs to F, ® Fy,0 9, and so @p ®p g contains an element whose eigenvalues on
Qp ®g V are the o-Hodge-Tate weights of V. Recall that the o-Hodge-Tate weights of p,
are +(ky o1 +n),...,E(kyon + 1) and 0, where ky 51 > -+ > Ky gpn > 0 is the weight of
IT),. Here w denotes the real place of F' corresponding to (v,0) via tp, too.

Let R be the set of isomorphism classes of pairs (¢, u) where £ is a semi-simple @—Lie
algebra of rank less than n and w is a faithful irreducible orthogonal representation of
t — Qp of dimension 2n or 2n + 1. From the classification of simple Lie algebras and
the Weyl dimension formula one can deduce that R is finite. Consider such a pair (¢, u),
and fix a Cartan subalgebra ¢ of €. There are finitely many n-tuples (fi,..., f,) of linear
forms on ¢ such that for any x € ¢, the eigenvalues of u(z) (counted with multiplicity)
are fi(z),—fi(z),..., fu(z), —fo(z), along with 0 if dimu = 2n + 1. Since dim¢ < n,
there is a non-zero linear form F on Q," killing (f1(z), ..., fu(z)) for all z € ¢, and from
the classification of representations of € we see that we can take F' to be (induced from)
a linear form on Q™. Then A(z1,...,2,) = F(x1 +n,...,z, + 1) defines a non-constant
affine form A on Q", and considering all elements of R and all n-tuples of linear forms on a
Cartan subalgebra, we get a finite family (A;);. If we apply Theorem 3.2.2 with (K (v)),,
as above and this family (A;);, we see that for any p-adic place v of F, the Lie algebra g
defined above has rank n over Q,. We will see that this family (A;); is enough to conclude,

except perhaps in the case where dimg V' = 4.
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By examining | , Table 9 on p.147|, which classifies sub-Lie algebras containing a
Cartan subalgebra of any given simple Lie algebra, and using the fact that the represen-
tation V' of g is absolutely irreducible, we see that g = so(V, Q). We now distinguish two

cases:

o If dimp V' # 4, then so(V, Q) is absolutely simple and by Lemma 3.2.4 below, this
implies that h — Resg/q,(g) is isomorphic to Resgy/k(ho) < Resg/k (E ®g, o)
where Fy/K is the subextension of F/K defined by Ey = Endy(ady).

o If dimp V = 4, then so(V, Q) ~ sly x sly as Lie algebras over E. The proof of Lemma
3.2.4 below still shows that h is semi-simple. If either projection h — Resg/q, (sl2)
is not injective, it is easy to conclude that h — Resg/q, (g) is canonically isomor-
phic to Resg, /g, (sl2) X Resg, g, (sl2) = Resg/q,(g) for canonical E1, s as before.
Otherwise we can apply the lemma to the images of b in both projections, and con-
clude that h — Resg/q, (g) is isomorphic to Resg, /g, (ho) = Resg/q, ((Er ®g, bo) X
(Er, ®E, bo)) given by two distinct Qp-embeddings 71,72 : Ey — E. Here E. de-
notes E seen as an extension of Ey using 7. For ¢ : F, — FE denote by k, the
non-negative eigenvalue of O, in the 2-dimensional representation of hy defined by
ho = Er, ®g, o ~ sly (over E). Let v € Gal(£/Q)) be such that 7y =~y om. Then
the eigenvalues of O, for the representation p, o on V are £k, & Kyoo. This yields a

relation between the o-Hodge-Tate weights of p, o, of the form

> olbvo2+1)=0
o Fy—FE
for signs €, € {£1}. By adding these relations (for all choices of signs €,) to the

family (A;); we prevent this special case from occurring.
O

Lemma 3.2.4. Let g be an absolutely simple Lie algebra over a field E of characteristic
0. Let K be a subfield of E over which E has finite dimension, and let b be a sub-K-Lie
algebra of ResE/K(g) such that g, considered as a vector space over E, is generated by
h. Then there exists a canonical subextension Eo/K of E/K such that the K-Lie algebra
embedding b — Resg k(@) is isomorphic to Resgy/k(ho) — Resg/kx (E ®@g, bo) for an
absolutely simple Lie algebra Ho over Ey.

Proof. First we observe that b is semi-simple: let ¢ be the radical of b, then the E-span of
t is a solvable ideal in the F-span of b, that is g, and thus v = 0.

Furthermore, b is simple. Otherwise ) = a ® b where a and b are non-zero ideals of b,
and so their F-spans a’ and b’ are non-zero ideals of g such that [a’, '] = 0, in contradiction
with the assumption that g is simple.

Therefore h = Resg, /k(ho), where the (commutative) field Ey is the endomorphism
K-algebra of the adjoint representation of h, and hg is absolutely simple. To lighten
notation we will denote g’ = ResE/K(g). As K-representations of h, E @k ady — ady and
thus ady = V ®g, ady where V' is the space of b-invariants in ady ®x (ady)* endowed
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with the natural action of Ey on (ady)*. This action is naturally a right action, but the
distinction is irrelevant because Ey is commutative. Thus Endy(ady) = Endg, (V) and
Ej is canonically identified with the center of Endy(ady). Note that £ = Endy(ady)
is contained in Endy(ady ), and thus any element of the center of Endy(ady) is E-linear.
Since b spans g over F, Endy(ady) N Endg(ady) = Endy (ady) = E, and thus Ey/K is a
subextension of E/K.

