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Abstract

We study the Euler characteristic of ¢-adic local systems on the moduli
stack A, of principally polarized abelian varieties of dimension n associated
to algebraic representations of GSps,,, as virtual representations of the ab-
solute Galois group of Q and the unramified Hecke algebra of GSp,,,. To
this end we take the last steps of the Ihara-Langlands-Kottwitz method to
compute the intersection cohomology of minimal compactifications of Siegel
modular varieties in level one, following work of Kottwitz and Morel, proving
an unconditional reformulation of Kottwitz’ conjecture in this case. This en-
tails proving the existence of GSpin-valued Galois representations associated
to certain level one automorphic representations for PGSp,,, and SOy,,. As
a consequence we prove the existence of GSpin-valued Galois representa-
tions associated to level one Siegel eigenforms, a higher genus analogue of
theorems of Deligne (genus one) and Weissauer (genus two). Using Morel’s
work and Franke’s spectral sequence we derive explicit formulas expressing
the Euler characteristic of compactly supported cohomology of automorphic
f-adic local systems on Siegel modular varieties in terms of intersection co-
homology. Specializing to genus three and level one, we prove an explicit
conjectural formula of Bergstrom, Faber and van der Geer for the compactly
supported Euler characteristic in terms of spin Galois representations asso-
ciated to level one Siegel cusp forms. Specializing to trivial local systems we
give explicit formulas for the number of points of A,, over finite fields for all
n <T7.
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1 Introduction

For an integer n > 1 let A,, be the moduli stack of n-dimensional principally
polarized abelian varieties, a smooth Deligne-Mumford stack over Z of relative
dimension n(n + 1)/2. We recall the precise moduli problem in Section 4.1. For a
prime number ¢ there is a natural functor F from the category of finite-dimensional
algebraic representations of GSp,, o, (“conformal symplectic group” over Q) to
the category of (-adic sheaves on A, z-1) := A, Xz Z[(~'] (see Section 4.2). Denote
by Galg := Gal(Q/Q) the absolute Galois group of Q. Denote by H" (GSp,,)
the (unramified) Hecke algebra of GSp,,(Ay) in level GSp,, (Z) (with rational
coefficients). The main goal of this paper is to prove a formula expressing, in
the Grothendieck group of finite-dimensional continuous Q,-representations of the
absolute Galois group Galg with commuting action of H"""(GSps,, ), the Euler
characteristics

n(n+1)

(A, F(V)) = D (1) [HAA, 5, F(V))] (1.0.1)

1=0

in terms of /-adic Galois representations associated to certain automorphic rep-
resentations. This problem reduces to the case where the representation V' of
GSp,,, @, is irreducible, which we assume for the rest of this introduction. For
any prime p # ¢ the virtual Galois representation (1.0.1) is unramified at p and its
restriction to the decomposition group at p equals e.(A, 5, , F(V)) (see Proposition
4.5.1). When V is trivial the Grothendieck-Lefschetz trace formula tells us that
knowing the Euler characteristic e.(A, 5 , Q) € Ko(RepG (Galg)) (forgetting the
action of H"™ (GSp,,,)) is equivalent to knowing the (weighted) counts

[ A (Fym )| = > | Aut(A, M)

(AN EAR(Fym)/~

for all integers m > 1. As a first application of our main results and [C'L., Theorem
9.3.3] we obtain the following explicit formulas.

Theorem 1. For 1 < n < 6 and any prime number ¢ the virtual representation
ec(A, g, Q) of Galg (forgetting the Hecke action) is Tate, equivalently there exists
a polynomial P, € Z[X] such that for any prime power q we have | A, (F,)| = P.(q).
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For n = 7 this Fuler characteristic is not Tate, more precisely for any prime
power q = p™ we have

|A7(F)| = ¢ + ¢* + ¢% 4+ 2¢% + 2¢** + 3¢% + 4¢% + 4¢* + 4¢%° + 64" + 7¢*®
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+3¢"+ ¢+ " +2¢" +¢
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where the family of integers (a(p™))m>o s defined by the equality in Z[[T]

s 3 —217(p*)T + pHr(p*)T?
Za(p)T: 2(>11 2(2)333
L—7(p*)T + pH7(p?)T? — p»T

m>0

where T(p?) is a coefficient of the q-expansion of the Ramanujan A function

dorm)ygm=q [J(1—g™*

m>0 m>1
These formulas seem to be new for n > 3, see | , Theorem 8.1] for n = 3
(see also | |). In principle one can give similar explicit formulas for all n < 12

(but with more complicated ingredients than just Aj;), see Remark 9.2.1.

For a non-trivial representation V', via the geometric construction of F(V)
using the universal abelian variety there is a similar interpretation of the Euler
characteristic e.(A, 5, ,F(V)) using point counting: see | , §8]. Irreducible
representations of GSpy, o, come by extension of scalars from irreducible repre-
sentations of GSp,, o, and this interpretation implies in particular that for an
irreducible representation V' of GSp,, ¢ the traces (for n € Z)

tr(Froby |ec.(A, 5, F(Qe®q V)))
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are all rational and do not depend on the choice of ¢ # p.

Our results are motivated by | , Conjecture 7.1|, which conjectures an ex-
plicit expression for (1.0.1) (forgetting the Hecke action) in the case n = 3 in terms
of 29-dimensional “spin” ¢-adic Galois representations conjecturally associated to
Siegel eigenforms for Sp,,(Z), g < 3. (In fact their conjecture is at the level of
motives over Q, and we are only considering ¢(-adic realizations.) Bergstrom, Faber
and van der Geer arrived at this conjectural formula using explicit point counts.
This conjecture follows similar results in genus < 2 recalled below. We first explain
the application of our main results to the existence of spin Galois representations
for level one Siegel modular forms and to Conjecture 7.1 of | |, before ex-
plaining our main results concerning the cohomology of intersection complexes on
the minimal compactification of A,, and explicit formulas relating it to compactly
supported cohomology on A,,.

1.1 Spin Galois representations for level one Siegel modular
forms

As a corollary of one of our main results we prove the existence of GSpin-valued
(-adic Galois representations in higher genus, as we now explain. Applying Schur
functors to the Hodge bundle of A, ¢ (an n-dimensional vector bundle) and tak-
ing global sections “vanishing at infinity” yields, for an irreducible algebraic rep-
resentation of GL, parametrized by its highest weight £ = (k; > -+ > k,),
the finite-dimensional vector space Si(Sp,,(Z)) of Siegel cusp forms of weight
k and level Sp,,(Z) (the precise definition is recalled in | ). It is en-
dowed with an action' of the (commutative) Hecke algebra H"™ (GSp,,). Char-
acters of H"™ (GSp,,)c = C ®g H"™ (GSp,,) correspond via the Satake iso-
morphism to families, indexed by the set of all prime numbers, of semi-simple
conjugacy classes in GSpin,,;(C). In particular to an eigenform f is associ-
ated a family (c,(f)), of such conjugacy classes. For better rationality properties
(see | , §8] for details) it is convenient to consider the family (c2*(f)),
defined by cgrith( f) = p"*+V/4c (f) instead. There is a morphism (of split con-
nected reductive groups over Q) GSpiny,,; — SOsg,41 with kernel identified to
GL,, as well as a natural morphism 8 : GSpin,,,; — GL; which is ¢ + ¢* on
GL; ~ Z(GSpiny, ). For an eigenform f € Sx(Sp,,(Z)) and a prime number p

we have B(c2Mth(f)) = pizikimn(nt1)/2,

"More precisely we incorporate the extra factor n(y)=*=9(9+1/2 in | , Definition 8.



