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Abstract

Let G be a special orthogonal group or an inner form of a symplectic group over
a number field F' such that there exists a non-empty set S of real places of F at
which G has discrete series and outside of which G is quasi-split. We prove Arthur’s
multiplicity formula for automorphic representations of G having algebraic regular
infinitesimal character at all places in S.
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1 Introduction

Let F' be a number field, and consider G a special orthogonal group or an inner form of a
symplectic group over F. Assume that there exists a non-empty set S of real places of F
such that

e for any place v € S, the group G(F,) admits discrete series representations,
e for any place v € 9, the reductive group Gp, is quasi-split.
This paper is devoted to the proof of Arthur’s multiplicity formula for the subspace

L3 (G(F)\G (A )2 ree

disc

of the discrete automorphic spectrum L% (G(F)\G(Afp)) C L*(G(F)\G(AF)) corre-
sponding to algebraic regular representations (“C-algebraic regular” in the sense of | b
at all places in S, that is Theorem 4.0.1, using the stabilisation of the trace formula for G.
As in the case of quasi-split groups | , Theorem 1.5.2], in the even orthogonal case we
obtain a multiplicity formula only “up to outer automorphism at all places of F”.

In particular we obtain the multiplicity formula for the full automorphic spectrum
under the stronger assumption that G(R ®g F') is compact and G is quasi-split at all
finite places F'. The interest of this case is that automorphic forms for such a group G
are more concrete than for quasi-split groups. This allows one to compute explicitly and
relatively easily with spaces of such automorphic forms. Moreover, this assumption on
G(R ®qg F) allows for a much simpler theory of p-adic families of automorphic forms: see
[ I, | |. Several papers already rely on Theorem 4.0.1 for groups G satisfying
this stronger assumption: | | (and thus also | D, [ | (see Conjectures 3.26 and
3.30), and [CL] (see Conjecture 4.25).

The multiplicity formula for arbitrary inner forms of symplectic and special orthogonal
groups over number fields was announced by Arthur in | , Chapter 9], but even formu-
lating the result precisely was not possible at the time because of the absence of canonical
absolute transfer factors as in the quasi-split case, which were only recently constructed
by Kaletha | |, | |. Furthermore, the general case will require the construction of
local Arthur packets for non-quasi-split groups, as well as solving the problem, observed
by Arthur, that some inner forms of even special orthogonal groups do not admit an outer
automorphism defined over the base field. In contrast, the above assumptions on G allow

us to give a simple proof of the multiplicity formula, thanks to the following simplifications.

e If G is an even special orthogonal group, i.e. a pure inner form of a quasi-split group
rather than an arbitrary inner form, then the non-trivial outer automorphism of G
has a representative defined over F. In fact there is a natural G(F')-orbit of such

automorphisms.

e At the finite places of F', we can use Arthur packets for quasi-split groups constructed

in | |



e The assumption on G at places in S and the “algebraic regular” assumption imply
that the only relevant Arthur-Langlands parameters at these places are those con-
sidered by Adams and Johnson in | |, that is parameters bounded on the Weil
group of R and having algebraic reqular infinitesimal character. This simplifies sig-
nificantly the spectral side in the stabilisation of the trace formula, since we do not
have to consider contributions from non-discrete parameters to the discrete part of

the spectral side of the stabilisation of the trace formula as in the general case.

For applications, using arbitrary inner forms instead of quasi-split groups is constraining
for at least two reasons.

The first reason is that at the non-quasi-split places it is in general difficult to de-
scribe precisely the local Arthur packets, or even to establish whether a given Arthur
packet is non-empty, contrary to the quasi-split case where Arthur packets contain the
corresponding Langlands packets by | , Proposition 7.4.1]. This is not an issue in
our case, as we will make the internal parametrisation of Adams-Johnson packets explicit
using Shelstad’s parametrisation of tempered L-packets (| I, | I, | |) and
Kaletha’s refinement of Shelstad’s formulation in | , §5.6]. We will be able to appeal to
| | thanks to recent work of Arancibia, Moeglin and Renard | | which proves that
for Adams-Johnson parameters and quasi-split symplectic or special orthogonal groups,
Arthur packets coincide with Adams-Johnson packets. In particular these packets are
non-empty.

The second reason that makes arbitrary inner forms less practical is that contrary to
the quasi-split case it is not true that any tempered Arthur-Langlands parameter gives
rise to at least one automorphic representation, namely the generic one (with respect to a
choice of Whittaker datum). Again the fact that Arthur packets at the real places of F
are completely explicit can allow to circumvent this difficulty in situations where solvable
base change is possible, as in | |-

Since Mok | | did for quasi-split unitary groups what Arthur did for quasi-split
symplectic and special orthogonal groups, and Arancibia, Moeglin and Renard also treated
the case of unitary groups in | |, the same method as in the present paper could be
used to prove the analogue of Theorem 4.0.1 for inner forms of unitary groups for which
there exists a non-empty set S of real places of F' satisfying the above assumption. In fact
this case would be easier since there are no issues with outer automorphisms as in the even
orthogonal case. However, for pure inner forms of unitary groups and tempered parameters
Kaletha, Minguez, Shin and White have already proved Arthur’s multiplicity formula in
[ |, and they also announced a proof of the general case. They used a slightly
different formulation, using Kaletha’s extended pure inner twists instead of Kaletha’s rigid
inner twists that we use in the present paper. We refer the interested reader to | | for
a comparison of these notions.

Let us end this introduction with notations that we will use throughout the paper. For
K a perfect field we will denote by Galg the absolute Galois group Gal(K/K) of K. If
K is a local or global field of characteristic zero, W will denote its Weil group. If K is a
local field of characteristic zero, WD g will denote its Weil-Deligne group: WDg = Wi if



K ~Ror C, and WDg = Wi x SU(2) if K is p-adic.

2 Review of Arthur’s results

In this section we briefly review Arthur’s results from | |, i-e. the construction of local

and adélic Arthur packets for quasi-split special orthogonal and symplectic groups.

2.1 Quasi-split symplectic and special orthogonal groups and their Lang-
lands dual groups

Let F be a global or local field of characteristic zero. As in | |, we will consider three

families of quasi-split reductive groups over F:

e for n > 0, the split symplectic group Sp,,,, defined as the stabilizer of a non-

degenerate alternating form on a vector space of dimension 2n over F,

e for n > 1, the split special orthogonal group SOg,+1, defined as follows. Let V be a
vector space of dimension 2n+1 over F', and let ¢ be a maximally split non-degenerate
quadratic form ¢ on V: (V,q) is the orthogonal direct sum of n hyperbolic planes
and a line. Then SOg, 1 is the stabilizer of ¢ in the special linear group SL(V).

e forn > 1and a € F*/F*2 the quasi-split special orthogonal group SO%,,, defined as
follows. Let E = F[X]/(X? — a) and consider the quadratic form ¢, : = Ng/p(z)
on F seen as a two-dimensional vector space over F. Note that (F, q4) is a hyperbolic
plane if and only if a = 1, i.e. v is a square. Let (V, q) be the orthogonal direct sum
of n—1 hyperbolic planes and (E, ¢,). Then SO%,, is the stabilizer of ¢ in the special
linear group SL(V).

In the third case we will also see « as a continuous character Ay /F* — {£1} if F is global
(a: F* — {£1} if F is local), using class field theory.

Denote by G one of the above groups. As in | | denote by *G the Langlands dual
group of G and G its identity component, so that

SO02,41(C) if G = Spy,
G =1{Spy,(C)  ifG=S00m
S05,(C)  if G = SO3,

and G = G x Galp. The action of Galp on G is trivial except when G = SO5,, with «
nontrivial, in which case the action of Galp factors through Gal(E/F) = {1,0} and o acts
by outer conjugation on G. To be completely explicit, one can identify G x Gal(E/F) with
O2,(C) as follows. Let B be the non-degenerate symmetric bilinear form on Cv, @- - -@®Cuay,
defined by B(v;,vj) = 6;2n+1—j, then 1 x ¢ is identified with the element of O, (C) fixing
Uly .- vy Un—1,Unt2, .-, V2p and exchanging v, and v,41.

Denote by Stdg the standard representation G — GLy(C) where

N = N(@) = on if G = SOg,41 or SOS,,
B ~|2n+1 if G =Sp,,.

4



Note that we have included the trivial group Spg in the list above because the standard

representation of its dual group has dimension 1. Extend Stdg to “G as follows.

e If G is symplectic, odd orthogonal, or split even orthogonal (that is « = 1), let Stdg
be trivial on Galg.

e Otherwise G = SO3, with a # 1. Let Stdg be trivial on Galg. If n = 1, up to
conjugation by Stdg(G) there is a unique choice for Stdg(1 x o). If n > 1, there
are two possibilities for Stdg(1 x o), choose the one having —1 as an eigenvalue
with multiplicity one (the other choice has —1 as an eigenvalue with multiplicity
N —1=2n—1). Via the above identification G x Gal(E/F) ~ Og,(C), this choice
for Stdg is simply the natural inclusion Og,(C) C GLay,(C).

Finally, let Aut(*G) be the group of automorphisms of “G,, and Out(*'G) = Aut(LG)/CA}ad.
Note that Out(“G) is trivial unless G = SO, in which case it is isomorphic to Z/2Z.
Even in this case, the GLy(C)-conjugacy class of Stdg is invariant under Out(*G).

2.2 Self-dual automorphic cuspidal representations of GLy

In this section we let F' be a number field. Let N > 1, and consider an automorphic cuspidal
representation m of GLy /F which is self-dual. Arthur | , Theorem 1.4.1] associates a
quasi-split special orthogonal or symplectic group G, with 7, which satisfies N ((/}\W) = N.
The central character w; of m has order 1 or 2, and is trivial if (/}\,r is symplectic. If N is
odd, m ® w, is also self-dual and has trivial central character, and G; = Spy_;. Choose

Std, : G, — GLx(C) extending the standard representation G, — GLN(C):

o If é\ﬂ is odd orthogonal, Std is the twist of Stdg, (defined in the previous section)
by the character Galp — {1} corresponding to w, by class field theory.

e Otherwise let Std, = Stdg,,.

We can now state the remaining part of | , Theorem 1.4.1 and 1.4.2]: for any place
v of F, the local Langlands parameter WDg, — GLx(C) of 7, is conjugate to Std, o ¢,
for some Langlands parameter ¢, : WDp, — LG.,.. Moreover the Aut (LGW)—orbit of ¢, is
determined by the Langlands parameter of m,.

Define sign(G) = +1 (resp. —1) if G is orthogonal (resp. symplectic), and define
sign(m) = sign((/}\w).

2.3 Elliptic endoscopic data and embeddings of L-groups

In this section F' denotes a local or global field of characteristic zero, and G denotes one of
the groups defined in section 2.1 Let us recall from | , §1.8] the isomorphism classes
of elliptic endoscopic data for G, and fix an embedding of L-groups in each case. To avoid
confusion we ought to be precise about the terminology that we will use, as there is a
slight discrepancy between | | and | |. We will use the definition of an endoscopic

datum (H,H, s, &) for G given in | , §2.1]. In particular, # is a splittable extension of



Wr by H and ¢ :H — LG is an L-embedding. Waldspurger also includes an L-embedding
L¢ : L'H — G which is the composition of ¢ : H — LG and an isomorphism “H — #.
As observed in | , §2.2|, in general such an isomorphism does not necessarily exist,
a problem which is overcome by introducing a z-extension of H. Fortunately such an
isomorphism does exist for any endoscopic datum of any group G as in section 2.1, and
thus we need not consider such z-extensions.