The natural morphism F ®pg, ho — g is surjective, and also injective because £ ®g, ho

is simple. O

4 Similar results for even orthogonal groups

In this section we explain (very) briefly how the same method as in the previous sections
applies to orthogonal groups.

Let F be a totally real number field of even degree over Q. Then F' has an even number
of 2-adic places of odd degree over Q2, and as these are the only finite places of F' at which
(—1,—1), = —1 (where (-, -), denotes the Hilbert symbol), we have [ (-1, —1), = 1 where
the product ranges over the finite places of F'. Consequently, there is a unique quadratic
form on F* which is positive definite at the real places of F, and split (isomorphic to
(x,y,2,t) — xy + zt) at the finite places. It has Hasse invariant (—1,—1), at each finite
place v of F, and its discriminant is 1. As a consequence, for any integer n > 1, there is a
connected reductive group G over F' which is compact (and connected) at the real places
(isomorphic to SOy, /R) and split at all the finite places (isomorphic to the split reductive
group SOy,). As before, we let G’ = Resg(G). The proofs of the existence and properties
of the attached eigenvariety 2 — # are identical to the symplectic case. We could not
find a result as precise as Theorem 2.2.4 in the literature, however by | , Proposition
3.5] unramified principal series are irreducible on an explicit Zariski-open subset of the
unramified characters. Specifically, if SOuy(F,) = {M € Mun(F,) | ‘M JynM = Jan },

I

v
Lop

-1
.1‘1 )

and P is any parabolic subgroup containing 7', then for an unramified character y =
(X1,---,xn) of T (x; is a character of the variable x;), Indio‘*"(F”)(X) is irreducible if
Xi(@y)? # 1 for all i and x;(wy)x;(w0)! # 1, g, gy for all i < j. Note that this is not
an equivalence.

The existence of Galois representations p,, ., (II) attached to automorphic represen-
tations II of G(Ap) is identical to Proposition 3.1.1. We now state the main result for

orthogonal groups.
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Theorem 4.0.1. Let II be an irreducible automorphic representation of G(Ap) having
Twahori invariants at all the places of F' above p, and having invariants under an open
subgroup U of G(Ag)f), For each p-adic place v of F, let K(v)/F, be a finite extension.
Let (Aj)jes be a finite family of non-constant affine functions on (Q?")Homa(FR) — [ep N

be an integer. There exists an automorphic representation II' of G(Ap) such that:
o II' is unramified at the places above p, and has invariants under U.
e For any p-adic place v of F, the restriction of p,,...(II') to Galg(y) is irreducible.

e ForanyjeJ, Aj((K) kyn)w) # 0 where for w a real place of I, ky,; > -+ >

w,ly 0 Mw,n

k! > |kl 5, = 0 denotes the highest weight of 11,,,.

w,2n—1 = ["w2n
e For all g in Galp, Tr(p,, .. (IT')(g9)) = Tr(p.,,00 (IT)(g)) mod pV.

Proof. The proof is nearly identical to that of Theorem 3.2.2. In the orthogonal case
the Weyl group is a bit smaller: it is the semi-direct product of Ss, and a hyperplane
of (Z/27)*". Alternatively, it is the group of permutations w of {—2n,...,—1,1,...,2n}
such that w(—i) = —w(i) for all 7 and H?Zl w(i) > 0. The two elements of the Weyl group
used in the proof of Theorem 3.2.2 have natural counterparts in this Weyl group. The only
difference lies in the fact that there is no Hodge-Tate weight equal to 0 in the present case,
at least for generic weights, hence the simpler conclusion “p,, . (IT")| Gal r, 18 irreducible for

v|p”. O
As in the previous case, this result can be strengthened as follows.

Corollary 4.0.2. Let II be an irreducible automorphic representation of G(Ar) having
ITwahori invariants at all the places of F above p, and having invariants under an open
subgroup U of G(Ag)f). Let N be an integer.

There exists an automorphic representation II' = Q) I of G(AF) such that:

o II' is unramified at the places above p, and has invariants under U.

e For any p-adic place v of F, there exists a finite extension Ey of Q, in Q, and a Lie
algebra o over Eg such that @@EO bo ~ 5045, and the Lie algebra of p,,,... (II')(Galp,)
is conjugate under GLy, (Q,) to the image of ho in the standard representation of 504y,

e For all g in Galg, Tr(p,.. (I1)(9)) = Tr(piy.. (I)(g)) mod pV.
The proof is similar to that of Corollary 3.2.3, and even simpler.

Remark 4.0.3. For simplicity we chose to work with reductive groups G over F which are
split at all finite places of F, but with nearly identical proofs one can show similar results

at least for even special orthogonal groups G such that
e G(R®q F) is compact,

o for any finite place v of F', Gp, is quasi-split,
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e for any p-adic place v of F', GF, is split.

In fact the second assumption, which is only required to apply [Tui] in order to show that
one can attach Galois representations to automorphic representations for G, is unnecessary
since we do not need the precise multiplicity formula [T, Theorem 4.0.1], but simply the
analogue of Proposition 3.1.1. This can be proved directly using the stabilization of the

trace formula, similarly to the proof of [Tai, Theorem 4.0.1].