We will be particularly interested in two irreducible representations of the

algebraic group GSpin,,, , ;:

e the 2n + 1-dimensional standard representation Std, which factors through

SOZTL+17

e the 2"-dimensional spin representation spin, which maps z € GL; ~ Z(GSpin,,,, )
to zid.

Putting together known results due to many mathematicians (Theorem 5.2.1, ap-
plied using Arthur’s endoscopic classification for Sp,,,: see | , 89] or | ,
§5]) we know that for any field isomorphism? ¢ : C ~ Q, and any eigenform
f € Sk(Sp,,(Z)) of weight k satisfying k, > n + 1, there exists a unique contin-
uous semi-simple morphism p?f : Galg — SOg,11(Qy) which is unramified away
from a finite set of prime numbers and such that for almost all primes p the semi-
simplification of p}? (Frob,) (here Frob, denotes the geometric Frobenius element)
is equal to the pro Ject10n of 1(c2"™"(f)) along GSpiny,,,; = SO2,11. We even know
that p iy 9 is unramified away from ¢ and that this relation holds at all primes p # ¢,
and that p%? is crystalline at /. As a corollary of one of our main results we
obtain the existence of spin Galois representations associated to level one Siegel
eigenforms, in the form of the following theorem.

Theorem 2 (Corollary 7.2.2). Let n > 1 and ky > --- > k, > n+ 1 be integers,
and denote k = (ky,...,k,). Let f € Sk(Spy,(Z)) be an eigenform. Let ¢ be a
prime number, and choose  : C ~ Q.

1. There exists a unique continuous lift pGSpm Galg — GSpiny,.1(Qr) of
pr which is unramified away from £, crystalline at ¢ and which satisfies
Bo stpm = X?("H)/Q ik here xe : Galg — Qf is the (-adic cyclotomic

character.

2. For any prime number p # { the semi-simplification of pGSpm(Frob ) belongs

to (b (f),

3. Any continuous semi-simple p : Galg — GSpinQnH(@) unramified away

from a finite set of primes and such that the semi-simplification oprSpm(Frob )

belongs to 1(c&"(f)) for almost all p is conjugated to pGSpm

2As usual only the restriction of this isomorphism to the algebraic closure of Q plays a role.



The first and third points are an easy consequence of results of Patrikis and
Conrad (see Proposition 5.1.1) and the Kronecker-Weber theorem, so our main
contribution to this theorem is the second point, which we will prove somewhat
indirectly. For n =1 (resp. n = 2) we have GSping ~ GL, (resp. GSpin; ~ GSp,)
and Theorem 2 is the level one case of | | (resp. | |). For n > 2 the
existence of these Galois representations is new.

1.2 A conjecture of Bergstrom, Faber and van der Geer

Following | | for a weight k = (ky,. .., k,) satisfying k, > n + 1 we define?
the (-adic representation of Galg

Slkle = @spino 2500
f

where the sum ranges over eigenforms f € Si(Sp,,(Z)). One could show, from
our method to construct the morphisms pi?pin, that S[k], does not depend on the
choice of ¢, as the notation suggests. Bergstrém, Faber and van der Geer conjecture
[ , §5] the existence of a motive S[k] over Q whose (-adic realization is
isomorphic to S[k],. For n < 3 the fact that S[k], may be defined over Q; and does
not depend on the choice of ¢ follows from our results in Section 9.1. Let A = (A} >
.-+ > \,) be a dominant weight for Sp,,,, corresponding to an irreducible algebraic
representation V), of Spy,, o,- In the moduli interpretation there is a natural choice
of extension V) o of Vi to GSpy,, q,: letting 2 in the center Z(GSp,, ,) ~ GL1 g,

act by 2~ 2i%id. As recalled in Section 4.2 the local system F(V),) is pure of

weight ) . \; and is “effective”. The authors of | | define in §5 loc. cit. the
extraneous contribution e, extr(A)s € KO(ReprT‘j‘t(Gal@)) by the equation

ee( A, F(Vao)) = (=1)""D2S[E]e + enexir(A)e,

the idea being that e.(A, g, F(Vao)) should be equal to (—1)"™*/2S[k], up to
“smaller” error terms (endoscopic or related to the boundary). For n = 1 and
A1 > 0 we simply have e extr(A)e = —1 (see | , Theorem 2.3|). For n = 2
Faber and van der Geer conjectured an explicit formula for es exr(A), (in fact, of
the conjectural virtual motive over Q whose ¢-adic realization should be eg extr(A)r)
in terms of S[—], (in genus one), recalled in Section 9.1.2 (see also | , §6.3]).
This conjecture was later proved by Weissauer and van der Geer in the regular

3In fact for n = 1 following | | we will use a slightly different definition in the weight 2
case, see Section 9.1.



case (see the discussion after Conjecture 6.1 in | |), and by Petersen [Pct]
in general. For n = 3, using explicit point counts over finite fields the authors
of | | conjectured an explicit formula for es ey (A), (again, their conjectural
formula is motivic), see Conjecture 7.1 loc. cit.

Theorem 3 (Theorem 9.1.1). Conjecture 7.1 of | | holds true at the level
of L-adic Galois representations.

We will see that no similar formula can be expected in genus > 3: the extrane-
ous term is not expressed just in terms of lower-dimensional Galois representations
S[—]¢ alone.

1.3 Intersection cohomology of local systems on the minimal
compactification of A, and GSpin-valued Galois repre-
sentations

We now explain our main results, which hold for an arbitrary genus n > 1. Our
first goal is to prove a special case of a conjecture of Kottwitz | | describ-
ing, for a Shimura datum (G, X) with associated Shimura tower (Sh(G, X, K))g
(quasi-projective varieties over the reflex field F) and minimal compactifications
Sh(G, X, K) — Sh(G, X, K)*, and an algebraic representation V' of Gg, with as-
sociated intersection complex IC(V) on Sh(G, X, K)* (the intermediate extension
of F(V)), the representations

(G, X, V) := lim H'(Sh(G, X, K)3, IC*(V)) (1.3.1)
K

of G(Ay) x Galg, in terms of the conjectural global Langlands correspondence
(more precisely, Arthur’s conjectures and their ¢-adic realizations), which we now
recall without going into full details. The special case relevant to our situation is
the one where (Sh(G, X, K))k is the tower (A, x)x of Siegel modular varieties,
K ranges over (neat) compact open subgroups of G = GSp,,(Ay), and we take
GSan(z)—invariants in (1.3.1). In this case G is split and the reflex field F is
simply Q. These properties simplify the general discussion in | | a little, so

we assume that they hold for the rest of this section.
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1.3.1 Kottwitz’ conjecture in general

We temporarily assume the existence of the! Langlands group Lg of Q, a topologi-
cal group together with a continuous surjective morphism onto the Weil group Wy
such that the kernel is compact and connected (i.e. a projective limit of compact
connected Lie groups). Among other extra data it should come with an embedding
Wgr — Lg (well-defined up to conjugacy), where Wy is the Weil group of R (an
extension of Gal(C/R) by C*), such that the composition Wg — Lg — Wy is the
usual embedding. Similarly at the non-Archimedean places we should have em-
beddings Wq, x SU(2) < Lq for all primes p. A conjecture of Langlands predicts
a bijection between isomorphism classes of irreducible continuous representations
¢ : Lg = GLy(C) and cuspidal automorphic representations for GLy g.