Here is the list of all isomorphism classes of elliptic endoscopic data for the groups
defined in section 2.1. For simplicity we only give H, and refer to | , §1.8] for more
details. We also give the group Out(H,H,s,&) = Aut(H,?—[,s,ﬁ)/ﬁ of outer automor-

phisms in each case.

¢ G = SO0g2,+1: H = S02,11 X SOg,11 with a +b = n. The pairs (a,b) and (b, a)
define isomorphic endoscopic data. The outer automorphism group of (H, H, s,§) is
trivial except when a = b, where there is a unique non-trivial outer automorphism,

swapping the two factors of H = Spy, (C) x Spay(C).

e G = Sp,,: H = Sp,, x SOY, with a +b =n and (b,a) # (1,1). We impose that
a = 1if b = 0. There is a non-trivial outer automorphism if and only if b > 0, in
which case the unique non-trivial automorphism acts by outer conjugation on the
factor SO (C) of H.

e G =804 H=S0) xS0}, witha+b=mn,f=1ifa=0,vy=1ifb=0,
B~y = a, and both (a,3) and (b,7) are distinct from (1,1). The pairs ((a, 3), (b,7))
and ((b,7), (a,)) define isomorphic endoscopic data. If ab > 0 there is a non-
trivial outer automorphism acting by simultaneous outer conjugation on the two
factors of H. There are no other non-trivial outer automorphisms except when
a = b and a = 1, in which case there is one swapping the two factors of f—i, and so
Out(H, H,s,£) ~ Z/27 x Z/2Z in this case.

As explained above, in each case Waldspurger also chooses a particular L-embedding “¢ :
LH — IG. This choice is somewhat arbitrary, as it could be twisted by a I-cocycle
Wrp = Z (ﬁ), and all results requiring the theory of endoscopy (for example the endoscopic
character relation (2)) ought to be valid for any choice of embedding. However, asin | |
it will be convenient to fix these embeddings, at least in the global setting, and we refer
to | , §1.8] for their definition. It is important to note that Waldspurger’s choice
of embedding ¢, a priori defined only for a particular representative (H,H,s,€) in its
isomorphism class of elliptic endoscopic data, has the benefit of being invariant under
Out(H, H, s,£). Consequently this gives a well-defined embedding “¢’ for any endoscopic
datum (H',H', s, ¢’) isomorphic to (H, H, s, ).

It is not difficult to check directly on the definition of transfer factors that the validity
of statements such as (2) does not depend on the choice of embedding.

Finally, let us determine the relationship between Waldspurger’s choice of embeddings
and the standard representations defined in 2.1, which are embeddings for twisted en-

doscopy for general linear groups. Write H = H; x Hy. If G is orthogonal or G = Sp,,,



and H = Sp,, x SOY, with a = 1, then Stdg o Z¢ is conjugated to (Stdm, @ Stdm,) o ¢,
where ¢ denotes the inclusion “H C “H; x “Hs. In the remaining case where G = Sp,,,
and H = Sp,, xSO%;, with a # 1, Stdg o€ is conjugated to ((a ® Stdspza) P Stdsog,,) oL

where we see « as a quadratic character of Wg.

2.4 Arthur’s substitute for global parameters

In this section we let F' be a number field. In order to formulate his multiplicity formula
[ , Theorem 1.5.2|, Arthur circumvented the absence of the hypothetical Langlands
group by introducing substitutes for Arthur-Langlands parameters for special orthogonal
and symplectic groups. Consider formal, unordered sums ¢ = H;m;[d;] where 7; is a self-
dual automorphic cuspidal representation of GLy;, /F and d; > 1 is an integer representing
the dimension of an irreducible algebraic representation of SLy(C). Let G denote a quasi-
split special orthogonal or symplectic group over F' as in section 2.1, and let N = N (é)
Let \Tldisc(G) be the set of 1) = H;m;[d;] as above such that the pairs (m;, d;) are distinct,
> Nid; = N, for all i sign(m;)(—1)%~1 = sign(G), and

e if G is symplectic, that is if G is odd orthogonal, [], wffj =1,
o if G =503, [[,wd = «.

Note that if G is odd orthogonal, that is if G is symplectic, the condition [], wﬁ;ﬁ =1is
automatically satisfied.

Following Arthur, for a formal sum ¢ = B;m;[d;] such that the pairs (7, d;) are distinct
we let Ly be the fibre product of (LGm — Galp)l.. Recall that for each ¢ we have Stdy, :
LG, = GLp;(C), and so we can form the representation @, Stdy, ® vg4, of Ly x SLa(C)
where v is the unique irreducible algebraic representation of SLa(C) in dimension d. Then
¥ € Vgise(G) if and only there exists 9 : Ly x SLa(C) — “G such that Stdg o ¢ is
conjugated to @, Std, ® vg,. Moreover in this case w is unique up to conjugation by
G except if G is even orthogonal and all N;d; are even, in which case there are exactly
two conjugacy classes of such v, exchanged by the group Aut (LG) / G which has two
elements. For ¢ € \I/dISC(G) let my be the number of G- conjugacy classes of such w, SO
that my € {1,2}. Finally, denote by Wgisc(G) the set of such pairs (1, ). To simplify the

notation we will abusively denote by ¢ such an element of Ugise(G).

Let us recall some definitions from | , §10.2]. For ¢ € Ugieo(G) we let Cy
Cent (1), G G)>o Z(G)GalF It is easy to check that C is a finite 2-group. We also let S be
the group of g € G such that 91/1( Vg Yp(x) 7t (G) for all x € Ly x SLy(C) and the

resulting 1-cocycle Wrp — Z (G) is locally trivial. In particular, 5’ contains Z (G) For
the groups G considered in this paper the action of Galg on Z (G) factors through a cyclic
extension, thus any locally tr1v1al/i\l—cocycle Wp — Z(G) is trivial, and so Su-) = CQLZ((A}).
In fact the action of Galp on Z(G) is trivial except in the uninteresting case G = SO3
with « # 1, so that S = C’ except in this case. Finally, let Sw = ¢/Z( ). By the
above remark, we also have 8 =C,/Z2(G G)%lr. The three groups Cy, S, and S can
be canonically described using only 1, in fact using only the family (NV; d mod 2); 1f G is



fixed, and so to lighten our notations we will simply denote them by Cy, Sy and Sy, in the
sequel.

Let (H,H,s,§) be an elliptic endoscopic datum for G. Recall that in section 2.3
we fixed an L-isomorphism “H ~ #, and thus an embedding ¢ : “H — “G. Recall
also that H = H; x Hy where H; and Hjy are also quasi-split special orthogonal or
symplectic groups. Define \T/diSC(H) = \fldiSC(Hl) X \TldiSC(Hg) and similarly for Wy (H).
For o = (¢}, ¢}) = (Bier,mi|d], Bicr,mi[di]) € Waise(H) it is natural to define

Le(y!) = Hienunmi(di] if G = S0s,,11 or SO%,,
(Bien, (a @ m)[d;]) B (Bier,milds]) if G = Spy,, H1 = Spy, and Hy = SO%;,.

Clearly “¢(y') € (Iv/diSC(G) if and only if the pairs (m;,d;)icr,ur, are distinct. Define
@G,diSC(H) C \f/diSC(H) as the subset of elements satisfying this condition, and define
UG _disc(H) similarly. For ¢/ = (¢1,v}) € Ug-_qise(H) we can identify the fiber prod-
uct of Ly — Galp and Ly, — Galp with Ligy). Note that in the case G = Spy,,
this identification comes from identifying G, and Gagr, for ¢ € I;. Thus we can de-
fine, for 1/ € Ug_qise(H) above v/, its image “£(¢/) € Waise(G) above L&(y). Moreover
5 € Sre(yry:

Conversely, for 9 € Wyis.(G), any s € Sy, defines an elliptic endoscopic datum (H, H, s, &)
where £(H) = Cent(s, G)? and &(H) = §(IA{)¢(£¢) The isomorphism class of (H,H, s, &)
clearly only depends on the image of s in Sy, and there is a unique S UG _qisc(H) such
that 1) = L£(¢)"). We obtain the following proposition.

Proposition 2.4.1 (Arthur). The mappings 1/ — L&(\)) induce a bijection between iso-
morphism classes of pairs (H,H, s,f)mﬁ’) where (H, H, s,&) is an elliptic endoscopic da-
tum for G and ¢/ € Va_qisc(H), and é—conjugacy classes of pairs (1/},5) where ¥ €

Vi4ise(G) and s € Sy.

Remark 2.4.2. The statement of the Proposition is particularly simple thanks to the fact
that G and H satisfy the Hasse principle (see [ , §4]). In general the “right” notion
to consider is not that of a parameter 1/) up to é—conjugacy, but also up to locally trivial
elements of Z\(Wr, Z(G)), and similarly for H. Then an equivalence class of 1 can
correspond to more than one equivalence class of (1/1, s). We refer the interested reader to

/ , §11], particularly Proposition 11.2.1 for the general case.

2.5 Local Arthur packets in the quasi-split case

In this section we let F' be a local field of characteristic zero, and G one of the reductive
groups over F defined in section 2.1. If F' is p-adic, let H(G) be the Hecke algebra of smooth
compactly supported distributions on G with complex coefficients. If F' is Archimedean,
fix a maximal compact subgroup K of G(F') and let H(G) be the algebra of bi-K-finite
smooth compactly supported distributions on G(F') with complex coefficients.

Countrary to the global case, we now have genuine Arthur-Langlands parameters at our
disposal, i.e. continuous morphisms ) : WDz x SLy(C) — “G such that



e the composition with “G — W is the obvious projection,
e for any w € WDp, ¥(w) is semisimple,
e the restriction of ¢ to the factor SLy(C) is algebraic.

We let ¥(G) be the set of Arthur-Langlands parameters for G such that ¢»(WDp) is
bounded.

To formulate Arthur’s construction of packets associated with such parameters pre-
cisely, it is necessary to fix a Whittaker datum to for G. If F' is p-adic and G is unrami-
fied, there is a unique G(F')-conjugacy class of hyperspecial maximal compact subgroups
compatible with t in the sense of | |. In this case “unramified representation of G(F’)”
will mean unramified with respect to such a subgroup.

Arthur’s construction relies on the local Langlands correspondence for general linear
groups, via the standard representation Stdg of “G. For this reason, the following fact
is important: the Aut(*G)-orbit of an Arthur-Langlands parameter v is determined by
the conjugacy class of Stdg o 1. Recall that for G = SO%, the group Out(*G) has two
elements, and so Arthur’s methods using the twisted trace formula for general linear groups
cannot distinguish between packets associated with é—conjugacy classes of parameters in
the same Out(YG)-orbit. If G = SO, there exists an outer automorphism 6 of G
which preserves to: in fact 6 can be realised as an element of the corresponding orthogonal
group of determinant —1, as one can easily check for SO¥, and the general case follows.
If Fis Archimedean, the maximal compact subgroup K of G(F') can be chosen to be
stable under . Following Arthur, let H(G) be the subalgebra of H(G) consisting of
f-invariant distributions, so that irreducible representations of H(G) correspond to {1,6}-
orbits of irreducible representations. Note that it is not really necessary to consider 6-
invariant distributions, distributions whose orbital integrals are f-invariant suffice: if 7 is
an admissible representation of G(F') and f(g)dg € H(G) has f-invariant orbital integrals,
then tr (7 (f(g)dg)) = tr (We(f(g)dg)). If G is symplectic or odd-orthogonal, we simply let
H(G) = H(G) and 6 = 1.