5 The image of complex conjugation: relaxing hypotheses in
Taylor’s theorem

Let us apply the previous results to the determination of the image of the complex conjuga-
tions under the p-adic Galois representations associated with regular, algebraic, essentially
self-dual, cuspidal automorphic representations of GL,,(Ar), F' totally real. Recall that
these representations are constructed by “patching” representations of Galois groups of CM
extensions of F', on Shimura varieties for unitary groups. The complex conjugations are
lost when we restrict to CM fields. In | |, Taylor proves that the image of any com-
plex conjugation is given by (the “discrete” part of) the local Langlands parameter at the
corresponding real place, assuming n is odd and the Galois representation is irreducible,
by constructing the complex conjugation on the Shimura datum. Of course the Galois
representation associated with a cuspidal representation of GL, is conjectured to be irre-
ducible, but unfortunately this is (at the time of writing) still out of reach in the general
case (however, see [ | forn <5; | , Theorem D] for a “density one” result for
arbitrary n but under the assumption that F' is CM and the automorphic representation
is “extremely regular” at the archimedean places; and | | for a “positive density” result
for arbitrary n and without these assumptions).

The results of the first part of this paper allow us to remove the irreducibility hypothesis
in Taylor’s theorem, and to extend it to some (“half”) cases of even n, using Arthur’s
endoscopic transfer. Unfortunately some even-dimensional cases are out of reach using
this method, because odd-dimensional essentially self-dual cuspidal representations are
(up to a twist) self-dual, whereas some even-dimensional ones are not.

Since the proof is not direct, let us outline the strategy. First we deduce the even-
dimensional self-dual case from Taylor’s theorem by adding a cuspidal self-dual (with
appropriate weights) representation of GL3, we get an automorphic self-dual representation
of GLg,,+3 which (up to base change) can be “transferred” to a discrete representation of the
symplectic group in dimension 2n + 2. Since the associated Galois representation contains
no Artin character, it can be deformed irreducibly, and Taylor’s theorem applies. Then
the general odd-dimensional case is deduced from the even-dimensional one, by essentially

the same method, using the eigenvariety for orthogonal groups.
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5.1 Regular, L-algebraic, self-dual, cuspidal representations of GLy,(Ar)
having Iwahori-invariants

In this subsection G will denote the symplectic group in dimension 2n+2 defined in section
2. The following is due to C. Mceglin and J.-L.. Waldspurger.

Lemma 5.1.1. Let K be a finite extension of Qp. Let ¢ : Wi x SU(2) — SO2y,43(C) be a
Langlands parameter (equivalently, a generic Arthur parameter). Assume that the subgroup
I x {1} (I being the inertia subgroup of Wi ) is contained in the kernel of ¢.

Then the Arthur packet associated with ¢ contains a representation having a non-zero

vector fized under the Twahori subgroup of Spg,, o (K).

Proof. Denote by {Ily,...,II;} this Arthur packet. Since Arthur’s construction of the
I1;’s is inductive for parameters trivial on the supplementary SLy(C), and subquotients
of parabolic inductions of representations having Iwahori-invariants also have Iwahori-
invariants, it is enough to prove the result in the case where ¢ is discrete. Let 7 be the irre-
ducible smooth representation of GLa,+3(K) having parameter ¢, then 7 ~ Indgh"”(a),
where o is the tensor product of (square-integrable) Steinberg representations St(x;,n;)
of GLy,(K) (i € {1,...,r}), x; are unramified, self-dual characters of K* (thus x; = 1
or (—1)"0)), and the pairs (s, n;) are distinct. Here L denotes the standard parabolic
associated with the decomposition 2n +3 = ). n;. Since ¢ is self-dual, 7 can be ex-
tended (not uniquely, but this will not matter for our purpose) to a representation of

é\f’;n—&-S = GLg, 43 % {1,0}, where

1 1

Let also ﬁ2n+3 = GLay43 % 6.
Let Ny be the number of 7 such that n; is odd, and for j > 1 let N; be the number of ¢
such that n; > 2j. Then No+23_ -, N; = 2n + 3, and if s is maximal such that N > 0,

we let
M:GLNS ><...><Gr]—_4]\[1 XGLNOXGLNl X"'XGLNS

which is a f#-stable Levi subgroup of GLay+3, allowing us to define M+ and M. Since
the standard (block upper triangular) parabolic containing M is also stable under 6, the
Jacquet module 7 is naturally a representation of MJF, denoted by 7. The constituents
of the semi-simplification of 75; either stay irreducible when restricted to M, in which case
they are of the form o1 ® o9 ® 6(01) where o1 is a representation of GLy, (K) X ... X
GLy, (K) and o9 is a representation of aiNO(K); or they are induced from M(K) to
l\N/ﬁ(K)7 and the restriction of their character to l\N/I(K) is zero. Since we are precisely
interested in that character, we can forget about the second case. By the geometrical
lemma,

SS AL M
™ = @ Iner‘]w(L)w (O'LﬂwflM)
weWLM
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where WM is the set of w € Sa,y3 such that w is increasing on Iy = {1,...,n1},
Iy ={ni+1,...,n1+ns}, etc. and w™! is increasing on J_4 = {1,..., N}, J_s11 = {Ns+
1,...,Ng+ Ns_1}, etc. Fix the irreducible representation of GLy, (K) x ... x GLy, (K)

i GL
N S 1
U1=®Inde J ® Xil [P
j=1 i | ni>2j
0 n; odd
where T is the standard maximal torus of GLNj, v, = ! .
1/2 n; even

There is a unique w such that Indﬁmw([‘)w (O'mefl(M)) admits a subquotient of the

form o1 ® 0p ® 0(01) as above, moreover Ind%mw(mw (O'me—l(M)) is irreducible, and

og = IndgoLNO ® Xi

Specifically, w maps the first element of I; in J_|(,41)/2], the second in J_| ¢, 41)/2] + 1,
..., the central element (if n; is odd) in Jy, etc.