Kottwitz’ conjecture involves Arthur-Langlands parameters ¢ : Lo x SLy(C) —
CA}((C), i.e. continuous semi-simple morphisms which are holomorphic on the factor
SLy(C) and whose centralizer C, := Cent(1, G) is finite modulo Z(G), whose
restriction to Wy (along the diagonal embedding, using Wr <— SLy(C),w >
diag(|w|*/2, |w|~'/?)) has infinitesimal character (see Definition 3.1.5) opposite to
that of V. We denote by (G, V) the set of G(C)-conjugacy classes of such pa-
rameters. For ¢ € U(G,V) the centralizer C is abelian and the finite group
Cy/Z (G) is 2-torsion. To the Shimura datum (G, X) is associated a conjugacy
class of cocharacters p : GL; ¢ — G¢ and thus a representation r_, : G — GL(Y)
of the Langlands dual group G having extremal weight —pu. We thus obtain a rep-
resentation Lg x SLy(C) x Cy, — GL(Y), and we have a decomposition Y = @Y,
where the sum ranges over the set NV of characters v of Cy, whose restriction to
Z(G) is — 1l z&)- To ¥ € ¥(G,V) is conjecturally associated a packet (multiset)
II;(¢) of irreducible representations of G(Ay) together with a map

s (¢) x N — Z>g
(Wfay) ’—>m(¢a7ff7V)>

using Arthur’s conjectures (see | , P- 200]). Denoting by d the dimension of
the Shimura varieties Sh(G, X', K') we consider the representations

_ em(Y,mr,v
Y (W, 7p) = @ |72y (1.3.2)

of Lg x SLy(C) as representations of Lg using the diagonal embedding Lg < Lg %
SLy(C),g ~ (g,diag(|g|*/?, |g|~'/?)). These representations of Lg are algebraic,

4As for absolute Galois groups or Weil groups, the Langlands group should be associated to
a choice of algebraic closure.
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i.e. their restriction to Wx decompose as direct sums of characters z ~— 29%°

with a,b € Z. This conjecturally implies that they are motivic, in particular for
v : C ~ Q they should have (-adic realizations Y (¢, 7),, vector spaces over Qy
with a continuous action of Galg. These realizations are characterized by the
following compatibility: for almost all primes p # ¢ the restriction of Y (¢, 7f) to
Wa, x SU(2) is trivial on I, x SU(2), where Ig, denotes the inertia subgroup of
W, , and for all such p the representation Y (¢, ms), should be unramified at p and
we should have an equality of characteristic polynomials in® Q,[T]

det(7'id — Frob, | Y (¢, 7¢),) = ¢ (det(Tid — Frob, | Y (¢, 7f))) .

Conjecture 1 (Kottwitz’ conjecture | , §10], in our simplified setting). We
should have an isomorphism of representations of Galg x G(Ay)

@@g@QZIHlGXV @ @ wﬂ'f ®@L(7Tf)

Y wpelly(y)
where 1(;) = Qy @,¢ 7.

By purity this conjecture also characterizes the individual intersection coho-
mology groups IH (G, X, V). For example tempered parameters in ¥(G,V), i.e
those parameters which are trivial on the factor SLy(C), only contribute to middle
degree (d) intersection cohomology. Purity also implies that the Euler characteris-
tic of IH*(G, X, V) determines each IH (G, X, V), a property which does not hold
for compactly supported (or ordinary) cohomology.

1.3.2 The Ihara-Langlands-Kottwitz method

The Thara-Langlands-Kottwitz method is a strategy to prove Conjecture 1, assum-
ing the spectral expansion (“stable multiplicity formula”) of the stabilization of
the trace formula for certain elliptic endoscopic groups of G. Very roughly, this
strategy consists of three steps.

1. Using a generalization of the Grothendieck-Lefschetz trace formula (Deligne’s
conjecture, proved by Pink | | and Fujiwara | |) and a group-
theoretic description of points of Shimura varieties over finite fields, obtain
an expression for the trace of a Frobenius element composed with a Hecke
operator (satisfying certain assumptions) on

e(G, X, V) =) (=1)" |lim H)(Sh(G, X, K), F(V)) (1.3.3)

i

5The coefficients of these polynomials are expected to be algebraic over Q.
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resembling the elliptic part of the trace formula for G (with a twist).

2. Express intersection cohomology in terms of compactly supported cohomol-
ogy (for certain (-adic local systems on strata of minimal compactifications).

3. Stabilize (in the sense of the stabilization of the trace formula) the expression
obtained by putting together the first two steps, in order to express the trace
of a Frobenius element composed with a Hecke operator (again, satisfying
certain assumptions) on

em(G, X, V) = (1) [IH(G,X,V)] (1.3.4)

in terms of the stabilization of the trace formula for certain elliptic endoscopic
groups of G.
1.3.3 The case of Siegel modular varieties

For the case of Siegel modular varieties the first step was achieved by Kottwitz

himself | | (which concerns more generally PEL type Shimura varieties, see
also | , §12]), and the second and third step were achieved by Morel | |,
| | (for the third step Kottwitz had already stabilized the “elliptic part” cor-

responding to the contribution of compactly supported cohomology of the open
Shimura variety, see | , Theorem 7.2]). So it would seem that in the case of
Siegel modular varieties we are already close to knowing Kottwitz” Conjecture 1.