As in the global case, denote by Cy, the centraliser of 1) in é, Sy = Z((A})Cw and

S =m0 (Co/2(@)F ) =0 (5,/2(€))

which is an abelian 2-group. Note that the image sy of —1 € SLa(C) by v belongs to Cy.

Arthur | , Theorem 1.5.1] associates with any ¢ € ¥(G) a multi-set II; of {1,60}-
orbits of irreducible unitary representations 7 of G(F), along with a map II, — Sy,
denoted by 7+ (-, 7). Arthur proves that the linear form

Ay : f(g)dg = Y (s, m)tr (x(f(g)dg)) (1)

WEHw

is stable, i.e. vanishes if all stable orbital integrals of f(g)dg € H(G) vanish. These Arthur
packets are characterised by | , Theorem 2.2.1]. Note that our notation Ay(f(g)dg)
differs from Arthur’s f&(v).



Let us recall the endoscopic character relations | , Theorem 2.2.1(b)]. Any semisim-
ple s € Sy, determines an endoscopic datum (H,#,s,§) for G. For any choice of L-
embedding ¢ : “H — G, there is a unique Arthur-Langlands parameter 1’ for H such
that 1) = L€ 01)’. Note that H is a product of general linear groups and quasi-split special
orthogonal or symplectic groups, and so 1)’ can be seen as a collection of Arthur-Langlands
parameters for these groups. The endoscopic datum (H,#, s, ), the L-embedding “¢ and
the Whittaker datum to allow to define transfer factors | , §5.3|, and thus to define
the notion of distributions on G(F) and H(F') having matching orbital integrals (]| ,
§5.5], also called transfer). Thanks to the long-standing efforts of several mathematicians,
any f(g)dg € H(G) is known to admit a transfer f'(h)dh € H(H). In our case, this follows

from | |, 1 | or | |, | , Theorem 2.3, | |, and | |. Further-
more, | | implies that endoscopic transfer is compatible with the unramified Langlands
correspondence. We refer the interested reader to | | for more information. We can

now formulate the endoscopic character relation that holds for any s and f(g)dg:

D (sups,mte (7(f(9)dg)) = Ay (f'(h)dh) = D (s, @' )tx (7' (f(R)dh)) . (2)

ﬂEH,/, W’Ele

In a global setting it is also necessary to consider Arthur-Langlands parameters which
are not bounded on WDp, because the generalised Ramanujan conjecture is not known to
hold in general. In this case the packet Il is simply defined by parabolic induction from
the bounded case, so that its elements are not a priori irreducible. We refer to | ,
§1.5] for details.

2.6 Localisation of global parameters

Finally, let us explain the relation between the previous two sections. Let F' be a number
field, and consider (1,¢)) € Ugie.(G). Write ¢ as B;m;[d;]. Let v be a place of F. By
[ , Theorem 1.4.2|, for any i the Langlands parameter of the representation m;, of
GLy, (F,) factors through Std,, : “G,, — GLy,(C). We obtain a Langlands parameter
WDp, — “G;, well-defined up to the action of Aut(*G,). Composing with ¢ we get
an Arthur-Langlands parameter ¢, : WDp, x SLy(C) — “G. Moreover we have natural
morphisms C¢ —>va, Sw — S¢U and Sw —>S¢U

3 Certain rigid inner forms and Arthur packets
3.1 Certain rigid inner forms

Let F be a totally real number field. From now on we use G* to denote a quasi-split
special orthogonal or symplectic group over F' as in section 2.1, as we will use G to denote
inner forms of G*. We shall be interested in certain inner twists of G*, i.e. pairs (G, Z)
where G is a reductive group over F and = : G*f — G is an isomorphism such that for
any o € Galp, the automorphism Z~10(Z) of G is inner. For o € Galp, denote by z, the
element of G}4(F) such that 2 '0(Z) = Ad(z,). This defines a cocyle z. in Z1(F,G}y),

and the cohomology set H'(F,G},) classifies the isomorphism classes of inner twists of
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G*. Assume that F' is not totally complex and let S be a non-empty set of real places of
F. We say that (G, S) satisfies property * if

e for any place v € S, the group G(F,) admits discrete series,
e for any place v € 9, the reductive group Gp, is quasi-split.

We will classify such pairs, and realise them as rigid inner twists (see | |, | ). In
fact in the even orthogonal case we will restrict to pure inner forms, for reasons explained
in Remark 3.1.1.

3.1.1 Rigid inner forms at real places

In this section we only consider a fixed real place v of F', and to simplify notation we denote
without subscript the base change of G* to F,, = R, and write Gal(C/R) = {1,7}. We are
interested in inner forms G of G*. Tt is well-known that G(R) admits discrete series if and
only if G*(R) admits discrete series, and this condition is also equivalent to G* admitting
an anisotropic maximal torus, or to G*(R) admitting an anisotropic inner form. Moreover
there is at most one element of H'(R, G},) giving rise to an anisotropic inner form. Below
we describe in which cases G*(R) admits discrete series and recall the classification of its
inner forms, restricting to pure inner forms in the even orthogonal case. In the orthogonal
cases we will make these inner forms explicit by realising them as a pure inner forms. More
precisely we will choose a pair (B*, T*) where T* is an anisotropic maximal torus of G*
and B* D T¢ is a Borel subgroup of G such that all simple roots for (B*, T*) are non-
compact, and explicitly compute the surjective map H'(R, T*) — H'(R, G*). This will be
useful in section 3.2 to compute the internal parametrisation of tempered discrete packets
and Adams-Johnson packets for inner forms of G*. In the symplectic case the non-trivial
inner forms of G* cannot be realised as pure inner forms, which is why the notion of rigid
inner twist | | is needed. We denote by ug — &g the extension of Gal(C/R) that was
denoted by u — W in | |, to avoid confusion with the Weil group. We will fix a pair

(B*, T*) as in the orthogonal case and compute the surjective mappings
H'(ug — &, Z(G*) — T*) — H'(ug — &g, Z(G*) — G*) = H' (R, G},).

e Case G* = SOg,+1 = SO(V, q). The group G* is split and adjoint. The cohomology
set H'(R, G*) parametrises quadratic spaces having same dimension and discrimi-
nant as (V,q). Let T* be an anisotropic maximal torus of G*. It corresponds to
an orthogonal decomposition (V,q) = (D, q) ® @’—, (P}, q;) where D is a line and
each (Pj,qj) is an anisotropic plane: T* is the identity component of the stabilizer
of this decomposition and T* ~ Hj SO(Pj,q;j). Up to replacing ¢ by —¢, we can
assume that go is positive, which is equivalent to disc(q) > 0. Then there are [n/2]
negative (resp. |n/2] positive) planes among the P;’s. Thus up to reordering we
can assume that (—1)""!17Jg; is positive for any j > 1. For any j > 1, fix a ba-
sis e; of the free Z-module X*(SO(P;,q;)) of rank one. There is a unique Borel
subgroup B* of G containing T such that the set of simple roots of Tf in B* is
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{e1 —ea,...,en—1 — €pn,en}. This determines an identification T* ~ T where T is a
maximal torus of G* =~ Sps,, (C), part of a pair (B, T) such that the set of simple roots
of Tin Bis {e]—e5,... €, —ey,2¢,} where €} (ex) = d; . The group HY(R, T*) is
in perfect duality with ’i‘\*Gal(C/R) which is identified with the subgroup of 2-torsion in
T because T acts by inversion on T*. The image of (€j)1<j<n € {£1}" ~ HY(R, T*)
in H*(R, G*) corresponds to the isomorphism class of inner twists (G,Z) where G

is a special orthogonal group of signature (1 + 2a, 2b), where
a=card {jle; = (<117}, b= card {j| ¢ = (~1)"7}.

In particular we see that the character of Z(G*)Gal(C/R) = {41} that [ , The-
orem 1.2] associates to the image of (¢;)1<j<n in HY(R,G*) is —1 [licjcn€i =
(_1)n(n71)/2+a. T

There is a unique element of H'(R, T*) giving rise to the anisotropic inner form of
G*, namely ((—1)"*177);<;<,. The associated character of Z(é\*)Gal((C/R) is =1 —
(_1)n(n+1)/2.

Case G* = S0%, = SO(V, q), where o € R* /R~ >~ {£1} is equal to (—1)"disc(q).
The group G* admits discrete series if and only if (—1)"« > 0. Assume that this is the
case. We choose ¢ as in section 2.1, i.e. ¢ has signature (n,n) (resp. (n+1,n—1)) if nis
even (resp. odd). Let T* be an anisotropic maximal torus of G*. It corresponds to an
orthogonal decomposition (V,q) = @’_; (P}, ¢;) where each (P}, ;) is an anisotropic
plane: T* is the identity component of the stabilizer of this decomposition and
T* ~ J[;SO(P},g;). There are [n/2] positive (resp. [n/2] negative) planes among
the (V;,q;)’s. Up to reordering we can assume that (—1)7~!g; is positive definite
for all j. As in the previous case fix bases e; of X*(SO(P;,q;)), and let B* be
the Borel subgroup corresponding to the set of simple roots {e; — eg,...,en—1 —
€n,€n—1 + €en}, and the set of simple roots for the pair (B,7) in G+ ~ SO2,(C)
is {ef —eb,...,ef | —eh, el | +ei}. As before HY(R, T*) ~ {£1}" is in perfect
duality with the subgroup of 2-torsion in 7. The set H'(R, G*) parametrises the
isomorphism classes of quadratic forms on dimension 2n vector spaces over R having
positive discriminant. The image of (¢j)1<j<n € {£1}" ~ HY(R, T*) in HY(R, G*)

corresponds to the signature (2a, 2b) where
a=card {j|e = (—1)j_1} , b=card{j|¢; = (—1)j}
and the associated character of Z((/}\*)Gal(c/R) ={£1}is

1= H € = (_1)n(n+1)/2+a.

1<j<n

Described using signatures, the fibres of the mapping H'(R, G*) — H*(R, G},) are
the sets {(2a, 2b), (2b,2a)} (having one or two elements).

There are two elements of H'(R,T*) giving rise to anisotropic inner forms of G*,
namely ((—1)71)1<j<, and ((—1)7)1<;j<n. They map to distinct classes in H(R, G*),
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and the associated characters of Z(é\*)Gal(C/R) are —1 — (=1)"»=D/2 and —1
(=1)™"*+D/2 They map to the same class in H'(R, G%,).

Case G* = Spy,, = Sp(V,a) where V is a 2n-dimensional vector space over R and a
is a non-degenerate alternating form. In this case G* always admits discrete series.
We have that H'(R, G*) = 1 but for n > 0 the set H'(R, G}) is non-trivial. First
we describe the anisotropic inner form as a rigid inner form. Choose J € G*(R) such
that J? = —1 and for any v € V'~ {0}, a(Jv,v) > 0. Choose i € C such that i? = —1.

These define a complex structure on V', along with a positive definite hermitian form
h(v1,v2) := a(Jv1, va) + ia(v1, v2).