Let M’ be the parabolic subgroup of Sp,,, /K corresponding to M, i.e.
M’ = GLy, x ... x GLy, X Spy,_;

By | , 2.2.6], >, TrTl; is a stable transfer of Traps T By | , Lemme 4.2.1]
n+

(more accurately, the proof of the lemma),

ZTY((Hi)T\S/y[Ul])

is a stable transfer of Tr (Tﬁ% [aﬂ) (where -[-] denotes the isotypical component on the
factor GLy, X ... x GLy;,).

Since T2 [01] = 01®00®6(071), the stable transfer of Tr (7’% [01]> is equal to the product
of Tr(oq) and ), TrII; where the II} are the elements of the Arthur packet associated with

the parameter
D x

At least one representation II; is unramified for some hyperspecial compact subgroup of

Spy,—1(K), and so a Jacquet module of a II; contains a nonzero vector fixed by an Iwahori

subgroup. This proves that at least one of the II; has Iwahori-invariant vectors. O

Proposition 5.1.2. Let Fy be a totally real field, and let m be a reqular, L-algebraic, self-
dual, cuspidal (RLASDC) representation of GLa,(AR,)). Assume that for any place v|p of
Fo, my has vectors fized under an Iwahori subgroup of GLa,(AR,,). Then there erists a
RLASDC representation my of GL3(Af,), a totally real quadratic extension F/Fy, and an
automorphic representation I1 of G(Ar) such that

1. for any place v|p of Fy, mo, is unramified,

2. BCp/p,(m) and BCp g, (m0) remain cuspidal,
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3. for any place v of F above p, 11, has invariants under the action of the Iwahori
subgroup of G(Fy),

4. for any finite place v of F' such that BCp/p, (), and BCp g, (m0)y are unramified, 11,
is unramified, and via the inclusion SO2y,13(C) — GLap4+3(C), the Satake parameter
of I, is equal to the direct sum of those of BCp g (7)y and BCr/p,(70)o-

Proof. First we construct my. Let § be a cuspidal automorphic representation of PGLy/Fj
which is unramified at the p-adic places, Steinberg at some finite place not lying above p,
and whose local langlands parameters at the real places are of the form Indw}é (z+— (2/2)%)
where o is a half-integer big enough with respects to the weights appearing in the local
Langlands parameters of m. Such a representation exists thanks to | , Theorem 1B].
Let my be the automorphic representation of GL3/Fy obtained by functoriality from o
through the adjoint representation of ].D/GTQ = SLy(C) on its Lie algebra. The representa-
tion mo exists and is cuspidal by | , Theorem 9.3]. The Steinberg condition ensures that
no twist of 6 by a non-trivial character (seen as a representation of GLo/Fp) is isomorphic
to 0, and cuspidality of 7y follows. We can twist mg by the central character of 7 to ensure
that 7 and mp have the same central character. Clearly my is a RLASDC representation of
GL3/Fo.

Note that if F'/Fp is a quadratic extension, for BCg/p,(7) and BCp/p, (7o) to remain
cuspidal it is enough for F'/Fjy to be ramified above a finite place of Fyy at which 7 and g
are unramified. Fix a totally real quadratic extension F'/Fy satisfying this condition and
which is split at any p-adic place of Fy. Since [F : Q] is even we can define the connected
reductive group G over F as before, which is an inner form of Spy, 5. We use [Tai] to
check the existence of II. For the rest of the proof we use notations from [Tai].

We claim that ¢ := BCp g (7) 8 BCp/p (m) defines an element of Wgis.(G). The
only non-obvious property that we have to check is that the quasi-split reductive group H
over I associated to BCp/g, () by [ , Theorem 1.4.1] is such that H ~ SO,,(C), not
Sp2,(C). By | , Theorem 1.4.2|, for any real place w of F' the Langlands parameter
of BCp/p, (7)w, that is the Langlands parameter of 7, where wy is the place of Fp below
w, factors through the dual group of H and the standard representation “H — GLg,(C).
The Langlands parameter of m,, is the direct sum of distinct orthogonal 2-dimensional
irreducible representations of Wg, , and so H cannot be symplectic.

We now apply Arthur’s multiplicity formula, proved in [Ta1] for the group G: we will
choose an element IT = ®/, II,, of the adélic packet I1,;(G), and check that it is automorphic.
Note that Cy = Sy, = Z/27Z, and that €, is the trivial character of Sy, (see | , (1.5.6)]),
and recall that C’TZ denotes the preimage of Cy in G = Spiny,, 1(C). Realise G as a rigid
inner twist (G, Z, z) of G* := Sp,,, ;5. The multiplicity formula depends on the choice of an
isomorphism class (for G*(F)-conjugacy) of global Whittaker data 1 for G* := Sp,,, o/ F
and on the choice of a realisation of G as a rigid inner twist (G,Z,z) of G*, a notion
introduced in [Kal|]. Let us fix the Whittaker datum to, and realise G as an inner twist
(G,Z) of G*, i.e. choose an isomorphism Z : G% — Gg such that for any o € Galp,
the automorphism Z~1¢(Z) of GZ% is inner. This defines z,q € Z'(F, G},), and below
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we will choose a lift z of z,q in Zl(PEV — Epy,Z — G*), where Z = Z(G") = po.
For any place v of Fy splitting into vy and ve in F, F,, = F,, = Fy, and we claim
that there exists an isomorphism f, : (G} M0y, ) (G}U2,mv2). Indeed, there exists an
isomorphism G}Ul ~ G}v2, well-defined up to G!4(Fy,), and this group acts transitively
on the set of isomorphism classes of Whittaker data for G}, . This isomorphism f, is well-
defined up to composing with Ad(g) for some g € G*(F,), and fv induces an isomorphism
H'(uy, — &0, Z — G, ) ~ H'(uy, = €0y, Z — G, ) Recall |Tai, §3.1.1] that there
are two elements of Hl(uv — v, Z — GE, ) lifting cl(zad v) € Hl(FUZ, G%, ) By [Tai,
Proposition 3.1.2] there exists z € Zl(PFV it Epys L — G”) lifting zaq and such that for
any real place v of Fy, the classes of the localizations z,, in H'(u,, — &,,, Z — G*) differ.
Recall also that for any finite place w of F the class of z, in H'(uy — Eu, Z — G}w) is

trivial. We now choose II,, at each place w of F.