To conclude however, we would like to know the spectral expansion of the
stabilization of the trace formula for (certain) elliptic endoscopic groups of GSps,,,.
By | , Proposition 2.1.1] the relevant endoscopic groups are isomorphic to
G(Spy, % SOy), where a 4+ 2b = n and for any Q-algebra R

G(Spy, X SO4)(R) = {(g1,92) € GSpy,(R) x GSO(R) | c(g1) = c(g2)},

denoting by ¢ the similitude characters. Of course the spectral expansion is not
currently known in a strict sense, because the existence of the Langlands group Lg
itself is still conjectural. Endoscopic groups H as above are isogenous to products
of split classical groups Sp,, and SOy,. For a classical group (such as Sp,, and
SOy,) the Langlands dual group is also classical. Conjugacy classes of parameters
taking values in a classical group (in this case SOg,41(C) or SO4,(C)) can be
elementarily classified in terms of: the set of isomorphism classes of irreducible
representations of Lq, the duality map on this set, and for self-dual irreducible

13



representations their type (symplectic or orthogonal) and determinant. As recalled
above isomorphism classes of irreducible representations of Lg are conjectured to
be in bijection with cuspidal automorphic representations for general linear groups
over Q, and the notions above (duality, determinant and symplectic/orthogonal
type) admit translations on the automorphic side. Using this observation Arthur
formulated and proved a spectral expansion | , Corollary 3.4.2 and Theorem
4.1.2] which circumvents the hypothetical group L, in terms of self-dual cuspidal
automorphic representations for general linear groups. Arthur’s proof relies on the
stabilization of the (twisted) trace formula. Unfortunately it does not seem to be
possible to proceed similarly for groups which are merely isogenous to classical
groups. Xu Bin | | obtained remarkable results towards a spectral expansion
for groups such as GSp,,,, but a complete spectral expansion seems to be out of
reach at the moment.

To understand the issue more concretely, but only conjecturally, consider a
parameter ¢ € W(GSp,,, V). The condition at the real place implies that Std o)
decomposes as @);_, 1; for some r > 0, where each 1); is irreducible, say of dimen-
sion m;, the ;’s are non-isomorphic and exactly one of them has odd dimension,
say 1y. For simplicity, and because this will be implied by the “level one” condi-
tion that we will eventually impose, assume that each character det t); is trivial.
Under this assumption we may find lifts )" : Lg x SLy(C) — GSpin,, (C),
unique up to characters Ly — Z(GSpin,,, (C)), and up to a character of Lg the
representations Y, occurring in the decomposition (1.3.2) decompose as

(spin o 15" ™P™) ® Q) spin) o P (1.3.5)
=1

where for i > 0 the sign ¢(v, i) distinguishes one of the two half-spin represen-
tations spin® of GSpin,, (C). Moreover (still conjecturally) for a given 7; the
multiplicity m(i, 7¢, v) vanishes except for exactly one value for v, for which this
multiplicity is one. Each 1; should be the tensor product of a self-dual irreducible
representation of Lg of dimension n; and the irreducible algebraic representation
of SLy(C) of dimension d;. The former should correspond to a self-dual cuspidal
automorphic representation m; for GL,, 9. We use the notation m;[d;] for the pair
(m;,d;) to suggest this tensor product. In the absence of the Langlands group Lg
Arthur replaced the parameter Std o ¢ by the multiset {(m;,d;)|0 < i < r}, that
we simply denote by mg[dy] ® -+ @ 7,.[d.]. Among the difficulties in extending
Arthur’s stable multiplicity formula to groups such as GSp,,,, one has to find a
way to (unconditionally) distinguish the various lifts ¢ such that Std o ¢ corre-
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sponds to @, m;[d;], and for each such lift define a multiset II;(¢)) of irreducible
representations of GSp,,,(As). This has not been achieved in general.

1.3.4 Adding the level one assumption

Let us now restrict to the level one case: we only consider parameters 1 such
that there exists my € II;(¢)) which is everywhere unramified, i.e. the subspace of
GSp2n(z) in 7y is non-zero. This assumption should be equivalent to v factoring
through the (conjectural) largest quotient Lz of Lg in which the groups Ig, x SU(2)
become trivial (for all primes p). Chenevier and Renard observed remarkable
properties of this (conjectural) group | , Appendix B], in particular it should
decompose canonically as Rso x L1 where L} is a product of simply connected
quasisimple compact Lie groups. This gives us canonical choices for the lifts wiG Spin
by imposing that they factor through Lz and take values in Spin,, (C). To 1;

m;[d;] is associated a family (¢,(1;)), of semi-simple conjugacy classes in GL,,,(C)
(ranging over all primes p), defined by

Cp(10:) = (i) @ diag(p @D/, plh=d2 L pltmdr2)

where c(m;,) is the Satake parameter of m;,. Thus for our purpose, that is a
particular case of the spectral expansion (“stable multiplicity formula”) for certain
endoscopic groups of GSp,, in level one and for pseudo-coefficients of discrete
series at the real place, we want to pin down the semisimple conjugacy classes

PSP (Frob, diag(p'/?, p~/?)) € Spin,,, (C).

Since wiG Spin jg uniquely determined we will denote these by ¢, «(1;). These should
satisfy Std(cpsc(¢i)) = ¢p(¢;). For i = 0 there is a unique semi-simple conjugacy
class ¢,(10g) in SOy, (C) mapping to ¢,(1), so this relation determines ¢, s (10o) up
C)) ~ {£1}. For i > 0 the situation is more com-
plicated, since in general there are two semisimple conjugacy classes in SO,,, (C)

to multiplication by Z(Spin,, (
mapping to ¢,(1;), exchanged by any element of O,,,(C) having determinant —1.
So in this case we first need to pin down the “correct” one c¢,(¢;) and prove a
spectral expansion for split groups SQy,, in level one and for pseudo-coefficients
of discrete series at the real place (Proposition 3.3.4), slightly refining the special-
ization of Arthur’s stable multiplicity formula in this setting (Arthur’s results for
even special orthogonal groups are all “up to outer automorphism”). We then pin
down semi-simple conjugacy classes ¢, (1;) in spin groups and prove a spectral
expansion for groups which are quotients of products of split groups Sp,, and
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SOy, under the same assumptions (Proposition 3.4.7). These results rely on the
stabilization of the trace formula and the (unconditional) automorphic counterpart

to the property “L3 is simply connected” | , Proposition 4.4].
Plugging this spectral expansion into Morel’s formula | , Corollaire 5.3.3]
and following Kottwitz’ argument from | | in this unconditional setting, we

obtain the following theorem. If intersection cohomology does not vanish in level
one then —1 € Z(GSp,,,)(Qy) acts trivially on V', so we may reduce to the case
where V' is a representation of PGSp,, by twisting (see Remark 4.3.7).

Theorem 4 (weaker, vague version of Theorem 4.7.2). Let V' be an irreducible
algebraic representation of PGSp,,,. Then up to semi-simplification the represen-
tation R

Qr ®g, IH*(GSp,,, X, V)ESPn(2)

of Galg x H"™ (PGSp,,,) is isomorphic to the sum of tensor products

o gy t(Xfw)
where

o ) = 1y @ -+ D Y, ranges over Arthur’s substitutes for global parameters
for Spy, [ , §1.4] which are unramified and of infinitesimal character
determined by V', in particular ¢; = m;[d;] with 7; an everywhere unramified
self-dual cuspidal automorphic representation for a general linear group,

o Xy is the character of H"™ (PGSp,,) corresponding to the images of (¢p.sc(:))o<i<r
in Spiny, (C) under the natural morphism

H Splnml (C) — Spin2n+1((c)7
=0

) agi is a 2" -dimensional continuous semisimple representation of Galg over
Q¢ which is unramified away from ¢ and such that for any prime p # ( the
semi-simplification of Ugi(Frobp) is conjugated to

¢ (7 sping, (e (1)) @ sping:  (epe(tn)) @ -+ @ sping ) (ce(11) )
(1.3.6)
where u;(Y) € {£1} are explicit signs.