Choose a decomposition (V,h) = @}_;(Pj, h;) where each P; is a complex line.
Then the stabiliser T* of this decomposition is an anisotropic maximal torus of G*.
We have a canonical isomorphism f; : U(Pj, h;) ~ U; for each j. Fix a basis b
of X*(Uy), and let e; = (—1)7"'bo f;, a basis of X*(U(P}, h;)). Let B* D> Tf
be the Borel subgroup of G§ having as set of simple roots {e; — e2,...,e,_1 —
€én,2en}. The basis (eq,...,e,) identifies X, (T*) with Z". Let Z ~ pus be the
center of G*, and let T = T*/Z, so that X,(T ) = Z" + Z(%,...,3). There

>
are two elements of H'(ug — &, Z — T*) ~ X, (T )/2X.(T*) (| , Theorem
4.8]) giving rise to the compact inner form of G*: z; = cl %, —%, R %) and

29 = cl( LI T (—21)n>_ Note that X,(T")/2X,(T*) is naturally isomorphic to

T 219
— Gal(C/R iy
the group of characters of the preimage of T* 2HEE in T'. The elements 21, 2o map

to the same element in H' (R, T') ~ X,(T")/2X,(T"), namely the one represented
by 7 — J. Let (G,E) be a corresponding inner twist of G*. The positive definite
quadratic form v — a(Jv,v) on V yields a positive definite hermitian form A’ on
C ®r V seen as a complex vector space using the tensor product (not J!). It is
easy to check that G is a Zariski-closed subgroup of the anisotropic unitary group
U(C ®g V, k'), and thus G is the anisotropic inner form of G*. In fact we can give
C®grV aright H-vector space structure by letting j € H act by A®v — A®.J(v), and
G is the intersection of U(C®g V, h') with the real algebraic group of automorphisms

of this H-vector space.

Recall | , §3.4] the quotient HL (ug — &g, Z — G*) of the pointed set H'(ug —
Er,Z — G*). This quotient has a natural structure of abelian group. By | , The-
orem 4.11 and Proposition 5.3| (which generalise | , Theorem 1.2]), HL (ug —
Er,Z — G¥) ~ Z(é\*SC)V ~ 7/27, and the image of z; is the non-trivial element,
for any i. For any ¢, the fibre of this non-trivial element can be identified with
2! (H'(R,G)) z;, and thus

H'(ug = &r,Z — G*) = {1} |27 (H'(R,G)) 2.

The pointed set H'(R, G) can be computed using [ , Chapitre III, Théoréme

6], and it is in natural bijection with the set of conjugacy classes of elements y of
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order 1 or 2 in G(R) (equivalently, G(C)). Mapping y to dimker(y + Id)/2 (in
the standard representation of G(C)) allows to identify H'(R,G) with the integer
interval {0,...,n}. The trivial element of H!(R, G) corresponds to 0 and the element
x such that 27%(z)z; = z3_; corresponds to n. The elements of 1 (H'(R, G)) z
corresponding to integers k and &’ map to the same class in H'(R, G},) if and only if
k' € {k,n — k}. The trivial class in H'(ug — &g, Z — G*) is the only one mapping
to the trivial class in H'(R, G}). In particular H!(R, G¥,) has [n/2] + 2 elements.

Remark 3.1.1. The reader might wonder why we have not considered rigid inner forms
wnstead of only pure inner forms in the even orthogonal case. For n > 2 denote G* =
SOé;l)n. It is not difficult to compute that the complement of H (R, G*) in H'(ugp —
Er, Z(G*) — G*) has two elements. They map to the same element in H'(R, G%,) if
and only if n is odd. These two elements are swapped by the outer automorphism of G*.
For this reason we cannot formulate Proposition 3.2.6 for inner forms of even special
orthogonal groups which are not pure inner forms, and thus we cannot formulate Theorem
4.0.1 either. Note that for n even, any non-pure inner form of SO does not admit any

outer automorphism defined over R.

3.1.2 Global rigid inner forms

We can now classify which groups among the quasi-split groups G* over a number field F
defined in section 2.1 admit inner forms G satisfying property x with respect to a given
non-empty set S of real places of F. As explained in the previous remark, we restrict
ourselves to pure inner forms in the even orthogonal case. Since odd special orthogonal
groups are adjoint, we only have to consider pure inner forms when G* is orthogonal.
In the symplectic case we will realise all inner forms G of G* satisfying property x with
respect to S as rigid inner forms. We refer to | | (resp. | |) for the construction
of the extension u, — &, of Galp, (resp. PF,V — 5F,V of Galg) by a profinite algebraic
group, and the cohomology sets for reductive groups defined using these extensions. Note
that as in the previous section we denote by u, — &, the extension that is denoted by
uy, — Wy in | |, to avoid confusion with the Weil group, and that we suppressed the
choice of £ in the notation gF,V' Let Z denote the center of G*.

Of course up to removing places from S we only have to consider groups G* that are

not quasi-split at all places in S.

Proposition 3.1.2. Let I be a totally real number field, S a non-empty set of real places
of F, and n > 1.

1. G* = S0g9,41 = SO(V, q) where q has positive discriminant at all places of S. For
each place v € S choose z, € H'(F,,G*), corresponding to a signature (1+ 2a,, 2b,)
where a, + b, = n, with associated character of Z((/;\*)Gava ~ {£1}:

—1 5 g, = (—1)"n"D/2Hav,

Then G* admits an inner form satisfying property x with respect to S which is iso-

morphic to z, at all places v € S if and only if [[,.q €, = 1. If such an inner form

veES
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exists then it is unique up to isomorphism.

2. G* = S0%, where a € F*/F*% and G* = SO(V,q) where q is defined in section
2.1. Assume that (—1)"« is positive at all places in S. For each v € S choose
2, € HY(F,,G*), corresponding to the signature (2a,,2b,) where a, + b, = n and
with associated character of Z(é\*)Gava ~ {£1}:

1 e = (—1)nnHD/ ey,

(a) Assume that n is odd. Then G* has a unique inner form G satisfying property

* with respect to S and isomorphic to the inner form given by the image of z,
in H'(F,,G},) at allv € S.
Let V' be a finite set of real or finite places of F disjoint from S and such that
for anyv €V, a ¢ F)2, and moreover (—1)°d(V) = [loeg€v- Foranyv eV
let z, € HY(F,, G*) be the unique non-trivial class mapping to the trivial class
in HY(F,, G%,). Explicitly, z, corresponds to the signature (n —1,n+ 1) if v is
real, and z, is the unique non-trivial element of H'(F,, G*) if v is finite. Then
there is a unique z € H'(F,G*) such that for any v € S UV the image of z
in H'(F,, G*) equals z,, and for any v € SUV the image of z in H'(F,, G*)
1s trivial. The corresponding pure inner form of G* is isomorphic to G as an
mner form, and this describes all the pure inner forms of G* satisfying this
property.

(b) Assume that n is even. Then G* has an inner form G satisfying property
with respect to S and isomorphic to the image of z, in H(F,, G},) at all places
v e Sifand only if [[,cg€o =1 or a # 1. If it exists then il is unique up to
isomorphism.

Assume that [[ cgev =1 or o # 1. Let V be a finite set of real or finite places
of F disjoint from S and such that for any v € V, a € F)?, and moreover
(—1)card(V) = [l cg€v- Such a set exists and V =0 is the only possible choice
ifa = 1. For anyv € V let z, € H'(F,,G*) be the unique non-trivial class
mapping to the trivial class in Hl(Fv,sz). FErplicitly, z, corresponds to the
signature (n — 1,n + 1) if v is real, and z, is the unique non-trivial element of
HY(F,,G*) if v is finite. Then there is a unique z € H'(F,G*) such that for
any v € SUV the image of z in H'(F,, G*) equals z,, and for any v & SUV
the image of z in H'(F,, G*) is trivial. The corresponding pure inner form of
G* is isomorphic to G as an inner form, and this describes all the pure inner

forms of G* satisfying this property.

3. G* = 8Spy,. For eachv € S choose z, € H'(F,,G%,) ~ {1}. Then G* has an inner
form satisfying property * with respect to S and which is isomorphic to the image of
Zy at each place v € S if and only if card(S) is even. If it exists then it is unique up

to isomorphism.

Let Z be the center of G*. For each v € S choose z, € H (uy, — &, Z — G*) \ {1}

lifting Z,,. If card(S) is even, then up to isomorphism there is a unique global rigid
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inner form which is isomorphic to z, at any v € S and split at all places of F' not in

S.

Proof. Note that in all cases the groups G}, and G* and all their inner forms satisfy the
Hasse principle by | , 84|, since the action of Galp on the center of the dual group
factors through a cyclic group. This fact implies all claims of unicity appearing in the
Proposition.

The first two cases of special orthogonal groups are simple exercises using the previous
section, | | and | , Theorem 6.6, as is the first part of the symplectic case.
For the last part of the third case we need Kaletha’s generalisation of Kottwitz’ results.
Assume that G* = Sp,,, and that card(S) is even. Note that for v & S, the trivial class
in H'(u, — &,,Z — G*) is the only one giving rise to a split inner form of G}, : this is
obvious if v is complex, was observed in the previous section for real v, and finally for a finite
place v we simply have H'(u, — &,,Z — G*) ~ H(F,, G}4) because GF, is split and
semisimple (see [ , Proposition 5.3]). By | , Corollary 3.45], describing the image
of the localisation mapping Hl(PF,V = Epy — GY) = ], HY(u, — &, Z — G*),
there is at least one relevant z € HI(PF,V — Epy, L — G*). Using | , Lemma 3.22]
we see that the image of z by Hl(PEV — &EpyyZ — G*) = Hom(Py, Z) does not depend
on the choice of a relevant z, and so two such relevant classes z1, zo differ by an element
of H'(F,G1) ~ [[,es H'(Fy, G1), where Gy is the inner form of G* determined by 2.
Since twisting by 21, embeds HY(F,, Gy) into H (v, — &,,Z — G*) for all v € S, we
have that z; = 2. O

Note that pure inner forms are special cases of rigid inner forms by letting Z = 1, thus
all cases could be formulated using rigid inner forms. It is not difficult to check that any
inner form of an even special orthogonal group which is anisotropic at all Archimedean
places of F' and quasi-split at all finite places of F' arises as a pure inner forms, i.e. is
a special orthogonal group. In the symplectic case the inner forms considered in the
Proposition can be constructed explicitly as unitary groups over a quaternion algebra over
F which is non-split exactly at the places in S.

Remark 3.1.3. We will use this realisation of an inner form G as a rigid inner form of
G* to get a coherent family of normalisations of the local Langlands correspondences for the
groups G(F,), following [Kalb]. Here “coherent” can be intuitively understood as “satisfying
a product formula”, a condition that is necessary to formulate the main goal of this paper,
i.e. Arthur’s multiplicity formula for automorphic representations of G (Theorem 4.0.1).
In the case G* = SOa,y1 (resp. G* = Sp,,,) for any z € H'(F,G*) (resp. HI(PEV —
ngv Z — G*)) as in the Proposition and any place v € S, the image of z in H'(F,, G*)
(resp. H(u, — &y, Z — G*)) is trivial. This is not always the case for G* = SOY,,.
In fact it can happen that no relevant z € H'(F,G*) is locally trivial at all places of F
not in S, i.e. that V as in the Proposition is necessarily non-empty: this occurs when
[Ioes €0 = —1. In these cases it is not possible to rely solely on Arthur’s construction of

packets reviewed in section 2.5. Fortunately Kaletha calculated the effect of twisting the
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local Langlands correspondence by an element of H'(F,,Z(G)), and we will review his

results in section 3.3.