e For any real place v of Fp, splitting into vy, v in F', the localizations ., : Wg, —
SO2,+1(C) for i = 1,2 are conjugated under SOg,4+1(C), giving rise to an isomor-
phism between the abelian groups SLZ_ = CLZ_ which is compatible with the mor-
phisms C'j/j — S;rvi. These localizations 1, are discrete Langlands parameters, by
the choice of mp. As explained in [Tai, §3.1.1] each L-packet Iy, (Gp,, ) has one
element II,,, and the associated characters (-, II,,) of S:p: , are opposite of each other,
so that (-, Hm)\%r x (-, vaﬂc;r is the trivial character of C{;.

e For any p-adic place v of Fj, splitting into v;,ve in F, the localizations ),
Wh,, x SU(2) — SO24,41(C) for i = 1,2 are conjugated under SOg,+1(C), giving rise
to an isomorphism between the abelian groups Swvi which is compatible with the mor-
phisms Sy — Sy, . Furthermore, since the class of 2, in H'(uy, = &, 2 — G, )
is trivial we obtain an isomorphism G7, =~ Gp, well-defined up to composmg
with Ad(g) for some g € G(F,), and by deﬁnltlon ([Ta1, §3.4]) this isomorphism is
compatible with the internal parametrization of Arthur packets. Using these isomor-
phisms to conjugate f,, we get an isomorphism Gp, =~ Gp,, which is compatible
with the internal parametrization of Arthur packets. Thanks to Lemma 5.1.1 we
can choose I, € Ily, (Gp, ) having Iwahori-invariants, and we let II,, be the
corresponding element of Iy, (Gr,,), so that the characters (-, II,,) of the abelian
2-torsion groups Sy, coincide. Thus (-, IL,,)[s, x (-,ILy,)|s, is the trivial character
of Sy.

e For any place w of F which is neither real nor p-adic, the class of z, in H'(u, —
Ew,Z — GF, ) is trivial and again we obtain an isomorphism G% =~ Gp, which
allows to identify tv,, with a Whittaker datum for G, . Let IL,, be the trivial element
of Iy, (GF,), i.e. the representation IL,, such that (-,II,) = 1. If v, is unramified,
then II,, is unramified for the unique G(F,)-conjugacy class of hyperspecial maximal

compact subgroups of G(F,) determined by 1o, (see | |-
The element II := &/, II,, of IL,,(G) is such that the associated character (-,II) of Sy, that

is Hw<‘7Hw>|c;r7 is trivial, therefore [Tai, Theorem 4.0.1] II occurs in the automorphic

spectrum of G. O
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Proposition 5.1.3. Let F be a totally real field, and let m be a reqular, L-algebraic, self-
dual, cuspidal representation of GLa,(AFp). Suppose that for any place v of F above p,
my has invariant vectors under an Iwahort subgroup. Then for any complexr conjugation
c € Galp, Tr(p,,,.. (m)(c)) = 0.

Proof. By the previous proposition, up to quadratic base change to a totally real extension
(which only restricts the Galois representation to this totally real field, so that we get even
more complex conjugations), we can choose a RLASDC representation 7y of GL3(Ar) and
transfer 7B to an automorphic representation IT of G(A ). The representation II defines
(at least) one point z of the eigenvariety 2~ defined by G (and by an open subgroup U of
G(Ag)f)). Of course, by the Cebotarev density theorem and compatibility of transfer at the
unramified places, the representation associated with IT is equal to p,, ... (7) @ pu,..0. (T0)-
Since the Hodge-Tate weights of p,, .. (7)|gal,, are non-zero for any place v[p, p,, ... (7)
does not contain an Artin character. By | |, Pup oo (o) is irreducible and thus does not
contain any character. There are only finitely many Artin characters taking values in {£1}
and unramified at all the finite places at which II is unramified. For any such character

7, the pseudocharacter T' on the eigenvariety is such that T, — 7 is not a pseudocharacter,

hence we can find g;1,..., gy 2n+3 such that
t77 = Z (Tw - n)O'(g’r],la cee 7977,271—&-3) 7é 0
06527z,+3

Let us choose N greater than all the v,(t,) and such that p¥ > 2n + 4. Let II' be an
automorphic representation of G(Ap) satisfying the requirements of Theorem 3.2.2 for
this choice of N. Then the Tr(p,, . (II')) — 7 are not pseudocharacters, thus p,, ... (I')
does not contain an Artin character and by Theorem 3.2.2 it is irreducible. This Galois
representation is (by construction in the proof of Corollary 3.1.3) the direct sum of repre-
sentations associated with cuspidal representations. Since it is irreducible, there is only one
of them, and it has the property that its associated Galois representations is irreducible,
so that the theorem of | | can be applied: for any complex conjugation ¢ € Galp,
Tr(pu, 0o ') () = £1. Since det p,, ... (1) = 1, Tr(p,, ... A7) (c)) = (=1)"FL.