Anticipating on the explicit relation between intersection and compactly sup-
ported cohomology (see §1.4), we also deduce from a result of Faltings-Chai that
each o} is crystalline at /.
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1.3.5 GSpin-valued Galois representations

We expect from 1.3.5 that each agi decomposes as a tensor product of Galois
representations obtained by composing GSpin-valued Galois representations with
(half-)spin representations, as suggested by (1.3.6), but this does not immediately
follow from (1.3.6). Proving that this holds (almost always) is the subject of Sec-
tions 5 and 6. Let us mention the odd-dimensional case first (i.e. those parameters
which can occur as 1)y above).

Theorem 5 (Theorem 5.2.2). Let ¢ = w|d] be a self-dual Arthur-Langlands pa-
rameter of odd orthogonal type, everywhere unramified and with algebraic reqular

infinitesimal character (i.e. its eigenvalues are distinct integers, see Definitions

3.1.2 and 3.1.3). There exists a continuous semisimple morphism pgipm : Galg —

GSpin,,, +1(@) unramified away from € and crystalline at £ and such that for any

prime p # £ the semi-simplification of piipin(Frobp) belongs to 1(p"" D 4c, . (1)).

Moreover the conjugacy class of pi’fpin admits the following characterizations.

1. If p: Galg — GSpinMH(@) 15 any continuous semisimple morphism such

that for almost all primes p, the semisimplifications of p\Gal@p and Pgsbpm’(}aﬂ@p

are conjugate, then p is conjugate to pﬁfpin.

2. If p : Galg — GSpin,,, +1(@) s a continuous morphism lifting the morphism

pfjﬁ : Galg — SO2,:1(Qy) (Theorem 5.2.1), unramified away from { and

crystalline at ¢, then p is conjugate to Xévpgsbpm for some integer N.

We also prove in Proposition 5.3.1 that in the non-tempered case, i.e. when ¢ =

7[d] with d > 1 (automatically odd), the morphism pSSLpin can also be constructed
GSpin 7
w1, *
SO-valued Galois representations (recalled in Theorem 5.2.1), the existence of an

from p The basic idea to prove Theorem 5 is to combine the existence of
essentially unique conductor one lift to GSpin, and to compare the composition
of this lift with the spin representation with the representation agi constructed
above. This strategy is similar to the one used by Kret and Shin in | |.

The even-dimensional case (in the preceding discussion, parameters which can
occur as ¢; for ¢ > 0) is more complicated because we do not know a priori the
existence of a morphism p?ﬁ satisfying local-global compatibility at all primes p # ¢
for the semisimple conjugacy classes ¢,() in SO,,(C): a priori we only know local-
global compatibility up to conjugation by O,,(Qy) (recalled in Theorem 6.1.1). We
prove this refinement in almost all cases, and deduce the existence and uniqueness
of GSpin-valued Galois representations.
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Theorem 6 (Theorems 6.1.5 and 6.1.6). Let ¢ = w[d] be a self-dual Arthur-
Langlands parameter of orthogonal type and even dimension 4n, everywhere un-
ramified and with algebraic reqular infinitesimal character (i.e. its eigenvalues are
distinct integers, see Definitions 3.1.2 and 3.1.3). Assume either n =1, n even, d

even, or that the infinitesimal character satisfies a reqularity condition (see Defi-
nition 6.1.4).

1. There exists a continuous semisimple morphism p?ﬁ : Galg — SO, (Qy)
which is unramified away from € and crystalline at £, such that for all primes
p # L semi-simplification of pifi(Frobp) belongs to v(c,(v)). Any continuous
semisimple morphism p : Galg — SO4,(Qy) satisfying this condition at al-

most all primes p is SO4,(Qy)-conjugated to pi2.

2. There exists a continuous semisimple morphism piipin : Galg — GSping, (Q/)
unramified away from £ and crystalline at ¢ and such that for any prime p # /¢
the semi-simplification of pifpin(Frobp) belongs to t(p™?c,se(V)). It admits
the same characterizations as in Theorem 5.

For d > 1 even (resp. odd) we also prove in Proposition 6.3.2 (resp. Propo-
sition 6.7.1) that pgfpin can also be constructed (in the d even case, up to outer
automorphism) from the GSp-valued (resp. GSpin-valued) Galois representation
associated to m. The proof of Theorem 6 is rather indirect and relies heavily
on (-adic families of automorphic representations for inner forms H of PGSOQOyg,,
which are split at all primes and definite (i.e. the Lie group H(R) is compact).
Considering the contribution of the parameter 1 & ¢ in Theorem 4 we obtain the

existence of a Galois representation Jf/}pin’e which ought to be spin® o pgsbpin (but

we do not know the existence of pgipin yet), for a sign € which we do not control
(see Corollary 4.7.3 for details). Assume first that n is even in Theorem 6, so that
a definite inner form H of PGSOy, split at all primes exists. One can associate
a level one automorphic representation II for H to the parameter ¢ (Example
3.4.9), and by ¢-adic interpolation, which is possible thanks to the fact that H is
definite, we construct the “other half-spin” Galois representation afﬁn’*e. By the
main technical result of | | we can even (-adically interpolate II by level one
automorphic representations II' (with associated parameter ¢’ = 7'[1]) such that
the associated Galois representation has infinitesimally big image (the Lie algebra
over Q, generated by Lie Std(p(Galg)) is maximal, i.e. equal to $04,), in partic-
ular both representations afﬁ?’i are irreducible. This allows us to deduce the first
part of Theorem 6 for ¢ and then for ¢ (Corollary 6.5.4), and the second part

18



follows as in the odd-dimensional case. Part of this argument is similar to the one
used by Kret and Shin in | |, but they did not use ¢-adic interpolation and
the “infinitesimally big image” condition is replaced by a weaker condition derived
from their “Steinberg at one place” hypothesis.

The case where n is odd in Theorem 6 is trickier, except for n = 1 because
of the exceptional isomorphism PGSO, ~ PGL3. For n > 1 odd we would like
to apply the previous strategy to a level one automorphic representation II, for
the inner form of PGSOy, 4 split at all places, corresponding to the parameter
1 @ 1" where ¢’ is 4-dimensional. Unfortunately we cannot find v’ such that II
exists in all cases, whence the regularity condition on the infinitesimal character
in Theorem 6. See Section 6.6 for details.

The proof of Theorem 2 (Corollary 7.2.2) from Theorems 5 and 6 is simply the
observation that for the parameter ¢ = ¥y & - -- @ 1), corresponding to a Siegel
cusp form, each 1; for ¢ > 0 satisfies the assumption of Theorem 6.