3.2 Local Arthur packets for real reductive groups having discrete series

Let G* be a quasi-split reductive group as in section 2.1 over R, and assume that G*
admits discrete series. Let G be an inner form of G*. Let T* be an anisotropic maximal
torus of G*, and let Z be the center of G*, except for G* = SO§ (with = —1) which
is a torus, in which case we let Z be any finite subgroup of G*. As we saw in section
3.1.1, the inner form G of G* can be realised as a rigid inner twist (G, Z, z) of G*, i.e. = :
G} — G is an isomorphism and z € Z!(ug — Er,Z — G*) is such that for any w € &g,
Z7lw(ZE) = Ad(z(w)). In fact we realised z as an element of Z!(ugr — g, Z — T*). Note
that for now we do not assume that G is a pure inner form in the even orthogonal case,
but we will have to make this assumption again in section 3.2.3.

According to | , §5.6], which makes precise certain constants in Shelstad’s work
(| I, | I, 1 |), this realisation and the choice of a Whittaker datum for G*
are enough to normalise the local Langlands correspondence for G, that is to determine an
internal parametrisation of each L-packet I1,(G) of representations of G(R) corresponding
to a tempered Langlands parameter W — G, in a manner analogous to the quasi-split
case reviewed in section 2.5. In the anisotropic case, the L-packet II,(G) is a singleton.

In the global setting we will also need to consider non-tempered Arthur-Langlands
parameters, i.e. Arthur-Langlands parameters Wg x SLo(C) — “G whose restriction to
SL2(C) is non-trivial. For the main result of this paper (Theorem 4.0.1) we will restrict
to Arthur-Langlands parameters having algebraic regular infinitesimal character, i.e. those
considered by Adams and Johnson in | |. Adams and Johnson worked with arbitrary
real reductive groups (not necessarily quasi-split) and proved endoscopic character relations
similar to (2), but only up to a multiplicative constant. We will have to check that Kaletha’s
definitions allow to remove this ambiguity (Proposition 3.2.5), similarly to what we did
in | , §4.2.2] for the quasi-split case. We will see that in the anisotropic case, these
Adams-Johnson packets are singletons.

Recently Arancibia, Moeglin and Renard | | proved that the packets of represen-
tations of G*(R) constructed by Adams and Johnson coincide with those constructed by
Arthur in | |, compatibly with the internal parametrisations. We will show (Proposi-
tion 3.2.6) that this implies endoscopic character relations between Adams-Johnson packets
for G and Arthur packets reviewed in section 2.5 for endoscopic groups of G. The only
difficulty comes from the fact that Arthur packets are sets of representations up to outer
automorphism. For this reason in the case G* = SOS,, we will restrict ourselves to pure
inner forms G. Of course this covers the case of anisotropic inner forms in which we are

particularly interested.

3.2.1 Tempered parameters

We begin by recalling Shelstad and Kaletha’s internal parametrisation of L-packets for rigid
inner twists of quasi-split groups | , §5.6]. We adopt a formulation slightly differing

17



from | | and closer to | , §4.2.1], to prepare for the non-tempered case. We will be
brief and focus on the aspects which were not examined in | , §4.2.1]. Tt is convenient to
let the inner form G of G* vary. Note that since G and G* are inner forms of each other,
their Langlands dual groups are canonically identified, and we will only use the notation
LG. Recall that by definition (| |) G comes with a pinning (B, T, (Xa)aca), used to
define the action of Wg on G and 'G = G x Wg. The é—conjugacy classes of discrete
Langlands parameters ¢y : Wg — LG* are parametrised by dominant weights A for G.
We can assume that @) is aligned with (B, 7)) in the sense that ¢y (z) = (27)(z/|z|) % z for
z € W = C*, where 7 = A+ p (with 2p equal to the sum of the positive roots) is seen as an
element of 1Z ® X, (T), strictly dominant for B. See | , Lemma 3.2] for the extension
of ¢ to Wg. Since 7 is strictly dominant, Cy,, = {t € T | t* = 1}. Denote by C;A the
preimage of Cy, in G where G = G/Z. Denote by Z(é)Jr the preimage of Z(G)Gal(C/R)
in Z(é) Then Z(é)Jr C Cf,. Let 8} = mo(CY,), so that there is a surjective morphism
Sf, — Sy, whose kernel is the image of Z(é)Jr in S, . We have that C has dimension
0 and so S, = Cj, and the above kernel is Z(é)*. Note also that Cf, is contained in a

maximal torus of G, and thus S} is abelian.

For any inner form G of G*, the L-packet II,, (G) of discrete series representations of
G(R) associated with ¢) is in bijection with the set X3(G) of G(R)-conjugacy classes of
pairs (B, T) where T is an anisotropic maximal torus of G and B is a Borel subgroup of
G containing T¢. This is a consequence of Harish-Chandra’s formulae for the characters
of discrete series. Choose a Whittaker datum tv for G*. By work of Kostant and Vogan, for
any dominant weight X there is a unique representation in Il,, (G*) which is generic for 1.
It corresponds to a G*(R)-conjugacy class cl(B*, T*) which does not depend on A and has
the property that all the simple roots of T in B* are non-compact. There is a bijection
between H'(ug — &Egr,Z — T*) and the set of isomorphism classes of (G,Z,z, B, T)
where (G, ZE, z) is a rigid inner twist of G* and (B, T) is a pair in G as above, obtained
by mapping z € Z!'(ugr — &g, Z — T*) to (G, Z, z,Z(B*),Z(T*)), for an arbitrary choice
of inner form (G, =) compatible with z. The surjectivity essentially comes from the fact
that any automorphism of T} is defined over R. This gives a bijection between H'(ug —
Er,Z — T*) and the set of isomorphism classes of pairs ((G, =, z), ) where (G,Z, z) is a
rigid inner twist of G* and 7 € Il (G). Finally, the choice of B* allows to identify 7 with
T*, and thus to identify (S;A)v with H(ug — g, Z — T*), using | |[Corollary 5.4].
This concludes the construction of the mapping Il,, (G) — (S;A)v, for any rigid inner
twist (G, ZE, z) of G*. We will abusively denote this mapping by 7 +— (-, 7), although it
depends on the realisation of G as a rigid inner twist of G* and the choice of the Whittaker
datum to. Shelstad and Kaletha also prove endoscopic character relations, analogous to
equation (2). Fix the dominant weight X\ and denote ¢ = ) for simplicity. Any element
s € Sg yields a refined endoscopic datum, a notion defined in | , 85.3], ¢ = (H,H, $,§)
for G*, along with a parameter ¢’ : Wr — H such that ¢ = oy’. Moreover the underlying
endoscopic datum is elliptic. Choose an L-embedding “¢ for this endoscopic datum, which

is equivalent to choosing an isomorphism “H ~ H. This allows us to see ¢ as a parameter
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for H, and ¢’ is clearly discrete. For any rigid inner twist (G, Z, 2) of G*, Kaletha defines
absolute transfer factors A’¢, "¢, 1, =, z]. We replaced the z-pair denoted by 3 in [ |
by ¢, as we argued in section 2.3 that it is not necessary to introduce a z-extension of H.
By | , Proposition 5.10], if f(g)dg and f(h)dh are A'¢, %€, 10, =, z]-matching smooth

compactly supported distributions on G(R) and H(R), we have

e(G) Y Emtr(n(flo)dg)= Y tr(a(f(R)dn)). (3)

we€ll, (G) m' €l (H)

Here ¢(G) = (—1)%(G)=4(G") is the sign defined by Kottwitz in | |

Remark 3.2.1. The restriction of each (-, ) to Z(G)" coincides with the image of z by
[Kalb][Corollary 5.4], which justifies the use of the transfer factors A’ rather than A (see
[[(5]). Note that in section 2.5 A was used, but we could have used A as well since for

any endoscopic datum considered in this paper we have s> = 1.

Remark 3.2.2. For an anisotropic rigid inner twist (G,Z,2) of G*, there is a unique
G(R)-conjugacy class of pairs (B, T) in G as above. Therefore for any discrete parameter
@ the L-packet I1,(G) consists of only one representation.

Example 3.2.3. Let us end this section by discussing an example. For n > 2 let G* =
SOg;l)n = SO(V,q) where q has signature (n,n) (resp. (n+ 1,n — 1)) if n is even (resp.
odd). We use the same notation as in section 3.1.1. If n is odd the quasi-split group
G* has a unique G*(R)-conjugacy class of Whittaker datum to. If n is even there are
two such conjugacy classes, and we let vo be the one corresponding to the pair (B*, T*)
chosen in section 3.1.1. Let (G,Z,2) where z € Z1(R, T*) be the pure inner twist of G*
corresponding to the signature (2n,0).

We realise the dual group "G = “G* as in section 2.1, using the symmetric bilinear
form B(vi,vj) = 0 2n41— on Cuoi®- - -®vay,. Recall that the set of simple roots for (B*, T*)
is A ={e; —e,...,n_1 —€n,en_1 + en}. Let T be the mazimal torus of G consisting
of diagonal matrices t = diag(t1,...,tn,t7 1, ... ,tfl) forty,...;t, € C*. Let BD T be
the Borel subgroup of G consisting of upper triangular matrices in G. The corresponding
set of simple roots is A* = {e] —e5,...,¢e;,_4 — ey, e,y + e} where e(t) = t;. There
exists a pinning (Xo+)arear for (B,T) preserved by {1} x Gal(C/R) C YG. Thanks to
the choice of Borel subgroups there is a canonical isomorphism T ~ T, and we chose
the notation for A* accordingly. The class of z in H'(R, T*) corresponds to the character
es+ej+---+ egtn/% € X*(T)/2X*(T) = Xu(T*)/2X.(T*) of {t € T |12 =1}.

Let X be a dominant weight for G*, i.e. A= Ae1+---+ Ape, where Ay > -+ > A1 >
|An| are integers. The corresponding discrete parameter vy can be chosen (in the canonical
G-conjugacy class) so that for all z € W, pa(z) = diag((z/2)M "1 .. (2/2)M,...) €
T, i.e. pxlwe is dominant for (B,T). Thus the unique element of the L-packet I1,, (G)
corresponds to the character e5+ej+- - '+6;LN/2J of {t e T|t? =1} = C,,. Ifnis even and

if we choose the other Whittaker datum, the associated character becomes el +---+ ey _;.
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3.2.2 Non-tempered parameters: Adams-Johnson packets

We now turn to the non-tempered case. As before G will denote any inner form of G*.
Let 1 : Wg x SLo(C) — G be an Arthur-Langlands parameter which is bounded on
Wgr. We say that v is an Adams-Johnson parameter if the infinitesimal character of 1 is
algebraic regular. This is the case if ) is trivial on SLo(C) and defines a discrete Langlands
parameter, but there are other examples as well. An Adams-Johnson parameter is always
discrete, i.e. its centraliser in G is contained in Z ((A}), but not all discrete Arthur-Langlands
parameter are Adams-Johnson parameters. From now on we assume that v is an Adams-
Johnson parameter. We refer to | , §4.2.2] for the details of what follows. Recall
that there is a Langlands parameter ¢, associated with ), and that this parameter is
not tempered if w‘SLQ((C) is not trivial. Up to conjugating by G we can assume that
©yp|w. takes values in 7 and that the holomorphic part of ¢y|w, coincides with that
of ¢xlw,. as above, for a dominant weight A for G. Then, defining Cy, CJ and S;)’
as in the tempered case, we have Cy C C,, C’J C C’[P"A and S;r - S:{A. Adams and
Johnson | | have attached a packet HQJ(G) of irreducible representations of G(R) to
¥, and proved endoscopic character relations similar to (2), but only up to a multiplicative
constant because only relative transfer factors were known at the time. Asin | , §4.2.2]
which only adressed the quasi-split case, we will argue that knowing the tempered case
above is enough to remove this ambiguity. Let £ = Cent(y)(W¢), G). Similarly to the
tempered case, HQJ(G) is in bijection with a certain set ¥,(G) of G(R)-conjugacy classes
of pairs (Q,L), and there is a natural surjection ¥3(G) — X.(G). The choice of a
Whittaker datum gives us a distinguished element cl(Q*,L*) € X(G*), that is the image
of cI(B*, T*) € ©5(G*). There is a natural bijection between H!(ug — &g, Z — L*) and
the set of isomorphism classes of pairs ((G,ZE, z), (Q,L)) where (G,E, z) is a rigid inner
twist of G* and cl(Q,L) € X£(G). This realises each such L as a rigid inner twist of L*.
Now fix arigid inner twist (G, Z, z) of G*. By | , 85],if cl(B1, T1), cl(Bg, T2) € £5(G)
map to the same element in X (G), then their associated characters of S+ coincide on SJr
One can define these characters more directly as follows. Observe that the preimage L of L
in G is isomorphic to L= L* and that the Gal(C/R) actions coincide if we let Gal(C/R)
act on L via ¢|w,. The pairing between H'(ugp — Er,Z — L*) and S+ ~ Z(L)" is
naturally the one given by | , Corollary 5.4]. Thus we get a mapping Hﬁ‘] (G) —

v
(SJ) , which as in the tempered case we simply denote by 7 +— (-, 7). As in the tempered

case it depends on (Z, z) and to. Again the restriction of each 7 — (-, 7) to Z(é)Jr is the
character associated to the class of z in H'(ug — &g, Z — G*). Note that in general the
mapping H!(ugr — &r,Z — L*) — (S;“)v is not injective: it factors through the group
HL (ug — Er,Z — L*) defined in | , §3.4].