AspV > 2n+4 and |Tr(p,, ... (1) () = Tr(pu, 0o A7) (€))| < 2n+4, we can conclude that
Tr(pu, e (I)(c)) = (—=1)", and hence that Tr(p,, ... (7)(c))+Tr(p,, .. (m0)(c)) = (—1)" L.
We also know that det p,, ... (m0) = det p,, .. (7)(c) = (—1)", and that Tr(p,,,... (m0)(c)) =
+1 by Taylor’s theorem, from which we can conclude that Tr(p,, .. (m0)(c)) = (—1)"*t.
Thus Tr(p,,,... (7)(c)) = 0. O

5.2 Regular, L-algebraic, self-dual, cuspidal representations of GL,, .1 (Ar)

having Iwahori-invariants

In this subsection, G is the orthogonal reductive group defined in section 4, in dimension
2n + 2 if n is odd, 2n 4+ 4 if n is even.

Lemma 5.2.1. Let K be a finite extension of Qp, and m > 1 an integer. Let ¢ : Wi x
SU(2) — SO2(C) be a Langlands parameter. Assume that the subgroup I x {1} (I being
the inertia subgroup of Wi ) is contained in the kernel of ¢.
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Then the packet of representations of the split group SOy (K) associated with ¢ by

Arthur contains a representation having a non-zero vector fized under the Iwahori subgroup.

Proof. Of course this result is very similar to Lemma 5.1.1. However, Mceglin and Wald-
spurger have not put their lemma in writing in this case, and the transfer factors are no
longer trivial, so that one needs to modify the definition of “stable transfer”. For this one

needs to use the transfer factors Agg (+,-) defined in | |. They depend in gen-

eral on the choice of an inner class of ﬁii? E:;vistings [ , 1.2] (in our case an inner class
of isomorphisms between GLs,,/K and its quasi-split inner form defined over K, which we
just take to be the identity), and a Whittaker datum of the quasi-split inner form. Arthur
chooses the standard splitting of GLs,, and an arbitrary character K — C*, but this will
not matter to us since both GLy,, and SOq,, are split, so that the factor (zz, ss) of | ,
4.2] (by which the transfer factors are multiplied when another splitting is chosen) is triv-
ial. Indeed to compute this factor we can choose the split torus Ty of SOg,, /K, which
is a norm group (see | , Lemma 3.3B]) for the split torus T of GLay,/K, and thus,
using the notations of | , 4.2], T is split and H'(K, T%) is trivial, so that 2/ =1 (2
is the image of 2’ in H'(K,J), thus it is trivial). Since both groups are split the e-factor
of | , 5.3] is also trivial, so the transfer factors are canonical.

Let H = SOy, /K, T the representation of (A}E;m associated with ¢, and 7H the sum
of the elements of the packet associated with ¢ by Arthur. Note that by construction, this
packet is only a finite set of orbits under Oq,,(K)/H(K) ~ Z/27 of isomorphism classes
of irreducible, square-integrable representations of H(K'). Each orbit has either one or two
elements. In the latter case where the orbit is (say) {71, 72} one can still define a “partial”

character (in the sense of Harish-Chandra):
O, (h) + O (h/) = @TQ(h’) + O, (h/) =0 (h) + O, (h)

whenever h is regular semisimple conjugacy class in H(K) and &’ is the complement of h
in its conjugacy class under Og,, (K). Although the individual terms on the left cannot be
distinguished, their sum does not depend on the choice of a particular element (e.g. 71) in
the orbit. In that setting, Arthur shows (| , 8.3]) that the following character identity
holds:

S IDa () 26,u(h)A(h.g) = 1Dz, (9)]Y26x(9) (5.2.1)
h

where the sum on the left runs over the the stable conjugacy classes h in H(K) which are
norms of the conjugacy class g in E;T,Qm (K), both assumed to be strongly (A}i;m—regular.
There are two such stable conjugacy classes h, they are conjugate under Og,, (K) and the
two transfer factors on the left are equal (this can be seen either by going back to the
definition of Kottwitz and Shelstad, or by Waldspurger’s formulas recalled below). This
fact together with the stability of the “partial” distribution ©_ u (which is part of Arthur’s
results) imply that the expression on the left is well-defined. Note that as in | |
and | |, the term Ary is not included in the product defining the transfer factor A.
Contrary to the case of symplectic and odd orthogonal groups treated in | |, the
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transfer factors are not trivial, and the terms |Dg(h)|"/? and 1Dt (9)]'/? are not equal.
However the latter play no particular role in the proof. This character identity 5.2.1 is the
natural generalization of the notion of “stable transfer” of | |-

Let

M:GLNS ><...><(;LN1 XGLNOXGLNI ><...><(;LNS

be a f-stable Levi subgroup of GLg;,, and M’ = GLy, X ... x GLy, x SOy, the corre-
sponding parabolic subgroup of H. To mimic the proof of Lemma 5.1.1, we only need to
show that Tr (Tﬁ,) is a stable transfer of Try; (TM), where “stable transfer” has the above
meaning, that is the character identity 5.2.1 involving transfer factors. Note that M™* has
a factor GLy,_n, /2 X GL,,_n, /2 together with the automorphism 6(a, b) = (6(b),6(a)), for
which the theory of endoscopy is trivial: #-conjugacy classes are in bijection with conju-
gacy classes in GL,,_y, /2 (over K or K) via (a,b) — af(b) and the f-invariant irreducible
representations are the ones of the form o ® 6(o).