1.3.6 Tensor product decompositions in intersection cohomology

Going back to Theorem 4 consider a parameter ¥ = 1y & --- & ¥,.. We now

GSpln

have a GSpin-valued Galois representation p, """ by Theorem 5, yielding a Galois

representatlon afpp in := spin o pi’Spm (which is actually equal to the representation

O'w . found in intersection cohomology). For the other constituents of ¢, namely
; for i > 0, we only have GSpln valued Galois representations pGSpm, and thus
Galois representations O’w = spin‘ o pﬁSp for both Valugs of the Slgn €, under
the assumption in Theorem 6. Otherwise we only have o}, := 073, ,. It turns
out that in the latter case the sign u;(1)) appearing in Theorem 4 is always —1, so
this complication does not prevent us from proving in Theorem 7.1.3 that up to a
Tate twist the representation aw , 1s isomorphic to

spin Spll’l u1 () spin,ur ()
0w07® i R RO .

st

This concludes the proof of our unconditional version of Kottwitz’ conjecture (Con-
jecture 1) for level one Siegel modular varieties.

1.4 Compactly supported cohomology

In Section 8 we finally come back to the Euler characteristics e.(A, g, F(V))
(1.0.1). Now that we have a precise description of intersection cohomology, it
is natural to try to express compactly supported cohomology in terms of inter-
section cohomology. For this purpose it turns out that there is no significant
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simplification to be gained from restricting to level one, so we work in arbitrary
level. Denote by (GSp,,, X,) the Shimura datum corresponding to the Shimura
tower (A, x)rx. We prove in Theorem 8.3.1 an explicit formula expressing, in a
suitable Grothendieck group of representations of GSp,, (As) x Galg, the Euler
characteristic e.(GSpsy,, Xn, V) (1.3.3) in terms of (via parabolic induction)

1. the Euler characteristics erg(GSps,,, Xn, V') for n’ < n and certain explicit
irreducible representations V' of GSp,,, g,

2. certain virtual representations e(GLy, a) (for a € Z) of A} and e()(GLy, a, b)
(for a,b € C satisfying a — b € Z) of GLy(Ay), respectively related to alge-
braic Hecke characters Q*\A* — C* and (elliptic) modular forms (i.e. the
representations liny, Sk(SLy(Z)) of GLy(Ay)), see Example 8.1.6.

We now explain the steps that we take to arrive at Theorem 8.3.1. For a
connected reductive group G over Q with maximal split central torus Ag and a
choice of maximal compact subgroup K, of G(R), to a finite-dimensional algebraic
representation V' of G are associated local systems (in Q-vector spaces) F (V') on
the locally symmetric spaces G(Q)\(G(R)/KxAg(R)? x G(A;)/K), where K
ranges over neat compact open subgroups of G(Ay). We denote

H'Y(G,V) = lim H'(G(Q\(G(R)/KxAc(R)" x G(Af)/K), F(V)),

an admissible representation of G(Ay) over Q, and

¢(G,V):= Y (-1)[H(G, V)],

i

(in the Grothendieck group of admissible representations of G(Ay) over ), and
similarly for H(G,V) and e.(G,V). The cohomology groups H'(G,V) may be
identified with direct sums of group cohomology groups for certain arithmetic sub-
groups of G(Q), and in many cases the compactly supported cohomology groups
H{(G, V) can be expressed by duality using ordinary cohomology groups H'(G, V")
(see Section 4.8.1). Our starting point is a formula in the other direction derived
from Morel’s work | | | (see Corollary 4.8.16), which essentially ex-
presses emg(GSpsy,, An, V) in terms (again, using parabolic induction) of

1. e.(GSpy,, Xy, V') for n’ < n and certain explicit irreducible representations
V' of GSpy,y g,
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2. e.(GL,/, V") for n’ < n and certain explicit irreducible representations V' of

GLn/@.

The appearance of parabolic induction is implicit in Morel’s work and we take
this opportunity to make it explicit in Section 4.8. For this purpose we found
convenient to introduce a new formulation for boundary cohomology, using a slight
generalization of the notion of Shimura datum and Shimura varieties (Appendix
C). This formulation incorporates arithmetic group cohomology and f-adic étale
cohomology.

Our second step (Corollary 8.1.29) is to express the Euler characteristics e.(GL,/, V")
in terms of the (simpler) virtual representations e(GL1, a) and e(2)(GL2,a,b). In
Section 8.1 we recall Franke’s filtration of the space of automorphic forms of a con-
nected reductive group G over Q | | and deduce (partially following Franke)
in Corollary 8.1.25 a formula expressing, in a suitable Grothendieck group of ad-
missible representations of G(Ay), the Euler characteristic e(G,V) in terms of
Euler characteristics

e (L. W) = 3 (1) lim H((1ag, Koor) (L @ W) (14.)

i K
for R-cuspidal Levi subgroups L of G, where
o [=C®gLieL(R) and ay, = C ® Lie Ar(R),

e K1 is a maximal compact subgroup of L(R),

e I is a finite-dimensional representation of L(R) with central character !
on Ay (R)°,
o A%(L,¢) is the space of automorphic forms f for L satisfying f(z-) = £(2)f(+)

for 2 € AL(R)° and whose restriction to L(Q)\L(A)® is square-integrable,
where L(A) = L(A)! x Ap(R)? is the usual decomposition.

For G = GL,, any such Levi subgroup L is isomorphic to a product of GL;’s and
GLy’s, and we deduce the following formula.

Theorem 7 (Corollary 8.1.27). Let n > 1. For a,b € Zsq such that a + 2b =n
denote by L, ~ GL{ X GLY the corresponding standard Levi subgroup of GL,,
and let &(a,b) be the subset of &,, consisting of o such that

1. o7 1) < -+ <o a),
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2.0 a+1) <o Ha+2),...,07 a+20—1) <o (a+2b),
3.0 a+1) <o Ha+3)< <ol a+2b-1).

(In other words &(a, b) parametrizes partitions of {1,...,n} into a singletons and
b unordered pairs.) Consider a dominant weight X = (A > --- > \,)) for GL,, and
let

T=(m>->7,)=A+p

so that 7; = \; + "TH —i. For 0 € &, denote o(T); = T,—1;) and (0 - N); =
Ao-1(y — 0 (i) + 14, i.e. 0 - X = o(r) — p. Using notation introduced in Example
8.1.6 (for e(GLy, —) and e2)(GLz, —, —) ) we have, in the weak Grothendieck group
K& (Repd™(GL,(A;))) of admissible complex representations of GL,(A;) (see
Definition 4.8.13),

e(GL,, V3) = Y (=1)"@ V2 3" (o)

a+2b=n €6 (a,b)

GL, (A a e

IndLa,b(E%ff))<®e(GL17 (c-A)i+a+1)|- |§c Aitat1—o(7)
=1

b

9 R ¢2)(GLa, 0(T)asaiot — 1/2,0(7)assi + 1 /2))

i=1
where Ind denotes normalized® parabolic induction.

Using Poincaré duality we easily deduce a similar formula for e.(GL,/, V') in
Corollary 8.1.29. Plugging this formula into the previous formula (Corollary 4.8.16)
and simplifying the resulting expression yields a formula for e;g(GSp,,,, Ay, V) in
terms of e.(GSpy,, Xn, V'), e(GL1,a) and e(2)(GLg, a,b) (Theorem 8.2.4).