Remark 3.2.4. As in the tempered case and Remark 3.2.2, in the case of an anisotropic
rigid inner twist (G, 2, z), for any Adams-Johnson parameter v the packet HAJ(G) s a

singleton.

Observe that there is a canonical lift of sy, € Cy to C.f, since SL2(C) is simply con-
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nected. In fact sy is well-defined in Z (L) E/R) = Z(fa\d)Gal((C/R): Ylsry(c) : SL2(C) —
L is the principal morphism and thus sy is equal to the sum of the positive coroots for £
evaluated at —1, for any choice of ordering on the coroots. We still denote its image in
C’J and SJ by sy. We can now prove the precise endoscopic character relations, refining
[ , Theorem 2.21].

Proposition 3.2.5. Let 5 € S, which induces a refined endoscopic datum ¢ = (H, H, 5,€)
for G, and choose an L-embedding ¢ : "H — “G. Denote by 1/ the Adams-Johnson
parameter for H such that ) = Loy, For any A'[¢, 7€, 10, Z, z]-matching smooth compactly
supported distributions f(g)dg on G(R) and f'(h)dh on H(R), we have

e(G) Y (spmtr(n(fl9)dg)) = D (st (n'(f (R)dh)) . (4)

el (G) el (H)

Proof. Denote by 7y QL € HﬁJ(G) the representations associated with cl(Q, L) € Y1 (G).
1

As usual denote ¢(L) = 5 dim L(R)/Ky, for any maximal compact subgroup K, of L(R).
Recall Kottwitz’ sign e(L) = (—1)7M~4(Le) where Ly is the quasi-split inner form of
L. We need a preliminary result similar to | , Lemma 9.1] or | , Lemma 5.1],
namely that (sy,m) = e(L). By | , Lemma 4.2.1] the group L* is quasi-split, i.e.
Lqs = L*. The representation 7 corresponds to an element of H!(ug — &g, Z — L*), and
(8y,m) is obtained using the pairing | |. This pairing is compatible with the pairing
between H!(R,L?,) and Z(ESC)Gal(C/R) and s, is well-defined in the latter, as the sum of
the positive coroots evaluated at —1. It is well-known that this recovers e(L).
Reformulating | , Theorem 2.21] using this preliminary result, we get that there

exists ¢ € C* such that

e(G) Y (ssy.mitr(n(flg)dg))=c Y (sy ) (a'(f (R)dh))

mell})(G) Tr’GH;’Z,J (H)

and we are left to prove that ¢ = 1. We proceed as in the quasi-split case | , §4.2.2]: we
restrict to distributions f(g)dg whose support is contained in semisimple elliptic regular
conjugacy classes of G(R). Let ¢ = @) be the discrete Langlands parameter aligned with

¥ as above. Then using Johnson’s resolution of Adams-Johnson representations | I,

Y Gspmtr(w(f(g)dg)) = (=17 N7 (g m)tr (w(f(9)dg))

TrEHﬁJ(G) nelly(G)

and similarly for H. Note that the sign (—1)90) is identical for 1) and v, since the groups
£ C G and £/ C H are naturally isomorphic, compatibly with their Galois actions. As
a consequence of (3) and these equalities for ¢ and ¢/, the relation (4) holds for such
distributions f(g)dg. There exists such a distribution for which the left hand side of (4)

does not vanish, and thus ¢ =1 and (4) is valid for any distribution. O
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3.2.3 Relation with Arthur packets

For our global purposes, which will rely on | |, we would like to replace H$;1 (H) in the
right hand side of equation (4) by Arthur’s packet Il (H) reviewed in section 2.5, that is

e(G) Y (s, mitr(n(f(9)dg) = D (su,w)tr (x'(f'(R)dh)) . (5)

Tel}(G) '€l (H)

For this to even make sense it is necessary for all the stable orbital integrals of f’'(h)dh to
be invariant under the subgroup Out(Hj) x Out(Hs) of Out(H), where H ~ H; x Hj as
in section 2.3.

In the quasi-split case, more precisely for the trivial rigid inner twist of G*, it is known
(and was used by Arthur) that this is the case if f(g)dg has Out(G)-invariant orbital
integrals, for the choice of rational outer automorphism described in section 2.5. In this
case Arancibia, Moeglin and Renard | | recently proved that for any Adams-Johnson
parameter 1, the packets of Adams-Johnson and Arthur and the maps to (qu)v coincide:
this is equivalent to equation (5) for all ¢ but with § = 1, by Fourier inversion on S.

Consequently for a non-trivial rigid inner twist (G, E, z) equation (5) holds provided
that all stable orbital integrals of f’(h)dh are invariant under Out(Hp) x Out(Hsg). As
explained in Remark 3.1.1, in the even orthogonal case to even formulate the Out(G)-
invariance of orbital integrals of f(g)dg, we have to restrict to groups G realised as pure
inner twists (G, Z, 2), i.e. assume that z € Z}(R, G*). We make this assumption and treat
the three types of groups separately. As before we denote by ¢ the refined endoscopic
datum (H,H,$,§) and by e the underlying endoscopic datum, and fix an L-embedding
Le:tH — LG.

o If G* = SOg,41, the group Out(H;) x Out(Hs) is always trivial and so there is

nothing to prove.

o If G* = Sp,,, and H =~ Sp,, x SOS;, with b > 0, then Out(H;) is trivial, Out(Hs) ~
7./27 and
Out(H;) x Out(Hz) = Out(H) ~ Out(e) = Out(e).

The last equality is crucial: in general we only have Out(¢) C Out(e), while the
transfer factors defined in | , §5.3| are only invariant by isomorphisms of re-
fined endoscopic data | , Proposition 5.6]. Furthermore, the L-embedding ¢ is
preserved by Out(¢). Therefore, if cl(y1) and cl(v2) are stable conjugacy classes of
semisimple regular elements of H(R) exchanged by the outer automorphism of H,
then ~; is a norm of a conjugacy class cl(d) in G(R) (in the sense of | , §3]) if

and only if 9 is a norm of cl(d), and if this is the case then
A/[é7 Lgv ma Ev Z] (717 5) - A/[é> L£7 m7 E? Z] (’Y2, 5)

This implies that for any smooth compactly supported distribution f(g)dg on G(R),
the stable orbital integrals of any smooth compactly supported distribution f’(h)dh
on H(R) which is a transfer of f(g)dg are invariant under Out(H).
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e The last case to consider is G* = SO%, and H ~ SOga x 80O3,. Using the same
arguments as in the previous case, one could show that if a,b > 0 then the transfer
factors are invariant under (61, 62) where 6; is the non-trivial outer automorphism
of H;. We still have to consider the remaining coset in Out(Hp) x Out(Hs), in
parallel with the non-trivial outer automorphism 6 of G. Since we only consider
groups G realised as pure inner twists (G, =, z) we can use Waldspurger’s explicit
formulae | | for the transfer factors. One can lift 6 to an automorphism of G
defined over R in a natural way since G is naturally a special orthogonal group, by
considering any R-point of the non-trivial connected component of the corresponding
orthogonal group. We still denote by 6 any such lift, it is unique up to composing it
with Ad(g) for some g € G(R). One can simply observe on Waldspurger’s formulae
that the transfer factors are invariant under the action of (61,62) on H if a,b > 0,
as well as under the simultaneous action of # on G and the non-trivial element of
(Out(H;) x Out(Hz2)) /{1, (01,02)} (resp. Out(H)) if a,b > 0 (resp. if ab = 0). To
be precise we ought to remark that Waldspurger leaves out the e-factor of | ,
§5.3], but this is just a constant that does not change the invariance properties, and
that Waldspurger computed A whereas we use A’ in this paper. This is not a real
issue since the factors A’, defined in [KS] and | |, are equal to the factors A for

the refined endoscopic datum obtained by replacing § by §1.

This implies that for any smooth compactly supported distribution f(g)dg on G(R)
having f-invariant orbital integrals, the stable orbital integrals of any smooth com-
pactly supported distribution f’(h)dh on H(R) which is a transfer of f(g)dg are
invariant under Out(H;) x Out(Hz).

For clarity, let us restate what we have deduced from | |

Proposition 3.2.6. Let (G, =, 2) be a rigid inner twist of a reductive group G* over R as
in section 2.1. Assume that G* admits discrete series. If G* is even orthogonal, assume
also that z € Z*(R, G*) and let § be an automorphism of G as in the above discussion. Let
¥ be an Adams-Johnson parameter for G. Let § € CJ)L, let e = (H,H, $,€) be the induced
elliptic refined endoscopic datum, and choose an L-embedding L& for this endoscopic datum.
As explained in section 2.3 H decomposes as a product Hy x Hy. Let f(g)dg be a smooth
compactly supported distribution on G(R). In the case G* = SOS%, we assume that the
orbital integrals of f(g)dg are O-invariant. Let f'(h)dh be a transfer of f(g)dg with respect
to the transfer factors A'[e, 7€ 1w, 2, 2].

Then the stable orbital integrals of f'(h)dh are invariant under Out(Hp) x Out(Hg)

and the endoscopic character relation (5) holds.

3.3 Trivial inner twists

In this section we denote by F' a local field of characteristic zero, and consider a quasi-split
reductive group G* over F' as in section 2.1, and a finite subgroup Z of the center of G*.
Consider also a rigid inner twist (G,Z,z) of G*. Denote by G and G the quotients of
G* and G by Z. Assume that the image of z in H'(F, G},) is trivial. For example this is
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what we obtain by localisation at a place v ¢ S of a global rigid inner twist as in section
3.1.2. Fix a Whittaker datum o for G*.