So we need to check that if g = (g1, go) is a strongly regular GLg,, (K )-conjugacy class in
aiQm(K) determined by a conjugacy class g1 in GL,,_y, /2(K) and a GL y, (K )-conjugacy
class go in E}\I/,NO (K), and if hg is the Og,, (K)-conjugacy class in H(K) corresponding to
go, then

AGLy, S0y, (h0:90) = Agy,, u((91,h0). (91, 90)).

Although this is most likely known by the experts (even in a general setting) we will check it.
Fortunately the transfer factors have been computed by Waldspurger in | |. We recall
his notations and formulas. The conjugacy class g1, being regular enough, is parametrized
by a finite set 1, a collection of finite extensions K4; of K for i € I, and (regular enough,
i.e. generating K4; over K) elements z;; € Ki;. Asin | |, go is parametrized by
a finite set Iy, finite extensions Ky; of K, Ky;-algebras K;, and z; € K;. Each K; is
either a quadratic field extension of K4; or K4; x K1;, and x; is determined only modulo
Ng, /iy, K - Then g is parametrized by I = Iy U1y, with K; = K4 x K+ and 2; = (241, 1)
for ¢ € I, and the same data for Iy. Let 7; be the non-trivial Ki;-automorphism of K;,
and y; = —x; /7 (x;). Let I* be the set of i € I such that K; is a field (so I* C Ij). For any
i € I, let ®; be the set of K-morphisms K; — K, and let Pi(T) =[], [sca, (T — o(yi))-
Define Py, similarly. For i € I* (vesp. I}), let C; = x; ' Pj(y;)Pr(—1)y; ™ (1 + ;) (resp.
Cio = wi_lPI’O(yi)PIO(—l)yil_m(l + yi)). We have dropped the factor n of | , 1.10],
because as remarked above, the transfer factors do not depend on the chosen splitting.
Observe also that the factors computed by Waldspurger are really the factors Ag/Ary of
[ , 5.3], but the € factor is trivial so they are complete.

Waldspurger shows that

Agt, ul(91,h0), (91,90) = [ sieng, k., (Ci)
ier

where signy, /c, , is the nontrivial character of KZI;/Ng, k., K;*. We are left to show that
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Hie[* signKi/Kﬂ(C’i/Ci 0) =1.
Ci/Cio = " TT TI (s —1—6(y;))

jeh ¢ped;

=TI II v i+ é@n) (v + élain) ") () — 1) (G(z0) " = 1)

Jjen ¢€©ij

= (D" N ke | I 1] @i+ o(x50)) (i)™ = 1)

JEL ¢€Dy;

where ®4; is the set of K-morphisms K4; — K. Thus

[T signscne., (Ci/Cio) =TT siensc e i ((=1)=2072)
icl* icl*
=1
since [[;c;- signKi/Kﬂ\Kx is easily checked to be equal to the Hilbert symbol with the
discriminant of our special orthogonal group, which is 1 (this is the condition for gg to

have a norm in the special orthogonal group). O

Proposition 5.2.2. Let Fy be a totally real field, and let m be a regular, L-algebraic, self-
dual, cuspidal representation of GLan+1(AR,). Assume that for any place v|p of Fy, m,
has vectors fized under the Iwahori. Then there exists a RLASDC representation my of
GLi(AR,) if n is odd (resp. GL3(AFR,) if n is even), a totally real extension F/Fy which

is triwial or quadratic, and an automorphic representation II of G(Afr) such that

1. For any place v|p of Fy, mo is unramified.
2. BCp/p,(m) and BCpyp,(m0) remain cuspidal.

8. For any place v of F above p, 11, has invariants under the action of the Iwahori

subgroup of G(Fy).

4. For any finite place v of F' such that BCp/p,(7)y and BCp/ g, (m0)y are unramified, 11,
is unramified, and via the inclusion SO2,42(C) < GLa,12(C) (resp. SO2,44(C) —
GL2,,42(C)), the Satake parameter of 11, is equal to the direct sum of those of
BCp/p, (m)y and BCr/g, (70)o-

Proof. This is very similar to Proposition 5.1.2, and we only give details for the differ-
ences. Let mg be the central character of 7 if n is odd, or a self-dual L-algebraic cuspidal
automorphic representation of GL3(Af,) having central character equal to that of 7 and
as in the proof of Proposition 5.1.2 if n is even (i.e. Steinberg at some finite non-p-adic
place and with generic Hodge weights). Let F' be any totally real quadratic extension of
Fy such that BCpyp, () remains cuspidal.

The crucial observation is that the direct sum of the local Langlands parameters of
BCr/R, (r) and BCp /F, (7o) at the infinite places correspond to parameters for the compact
groups SOgy,12/R (resp. SO9,4+4/R). These parameters are of the form

€' @Ind%ﬁ (z = (2/2)")
i=1
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(r1>...> 7y, >0) for BCp/p, (), and

1 if n is odd
€D Ind%ﬁ (z+— (2/2)") if nis even, with r > r;

for BCg/p,(m0), so that the direct sum of the two is always of the form

k—1
1®ed @Ind%ﬂé (z = (2/2)")

i=1
for distinct, positive r;. This is the composition with the standard representation of
SO2,,(C) of the Langlands parameter corresponding to the representation of the compact
group SOy, (R) having highest weight ", (r;—(m—1))e; with 7, = 0, where the root sys-
tem consists of the +e;+e; (7 # j) and the simple roots are e;—ea, . . ., €m—1—€m, €m—1+€m.
In the present case the group Sy associated to ¢ = BCp g (m) BBCp/g, (7o) is trivial,
so that the multiplicity formula is trivial as well, and the quadratic extension of Fj is only

necessary in order to be able to define the group G. O

Note that, contrary to the symplectic case, there is a non-trivial outer automorphism
of the even orthogonal group, and so there may be two choices for the Satake parameters
of IT,,, mapping to the same conjugacy class in the general linear group. Fortunately we

only need the existence.