The third and final step consists of inverting this relation in Section 8.3, to
obtain a (again, simplified) formula in the other direction.

Theorem 1.4.1 (Theorem 8.3.1). For an integer n > 1, a dominant weight A
for GSp,,, and a prime number ¢ the Euler characteristic e.(GSpy,, Xn, V1), in
the weak Grothendieck group Kgr(Rep(a@im’com(GSan(Af) x Galg)) of admissible

This normalization is convenient because the image in K¢ (Rep®™(GL,(A;))) of such
parabolically induced representations do not depend on the choice of a parabolic subgroup (with
given Levi subgroup), but it introduces square roots of integers and is the reason for working
with complex (rather than rational) coefficients here. It is easy to check a posteriori that these
parabolically induced representations are naturally defined over Q.
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continuous representations of GSp,, (Af) x Galg (see Definition 4.8.13), is equal
to

Yo D (F)™e(w)

a,b>0 weW (a,bn)
a+2b<n

. 1GSp,,, (A¢) a
lndPa,zi(AfJ; (6(2) (GLI X GLg’ (w : )\)lin) ® GIH(GSPZ(n7a72b)7 ‘/(w‘)‘)her)) :

where

o the subset W(a,b,n) of the Weyl group of GSps,,, is defined at the beginning
of Section 8.3,

o P, is the standard parabolic subgroup of GSp,,, with Levi subgroup GL{ X
GLg X GSPy(—q_2p), and the subscript lin (resp. her) corresponds to project-
ing to the GLY x GL (resp. GSPy(n—q_2n)/) factor,

e ind denotes (unnormalized) smooth parabolic induction.

Together with the special case of Kottwitz’ conjecture proved earlier (Theorem
4 and the tensor product decompositions explained in §1.3.6) this gives (in princi-
ple) an explicit formula for the Euler characteristics e.(A,, g, F(V')). Forgetting the
Hecke action and translating using the exceptional isomorphism PGSO, ~ PGL3,
we specialize this formula to the case of genus n < 3 in Section 9.1 and finally
prove Theorem 3. In genus n > 3 some parameters ) = 1)y @ - - - @ ¢, in Theorem
4 include even-dimensional components ; of dimension > 8, and their contri-
butions to intersection cohomology cannot be expressed as a contribution to the
representation S[k|, of §1.2. In fact as n grows, and thus as r potentially grows, the
difference between these two virtual representations “increases” not all parameters
1 (with suitable infinitesimal character) contribute to S[k|, (conditions recalled in
Theorem 7.2.1), and those that do contribute contribute, up to a Tate twist

spin spin,e1 . spin, e,
@ Tpo e ® Tp ® ® T
(e)i€{£1}"

whereas all parameters ¢ contribute to intersection cohomology, but each con-
tributes only one tensor product (for ¢; = u;())).
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2 Notations and conventions

2.1 Class field theory

For a prime number p we denote by Frob, the geometric Frobenius element of
Gal(F,/F,). We normalize the reciprocity law in local class field theory by letting
the geometric Frobenius element correspond to a uniformizer (e.g. Frob, corre-
sponds to p). For a prime number ¢ we denote by x, the ¢-adic cyclotomic character
of Galg, so that for any prime p # ¢ we have x,(Frob,) = p~*.

2.2 Reductive groups and root data

We use bold letters to denote reductive groups over global and local fields, and
normal letters for their Langlands dual groups, that we will consider defined over
Q.

Let n > 0 be an integer and A a free Z-module of rank 2n endowed with a
non-degenerate (over Z) alternate bilinear form (-,-). The first reductive group of
interest in this paper is the associated general symplectic group G (this notation is
only temporary), that is the reductive group over Z (in the sense of | , Exposé
XIX, Définition 2.7]) defined by G(Spec A) = {(g,s) € GL(A®z V) x A*|(g-,g-) =
s(-,-)}. Denote v : G — GLy, (g, s) — s the similitude character. Let J,, be the n
by n “antidiagonal” matrix defined by (J,,);; = 6;n+1—; (Kronecker delta). There

exists a basis of A in which the matrix of (-,-) is (_?] {)" This identifies

G with the subgroup GSp,, of the matrix group GLg, x GL;, the restriction
of the projection on the second factor being v. Let Sp,, be the kernel of v :
GSp,, = GL;. Let Tgsp,, be the diagonal split maximal torus in GSp,,, i.e.
the subgroup consisting of t = (diag(sty,...,st,,t;",...,t;"),s) where s and the
t;’s belong to GL;. We will sometimes simply denote such a t by (¢1,...,t,,s), and
similarly denote characters and cocharacters for Tgsp, by tuples of integers. The
set of simple roots associated to the upper triangular Borel subgroup of GSp,,,
is {ay,...,a,} where a;(t) = t;/t;y1 for i < n and «a,(t) = st?. In particular
X*(Tgsp,, ) has a basis consisting of the simple roots ay, ..., o, and (a, +v)/2 if
n > 0. If n = 0 then v is a basis of X*(Tgqsp,, ). Let Tsp, = Sp,,NTasp,, , a split
maximal torus of Sp,,, whose group of characters admits as basis oy, ..., a,—1, @, /2
if n > 0. We will sometimes need to consider symplectic and general symplectic
group on the dual side, so we denote Spy, = Sp,,, 5, Tsp,, = Tsp%’@, etc.

The Langlands dual group G@En is known to be isomorphic to GSpin,,, ;. We
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will need an explicit identification. Let SOg,.; be the special orthogonal group
over Q defined by SO, 1(R) = {M € SLyp1(R)|*MJypi1M = Jo,i1}. Just
like for the symplectic group, this matrix realization is chosen so that the diag-
onal and upper triangular subgroups of SO,,,11 form a Borel pair, which we denote
(T305ms1> BsOg,.1)- We write (21, . . ., 2,) for the element diag(z1, ..., 20, 1, 2,0, ..., 27 )
of 730,,,,- We realise SO, as the Langlands dual of Sp,, by identifying the
simple root a; with a simple coroot @&; for (SOaz,41, 75001 BSOsy. ) as follows.
If i <n then aj(x) = (...,1,z,27 ', 1,...) where z is the i-th coefficient and all
but two coefficients are 1, and a,(x) = (1,...,1,2%). Let Spin,,,; be the sim-
ply connected cover of SOg,41, and let Tgpin, " be the preimage of Tso,, .. The
cocharacter group X.(7spin,, ,,) equals @7, Za; and so an element of Tspy, | can
be parametrized by an element (z1,. .., z,) of Tso,,,, along with s € GL; satisfying
5?2 = 21...2,. We will simply denote such an element of Tspiny,,,, PY (21, ..y 2n, S).
For n > 0 define GSpin,,, ; as the quotient of Spin,, . ; X GL; by the diagonal sub-
group pz, and define GSpin; = GL;. Let TGSmen+1 be the image of TSpin%H x GLq,
so that for n > 0 its group of points over any algebraically closed extension of Q
is parametrized as

{(z1,. .- 208, A) € GLTT? |8 = 21 ...z, ) /(1,0 ., 1, =1, —1)). (2.2.1)

The identification of GSpin,,, ; with the Langlands dual of GSp,,, is given by
the above identification SOs,, ;1 =~ S/p;L along with the identification of v with the
cocharacter ¥ of Tgspin,,,, defined by v(z) = (1,...,1,1,z) (in Tspin,, ,, X GL1).