If the class of z in H'(up — Ep,Z — G*) is trivial, then (G,Z, 2) is isomorphic to
the trivial rigid inner twist (G*,1d,1) and the isomorphism is unique up to G*(F). In
particular G inherits a well-defined Whittaker datum o’ from 1o, and the absolute transfer
factors A[¢, Y€, 10, =, 2] are equal to the absolute transfer factors A’[e, 7€, w'] defined in
I , §5.3]. Therefore we can simply use the Arthur packets reviewed in section 2.5 for
G and o'

If however the class of z in H!(up — Ep,Z — G*) is non-trivial, as can happen by
Remark 3.1.3, then an isomorphism between G and G* is only well-defined up to G4 (F),
which does not preserve the G*(F')-orbit of to in general. Thus there is no natural choice of
Whittaker datum for G, and even if there was the corresponding absolute transfer factors
would have no reason to coincide with A’[¢, “¢, 1, Z, z]. We conclude that in this situation
we cannot merely use the packets reviewed in section 2.5 along with the characters (-, 7)

to get endoscopic character relations similar to equation (2) but for the transfer factors

/[‘ ij ,_7 }

Kaletha | , §6.3] computed the effect of twisting the cocycle z € Z'(up — Ep,Z —
G*) by an element of Z!'(up — Ep,Z — Z(G*)) on the transfer factors A[¢, V¢ w0, =, 2]
| , Lemma 6.3], and deduced the effect on the spectral transfer factors (s, m) | ,

Lemma 6.2]. Let us recall how this applies to the present situation. Up to replac-
ing (G,Z,z) by an isomorphic rigid inner twist, we can assume that the image of z
in ZY(F,G},) is trivial, i.e. that z € Z'(up — Ep,Z — Z(G*)). In particular, the
isomorphism Z : G*f — Gy is defined over F. Up to enlarging Z (as a finite sub-
group of Z(G*)), we can assume that z € Zi(uF — &p,Z — 7). The exact sequence
15Z—G* -G — ldualisesasl >Z -G — G — 1, where Zis naturally identified
with 2inZ® X*(Z). Let ¢ : WD x SLa(C) — G be an Arthur-Langlands parameter. As
in the real case, let Cy, = Cent(¢, G G), C’Jr its preimage in G and SJr = 7r0(0+) Kaletha

constructs a morphism d : S+ — Zl(GaIF, ) By | , §6.2] there is a perfect pairing
ZN(Galp,Z) x H (up — Ep, Z — Z) — C* (6)

which we simply denote by (-,-)z. These are the two constructions needed to state the
existence of Arthur packets for G. To avoid confusion we will denote by IL,(G*) and 6*
what was denoted by Il and 6 in section 2.5. If G* = SO, let § = Z06* o =~ 1. Define
a multiset II,(G) of representations of G(F), or f-orbits of representations in the even
orthogonal case, as (E71)*(I;(G*)), and for 7 € I1,(G) define a character (-, m)g of S;r
by
($,7) = (d(3)71,2)z x (s,m 0 2)

for s € SJ and s its image in Sy.

Fix s € C’J, let e = (H,H,$,&) be the induced refined endoscopic datum, and choose
an L-embedding ¢ : “H — LG for this endoscopic datum. As explained in section 2.3, H

decomposes as a product H; x Hs.
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Proposition 3.3.1. Let f(g)dg be a smooth compactly supported distribution on G(F).
In the even orthogonal case assume that the orbital integrals of f(g)dg are invariant under
6. Let f'(h)dh be a transfer of f(g)dg with respect to the transfer factors A'le,¥¢ w, 2, 2].

Then the stable orbital integrals of f'(h)dh are invariant under Out(H;) x Out(Hz)

and we have

> sy, mite(n(f(g)dg) = Y sy, 7t (7' (f/(h)dh)) (7)

TI'EHQ)(G) TI'IEH,W (H)

Proof. This is a special case of | , Lemma 6.2], except for the invariance under Out(Hj) x
Out(Hy) of the stable orbital integrals of f/(h)dh. The corresponding invariance property
for the transfer factors A’[¢, €, 1, Z, 2] can be proved as in Proposition 3.2.6. More simply,
it can be deduced from the similar invariance property for the transfer factors for G*, since

it is a property of the relative transfer factors. O

Remark 3.3.2. By Remark 3.1.3 in the global setting of section 3.1.2 the only case where
we cannot reduce to z = 1 at any finite place is when G* = SOY5,. In this case the
restriction of 2 € ZY(up — Ep,Z — Z) to up is trivial, that is = € Z'(F,Z). Instead of
the pairing (6) of [Kale, §§6.1-2] one can use the usual Poitou-Tate pairing

H'(Galp,Z) x H'(F,Z) — C*

and the characters ($,m) defined above for m € Il (G) descend to characters of wy(Cy),

which is always a 2-group, in particular it is abelian.

3.4 Adelic Arthur packets for rigid inner forms

Let us go back to the setting of section 3.1.2: F' is a totally real number field, G* one
of the quasi-split reductive groups over F' defined in section 2.1. Let Z be the center of
G* if G* is symplectic. If G* is orthogonal we let Z = 1. Let S be a non-empty set of
real places of F', and consider a rigid inner twist (G, Z, z) of G* satisfying property x with
respect to S, where z € ZI(PFV — 5F,V’ Z — G*). Such rigid inner twists were classified
in Proposition 3.1.2. Note tha7t if G* is orthogonal z is simply an element of Z!(F,G*).
Fix also a global Whittaker datum to for G*.

For any place v of F' we get a rigid inner twist (GF,, =y, zv) of Gf, , where

Z\(F,,G%) if G* is orthogonal or v & S,
z v
! ZYNuy — Ep,, L — Gy, ) if G* is symplectic and v € S,

is the localisation of z at v and 2, = =5 . We also get a Whittaker datum w, for G, .
Recall that G* (resp. G) admits a model over (’)F[%] for some N > 1, and that up
to replacing N by a multiple two such models are canonically isomorphic. Furthermore,
there exists N such that Z is defined over a finite étale extension of Op[%;]. For almost all
places v, 2, is the inflation of an unramified cocycle, and since H'(Op,, G*) is trivial we
get an isomorphism Z! between the models of G* and G over Op,, well-defined up to the
image of G*(OF,) in G};(OF,). Finally, at almost all places v the Whittaker datum v, is
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compatible with the choice of hyperspecial maximal compact subgroup G*(OF,) of G*(F,)
(in the sense of | ]), and this compatibility can be pulled back to G via (Z)~!. At the
finite set of places not in S where v is Archimedean or G is ramified or z, is ramified, there
exists g € G*(F),) such that =/ := Ad(g) o Z, is defined over F,, and =/, is well-defined
up to G4(Fy). If the image of 2, € H'(F,,G*) is trivial we can further impose that
zy(0) = go(g)~! for all o € Galp,, and Z, is then well-defined up to the image of G*(F,)
in GI4(Fy).

If G* = SO%,, let # be an outer automorphism of G that is realised by an element
having determinant —1 in the corresponding orthogonal group. Choose an automorphism
0" of G* similarly. Denote by 6, and 0} the induced automorphisms of G, and G7, . At
all places v € S, the automorphisms 6, and = o 0% o (Z/)~! of G are in the same orbit
under G(Fy).

Let \Ilgi;:A‘](G*) C Ugise (G*) be the set of 9 such that for any v € S, the localisation 1,
is an Adams-Johnson parameter as in section 3.2.2. Let 1) € ‘IlgigCAJ(G*), To formulate the
multiplicity formula in the next section, we need to define a packet II w(G) of admissible
representations of G(Ar), along with a mapping II;(G) — (Sy)V, using the local Arthur
packets at our disposal (Propositions 3.2.6 and 3.3.1). This was done by Kaletha | ;
Proposition 4.2] in greater generality. However, as our current setting is slightly different
from Kaletha’s (we did not lift the cocycles to G, as Kaletha did) and simpler than the
general case since the Hasse principle holds for all the groups considered in this paper, it
is worth recalling how Kaletha’s construction specialises to the cases at hand.

Let I1;(G) be the set of restricted tensor products m = ®! m, where for all places v of
F, m, € H%(G(Fv)) ifvgS and m, € HSS(G) if v € S, and for almost all places v the

character (-, my) is trivial. For any such 7 let us define a character (-, m) of S;. Recall that

~

S, =0,/2 (G)%alr and that C;; denotes the preimage of C; in G. Thus it is equivalent

to define a character on C;r which is trivial on Z(G)™'. Note that in general each (-, m,) is

o~

the character of an irreducible representation of the finite group S;r , but as we observed

in Remark 3.3.2, in our setting it is simply a morphism S;r — C*. Its restriction y, to

v
o~

mo(Z(G) ™) is the image of z via | , Corollary 5.4|. Thanks to the natural morphisms

SJ; — S;r reviewed in section 2.6 we can define (-, 7) = [[, (-, mo)|g+- By [ , Corollary
v ¥

3.45] we have [, Xq,|7r0 (Z(é)+> =1 and so (-, 7) is trivial on 7 (Z(§)+) and descends to

~

a character of S¢.

For s € 8¢ let e = (H,H,s,£) be the iEduced elliptic endoscopic datum. Sensu stri(fo
it depends on the choice of a lift of s in Z(G)Cy;, but multiplication by an element of Z(G)
does not change the isomorphism class of . Fix a compatible L-embedding ¢ : 'H — G
as in section 2.3, yielding ¢/ € Wg_gisc(H) such that ¢) = L€ 04} as reviewed in section
2.4. For any choice of § € S;r above s we get local refined endoscopic data ¢, above ¢,, and
thus absolute transfer factors A'[¢,, €, G, 2y, 2,]. By | , Proposition 4.1] the product
of these local transfer factors is the canonical adélic absolute transfer factor A'[e, 7€, G, Z].

Recall that this transfer factor does not depend on the choices of z and tv, nor on the choice
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of § above s. Let f(g)dg =[], fo(gv)dgs be a smooth, compactly supported distribution
on G(Ap) such that for any place v, the orbital integrals of f,(g,)dg, are 0,-invariant. Let
f'(h)dh =11, f'(hy)dh, be a transfer of f(g)dg to H=H; x Hy. Then the stable orbital
integrals of f'(h)dh are invariant under Out(H; ,) x Out(Hg f,) for all places v, and we
have the endoscopic character relation

S (s mtr (r(f(9)dg) = S (s m)tr (2 (F/(B)dR)) s)

WEH#}(G) TI'IEHV')/ (H)
where the packet II;,(H) on the right hand side is the one defined by Arthur in | ,
(1.5.3)]. This relation is an immediate consequence of Propositions 3.2.6 and 3.3.1 and the
well-known product formula [], e(GF,) = 1 for the Kottwitz signs. Note that e(Gp,) =1

for any finite place v because G, is quasi-split.

4 Arthur’s multiplicity formula for certain inner forms

We continue with the definitions and notations of section 3.4. For any Archimedean place v
of F, fix a maximal compact subgroup K, of G(F},) and denote by g, the reductive complex
Lie algebra C ®g Lie (Resg, jg(Gr,)). Let A(G) denote the space of automorphic forms
for G in the sense of | ], with respect to [], o, Kv- Let A%(G) denote the subspace of

square-integrable automorphic forms. It decomposes as a countable orthogonal direct sum

v]oo

of admissible irreducible unitary representations m = ®,m, of G(Ap):
2(G) = @),
K

Note that for v Archimedean 7, is really an irreducible unitary (g,, K,)-module, and our
use of the term “representation” is somewhat abusive. For any Archimedean place v of F
the action of the center Z(g,) of the enveloping algebra of g, on A%(G) is semi-simple,
since Z(g,) acts on m, via the infinitesimal character v, : Z(g,) — C. Recall that via the
Harish-Chandra isomorphism such characters are in bijection with semi-simple conjugacy
classes in the complex Lie algebra g, dual to g,. These correspond naturally to semi-simple
conjugacy classes in the Lie algebra of the complex Lie group G if v is real, and pairs of
such conjugacy classes if v is complex. For an infinitesimal character v = (I/U)U|OO, denote
by A?(G,v) the subspace of A?(G) on which Z(g,) acts by v, for all Archimedean v. If
G is even orthogonal, we will also consider the [], ., Out(Gp,)-orbit o of v instead, and
A2(G, ) will denote the direct sum of the subspaces A?(G,v’) for v/ in the orbit of v.