Proposition 5.2.3. Let F' be a totally real field, and let @ be an L-algebraic, self-dual,
cuspidal representation of GLay41(Ar). Suppose that for any place v of F above p, m, has

vectors invariant under an Iwahori subgroup. Then for any compler conjugation c € Galg,
Te(pyy o (1) () = £1.

Proof. The proof is similar to that of Proposition 5.1.3. We use the previous proposition to
be able to assume (after base change) that there is a representation my (of GL1(Af) if n is
odd, GL3(Af) if n is even) such that 7w Hmg transfers to an automorphic representation IT
of G(Ap), with compatibility at the unramified places. The representation II has Twahori-
invariants at the p-adic places of F, and thus it defines a point of the eigenvariety 2~
associated with G (and an idempotent defined by an open subgroup of G(A%”)f)). By
Theorem 4.0.1, II is congruent (modulo arbirarily big powers of p) to an automorphic
representation I of G such that p,,, . (II') is irreducible. Hence p,, ... (II') = p,,, ... (') for
some RLASDC 7’ of GLa,, (A ), which is unramified at all the p-adic places of F', and we
can apply Proposition 5.1.3 to 7", This proves that Tr(p,,,... (7)(c)) = =Tr(p., .. (m0)(c)) =
+1. O

5.3 Almost general case

We will now remove the hypothesis of being Iwahori-spherical at p, and allow more general

similitude characters, using Arthur and Clozel’s base change.
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Lemma 5.3.1. Let E be a number field, S a finite set of (possibly infinite) places of E, and
for each v € S, let KW) be a finite abelian extension of E,. There is an abelian extension
F of E such that for any v € S and any place w of F above v, the extension F,/E, is
isomorphic to K)/E,.

Proof. After translation to local and global class field theory, this is a consequence of
[ , Théoréme 1]. O

Before proving the last theorem, we need to reformulate the statement, in order to
make the induction argument more natural. Let w be a regular, L-algebraic, cuspidal
representation of GLo,1(Afp). At a real place v of F, the Langlands parameter of m, is

of the form
€D @Indw z(z/2)™

and according to the recipe given in [ , Lemma 2.3.2], p,, ... (7)(cy) should be in the

same conjugacy class as
(=1)°

01
10
0 1
10
Since it is known that det p,, ... (7)(cy) = (=1)T", py, .00 (7)(cy) ~ LL(7y)(4) if and only
if |Trp,, .o (7)(cy)| = 1. Similarly, in the even-dimensional case, p,,,... (7)(cv) ~ LL(7y)(J)
if and only if Trp,, ... (7)(cy) = 0.

Theorem 5.3.2. Letn > 2, I a totally real number field, m a reqular, L-algebraic, essen-
tially self-dual, cuspidal representation of GL,(AF), such that " ~ (x o det) @ 7, where
x =n|| |9 for an Artin character n and an integer q. Suppose that one of the following

conditions holds
1. n is odd.
2. n is even, q is even, and 1s(—1) = 1.
Then for any complex conjugation c € Galp, |Trp,, ... (7)(c)| < 1.

Proof. We can twist m by an algebraic character, thus multiplying the similitude character
n|| - ||¢ by the square of an algebraic character. If n is odd, this allows us to assume
n = 1,q = 0 (by comparing central characters, we see that n|| -||? is a square). If n is
even, we can assume that ¢ = 0 (we could also assume that the order of 7 is a power of
2, but this is not helpful). The Artin character n defines a cyclic, totally real extension
F'/F. Since local Galois groups are pro-solvable, the preceding lemma shows that there
is a totally real, solvable extension F"/F' such that BCpw» p(7) has Iwahori invariants at
all the places of F” above p. In general BCp» /r(7) is not cuspidal, but only induced by
cuspidals: BCpn/p(m) = 7 ... B . However it is self-dual, and the particular form of
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the Langlands parameters at the infinite places imposes that all m; be self-dual. We can
then apply Propositions 5.1.3 and 5.2.3 to the m;, and conclude by induction that for any
complex conjugation ¢ € Galp, the conjugacy class of p,, .. (7)(c) is given by the recipe
found in | , Lemma 2.3.2], that is to say |Trp,, ... (7)(c)| < 1. O

Remark 5.3.3. The case n even, 1oo(—1) = (—1)471 is trivial. The case n even, q odd and
Noo(—1) = —1 is not addressed by the present article, but is proved (as a special case) by
Caraiani and Le Hung in [ | using Scholze’s construction of the Galois representation
associated with 7 (ignoring the fact that w is essentially self-dual) and Theorem 5.3.2 for

self-dual representations in dimension 2n + 1.

For the sake of clarity, we state the theorem using the more common normalization of
C-algebraic representations.

Theorem 5.3.4. Letn > 2, I a totally real number field, © a reqular, algebraic, essentially
self-dual, cuspidal representation of GLy(AR), such that T ~ (x odet) ® w, where x =
n|| - | for an Artin character n and an integer q. Suppose that one of the following

conditions holds
1. n is odd.
2. n is even, q is odd, and neo(—1) = 1.
Then for any complex conjugation c € Galp, [Tr(r,, .. (7)(c))| < 1.

Proof. Apply the previous theorem to 7 @ || det ||(*~1/2. O
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