Theorem 4.0.1. Let f(g)dg =[], fv(9v)dgs be a smooth, compactly supported distribution
on G(Ar) such that for any Archimedean place v of F, the function f, is bi-K,-finite. If G
is even orthogonal, assume also that for any place v of F' the orbital integrals of f,(gv)dgy
are Oy-invariant. Let v = (y)y|o0 be an infinitesimal character as above, and denote by
U its Hvbo Out(Gr, )-orbit, which only consists of v if G is symplectic or odd orthogonal.
Assume that for all v in the non-empty set S, the infinitesimal character v, is algebraic
reqular. Denote by Vqisc(G, D) the subset of Vaisc(G) consisting of those ¥ such that for

all Archimedean v, the infinitesimal character of 1/}1, belongs to Uy,
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Then for all ¢ € Uyise (G, V) and v € S, Uy is an Adams-Johnson parameter in the

sense of section 3.2.2, and

tr (flg9)dg | A*(G,0) = Y > te(n(f(g)dg)) 9)
ILE\I’di’s\(:(Gvf/) ”€H¢(G)
up to G—conj s-t. (-, m)=€y

where € is the character of Sy defined by Arthur in [ , (1.5.6)].

Proof. We use the stabilisation of the trace formula for G (| , (3.2.3)], proved in
[ I, I, [ |. This technique is hardly new: using the stabilisation of the trace
formula for this purpose was initiated in | | for the group SLg and its inner forms. We
benefited from reading Kottwitz’ conjectural but very general stabilisation of the cuspidal
tempered part of the spectral side of the trace formula | |, and of course Arthur’s
book | |-

We refer the reader to | , §4] and | , §3.1] for details concerning the spectral
side of the trace formula. For each Archimedean place v of F', choose a Cartan subalgebra
f]Av of the complex Lie algebra g, dual to g,. Note that h:, has a natural integral structure
since it is the Lie algebra of a maximal torus in the dual group of Resp, r(Gp,). In
particular it has a real structure, and we can choose a Euclidean norm on Re([]Av) invariant
under the Weyl group, yielding an invariant norm || - ||, on hAU Clearly we can also take
this norm to be invariant under outer automorphisms. The discrete part of the spectral
side of the trace formula for G is formally the sum over t € R>¢ of Igsc’t(f(g)dg), and
following Arthur we considers these terms individually. Fix a finite set T of irreducible
continuous representations of Hv| « Ky and a compact open subgroup U of G(Apy). By

G

[ , Lemma, 4.1| the linear form Ig, ., on the space of smooth compactly supported

distributions which are bi-U-invariant and bi- (HU‘ . Kv)—ﬁnite with type in T' is a linear
combination of traces in irreducible unitary admissible representations © = ®/ m, of G(Ap)
such that >,

sum of m(m)tr(7(f(g)dg)) over the set of discrete automorphic representations 7 for G such

[|IIm (v, )||» = t. We stress that in general Igsc’t(f(g)dg) is not simply the

that 3, [[Im(vr, )[|v = ¢, as there are additional terms indexed by proper Levi subgroups

of G containing a given minimal one: see | , 3.1.1]. These additional representations
of G(Ap) contributing to I ,(f(g)dg), however, have non-regular infinitesimal character

at all Archimedean places of F.

The stabilisation of the discrete part of the trace formula is the equality

L5 (F(9)dg) = ) (&) Sdise, s (f' (h)dR) (10)
¢

where the sum is over the isomorphism classes of elliptic endoscopic data ¢ = (H, H, s, &)
for G, and «(¢) = 7(G)7(H)~!|Out(e)|~!. For any such isomorphism class a representative
¢ is chosen, along with a compatible L-embedding ¢ : “H — “G. As explained before this
vields canonical adélic transfer factors, and the smooth, compactly supported distribution
f'(h)dh on the right hand side of (10) can be any transfer of f(g)dg. It is possible to choose
[Ijo0 fi(ho) to be biinite for any given maximal compact subgroup of H(R ®q ). The
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right hand side makes sense because Arthur has shown that the linear forms f’'(h)dh —
S(Ifisc’t( f'(h)dh), defined inductively by the equality (10) with G replaced by H, are stable.
Note that there is only a finite number of isomorphism classes of elliptic endoscopic data
unramified outside a finite set of places of F by | , Lemme 8.12], and combined with
[ , Proposition 7.5] this implies that there are only finitely many non-zero terms in
the sum on the right hand side of (10).

Arthur gives a spectral expansion for the terms S(Ii{isgt( f'(h)dh), under the assumption
that the stable orbital integrals of f’(h)dh are invariant under Out(H; g,) x Out(Hg r, )
at all places v of F.. By | , Lemma 3.3.1, Proposition 3.4.1 and Theorem 4.1.2|,

Sthea(F()dR) = 37 my|Sy| o (Sy)ew (su) Ay (' (h)dh).
P'eV(H)
st t(y)=t

Here Ay = ], Ay is the stable linear form associated to ¢ = (1,¢5) (see (1)), and
U(H) = U(H;) x U(Hy). In general the set W(H;) properly contains the set of dis-
crete parameters \deiSC(Hi) reviewed in section 2.4. These substitutes for non-discrete
Arthur-Langlands parameters are also defined as formal unordered direct sums ¢, =
B [all-ﬂ.]ﬁﬂli,j7 where 7; ; is a unitary automorphic cuspidal representation of GLy, ,/F,
dij > 1, 1;j > 1, the pairs (m; j,d; ;) are distinct, and if m; ; is not self-dual then there is a
unique index k such that w;{k ~ m; ; and d; ,, = d; j, and it satisfies [; , = [; ;. As in the dis-
crete case one can consider at each place v of F' the localisation wg’v, an Arthur-Langlands
parameter WD f, x SL2(C) — “H; which is well-defined up to the action of Aut(*H;). The
number #(¢)’) is defined as the norm of the imaginary part of the infinitesimal character of
Le(xp"). We do not recall the definition of 0(52,/) because eventually we will not need it.

By | , Lemma 24| or [Wal, Corollaire 2.8], the transfer correspondence f,(g,)dg, <
f!(hy)dh, at an Archimedean place v of F is compatible with infinitesimal characters in
the following sense. The L-embedding “¢ yields an algebraic mapping from the complex
algebraic variety of infinitesimal characters for Hp, to the analogue variety for Gg,. For
the cases considered in this paper this is particularly simple since it is not necessary to take
a z-extension of H, and ©¢ is defined between L-groups formed with Galois groups rather
than Weil groups. Dually we get morphisms of C-algebras (“€)? : Z(g,) — Z(h,). The
algebra Z(g,) acts on the space of bi-K,-finite smooth compactly supported distributions
on G(F,), and preserves any subspace defined by restricting the K,-types. The aforemen-
tioned compatibly is that if f](h,)dh, is a transfer of f,(g,)dgy, then for any X € Z(g,),
(%€)3(X) - f}) (hy)dhy is a transfer of (X - f,)(gy)dgy. Therefore, for any infinitesimal
character v = ()00 for G such that )

formula (10) can be refined as

vloo [1IM(1) ||y = ¢, the stabilisation of the trace

I§s(f(9)dg) =D ule) > My |Syr| 7o (S )ew (syr) Ay (f (R)dh)
¢ ' eV (H,D)

where W(H, 7) is the subset of W(H) consisting of those ¥/ such that for any Archimedean
place v, the infinitesimal character of “£(1!) belongs to the Out(Gp,)-orbit of v, and
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IG.  _is obtained from the linear combination I&

dise, disc.t of traces in irreducible unitary admis-

sible representations of G(Ar) by keeping only those representations whose infinitesimal
character belongs to v. Of course this compatibility was already used in the proof of the
trace formula and in | |

From now on we assume that v, is algebraic regular for all v € §. We claim that for
v € S the Arthur-Langlands parameter “£(¢), whose a—conjugacy class is only defined
up to outer conjugacy if G is even orthogonal, is an Adams-Johnson parameter in the
sense of section 3.2.2. We only have to check that the restriction of ¢, to W x {1} C
Wr, x SLg(C) is bounded. For any i and j the infinitesimal character of the Langlands
parameter Wg, — GL,, ;(C) associated to (m; ), or (m; ;)| det 11/2 is algebraic, and by
Clozel’s purity lemma | , Lemme 4.9| this implies that (7;;), is tempered, i.e. its
Langlands parameter is bounded.

Since S # 0, this implies that “£(x)’) is discrete, and in particular ¢ itself is discrete,
which implies that 0(?2,/) = 1. Moreover, as we recalled above, the contributions from
proper Levi subgroups of G to the discrete part of the spectral side of the trace formula
for G have non-regular infinitesimal character at all Archimedean places of F', thus the

stabilisation of the trace formula becomes the more concrete equality

tr (f(g)dg| A*(G, 7)) =Y () > My S|~ e (s ) Ay (f (h)dl)

¢ d}/e\indisC(H?l;)

where \TJG_diSC(H, V)= \TJ(H, )N \I'G_disc(H). The right hand side can also be written as

> u(e) > [Syr| ey (s ) Ay (f'(h)dR).
¢ "L,E‘IIG—;{isc(Hvﬁ)
up to H—conj.

We now want to express this using discrete parameters for G, using Proposition 2.4.1. Let
us write ) = L€ 09/, and recall that s defines an element of Sd-}. By | , Lemma 4.4.1]
we have ey (syr) = €4(55y), and by equation (8) we have

Ay (f'(R)dh) = 3~ (ssy,m)tr(r(f(g9)dg))

melly (G)

The stabiliser of the ﬁ—conjugaey class of @b’ under the action of Out(e) is naturally iden-
tified with

(Aut(e) N %) J€(C)

and (Aut(e) N Cd)) /Z((A})GalF = Cent(s, S;) is simply equal to S, because S; is abelian.
Thus there are

Out(e)] x S| x [€(Z(H)Sr)/Z(G)Sr |
|

s, (1)

H-conjugacy classes in UG _disc(H) that map to the G-conjugacy class of (w,sZ((A}))
The groups G and H satisfy the Hasse principle, therefore 7(G) = |mo(Z(G)%F)| and
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7(H) = |mo(Z(H)%I7)|, and finally we can conclude that (11) equals |8'/|L(2)_1‘S¢|_1.

By grouping the terms corresponding to Out(e)-orbits in the sum, we get

r(f(9)dg| A*(G, ) = D D > 1Syl ey(ssy)(ssy, mtr(r(£(g9)dg))
QZJE\I’diic(Gvﬁ) SE€ESy melly (G)
up to G—conj

= > > te(r(f(g9)dg))

PEWaiee(G,7) TEMY(G)

up to G—conj s.b.(m) =€y

O

Remark 4.0.2. 1. We formulated Theorem 4.0.1 using traces of distributions on the
discrete automorphic spectrum, but of course this is equivalent to a formulation sim-
ilar to that of Theorem 1.5.2 in [ /[

2. If G is such that G(R ®q F) is compact, in which case one may take for S the set
of all real places of F, Theorem 4.0.1 describes the full automorphic spectrum of G.
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