For n > 0 let Spy, = Spy, Xz Q and Ts,, = Tsp, Xz Q, allowing us to use
the parametrization above.

Finally for n > 1 let Oy, be the (schematic) stabilizer in GLy,, of the quadratic
form

q: 7" — 7

(351,---,962n) L g TiTon+1—i
=1

whose associated bilinear form (z,y) — q(z +y) — ¢(x) — ¢(y) has Gram matrix
Jon. Let SO, be the kernel of the Dickson morphism from O, to the constant
group scheme Z /27 over Z. Let Tgo,, be the diagonal split maximal torus in
SOy, identified to GL] via

1, ty) > adlag(ty, ..., tn,t, ..., 017 ). L.
t t diag(t byt o 2.2.2
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The set of simple roots associated to the upper triangular Borel subgroup of SO,
is {ay, ..., an} where a;(t) = t;/t;1 for i <n and a,(t) = t,_1t,. The Langlands
dual group SO/;L is isomorphic to SOs, := SO,, Xz Q, and again we shall need an
explicit identification. Letting (7s0,,, Bso,, ) be the diagonal and upper triangular
Borel pair in SO, it is easy to check that there is an isomorphism between @L
and SOs, under which o; € X*(Tso,, ) corresponds to the coroot oy € X,(Ts0,,)-
Let PGSO, be the adjoint quotient of SO,,. The Langlands dual P@Qn is
thus identified to the simply connected cover Spin,,, of SOs,,. The preimage Tspin,,
of Tso,, in Spin,, is parametrized as

{(z1,.. ., 20,5) € GLIM | s* = 21 ... 2, } . (2.2.3)

As in the odd-dimensional case we define GSpin,,, as the quotient of Spin,,, x GL;
by the diagonally embedded g (on the first factor, the kernel of the projection
Spin,, — SOs,). We have a morphism GSpin,, — SO,, which is trivial on
the second factor of Spin,, x GL;, and the points over any algebraically closed
extension of Q of the preimage Tcspin, of Tso,, may be parametrized as in the
odd case (2.2.1) as

{(z1,. .. 20,8, A) € GLIT? |8 = 21 ...z, ) /(1,0 ., 1, =1, —1)). (2.2.4)

For a group G as above we denote by Stdg : G — GLN(G) the standard

representation of the dual group G.

3 The spectral side

3.1 Formal Arthur-Langlands parameters

Definition 3.1.1. Let H be a complex connected reductive group, and let f be its
Lie algebra. Let T' be a maximal torus of H, t its Lie algebra. We call a semi-
simple H(C)-orbit in by C-algebraic if it is represented by an element of t belonging
to p+ Xu(T) where 2p € X.(T) is the sum of the positive coroots (for the order
defined by some choice of Borel subgroup of H containing T').

Definition 3.1.2. Forn > 1 and G = Sp,,, we denote by ZC(G) the set of C-
algebraic reqular semisimple G(C)—orbits in the Lie algebra g ~ 509,,1(C) of Ge.
Using the parametrization of Tso,, ., given in the previous section, these are exactly
the orbits of (w1, ..., wy,) € Lie Tso,,,, where wy > --- > w, > 0 are integers.
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Forn > 1 and G = SOy, write 8 for an outer automorphism of G induced by
an element of Os,(Z) of determinant —1. Let ZC(G) be the set of C-algebraic
reqular semisimple G(C)-orbits in g which are not invariant under 6, and let

-~

IC(G) be the set of {1,0}-orbits in IC(G). More concretely these are the or-
bits of (wy, ..., w,) € Lie Tso,, where wy > -+ > w, > 0 are integers. In order to
be able to treat both cases simultaneously we also denote ZC(Spy,) = ZC(SPy,)-

For an integer m > 1 a cuspidal automorphic representation 7 = ®! m, for
PGL,, g, the infinitesimal character of 7., may be seen as a semisimple conjugacy
class in sl,,,(C), or equivalently (considering its eigenvalues) as a multiset of car-
dinality m (orbit in C™ under the symmetric group) {w;(7«) |1 < i < m}. We
say that 7 has level one, or is everywhere unramified, if for all primes p we have
™ GLm(Zp) # 0. We recall notation from | , p-275] For n > 1 and a family
(w;)1<i<n satisfying w; € Z and wy > -+ > w, > 0 we let O.(wy, ..., w,) (resp.
Oo(wy, ..., wy), resp. S(wy,...,w,)) be the set of self-dual level one cuspidal au-
tomorphic representations 7 for PGL,, ¢ such that 7., has infinitesimal character
{xw; |1 <i < n} (resp. {£w;|1 <i < n}U{0}, resp. {+w;|1 <i < n}). We
consider formal (unordered) finite sums o) = €, m;[d;] of pairs (7;, d;) where 7; is
in one of these three sets (i.e. m; is a self-dual level one cuspidal automorphic rep-
resentations for PGL,, g such that the eigenvalues of the infinitesimal character of
Tioco are distinct and either all integers or all in %—i—Z) and d; > 1 are integers. The
notation 7;[d;| (instead of (m;,d;)) is meant to suggest the tensor product of the
conjectural Langlands parameter of 7; with the irreducible d;-dimensional repre-
sentation of SLy. To such a formal sum v we associate an “infinitesimal character”
which is the multiset of half-integers

d;: —1
{wj(moo)—l— 32 —kie[,lgjgni,ogkgdi—l} (3.1.1)

Definition 3.1.3. For n > 1 and G = Sp,, or SOy, and 7 € IC(G) we
let @32‘?((1) denote the set of formal global Arthur-Langlands parameters 1) =
Dicrmi|di] for G which are unramified at all finite places and have infinitesimal
character equal to the image of T under the standard representation of g. In par-

ticular this infinitesimal character is a genuine set, i.e. the terms in (3.1.1) are
distinct. Let U7 (G) be the subset of Wi (G) consisting of all ¢ as above for

disc,ne disc

which |I| =1, i.e. ¥ = w[d].

These sets \ngflsrf(G) may thus be described combinatorially in terms of the

sets Og(...), Oy(...) and S(...) introduced above (see | , p-.310] for more
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details). Note that general substitutes for discrete parameters were defined in
[ , §1.4] (see also the review in | . §2]. Note that the definition of the
present article differs from that of | |: we find it more convenient to use
infinitesimal characters 7 in this article, whereas we used dominant weights A for
G in loc. cit. The two simply differ by half the sum of the positive roots for G.

Remark 3.1.4. Forn odd we always have U7 (SOy,) = 0: see [ , Proposi-

tion 3.6/ or [ , 3. p.309]. In particular the sets O, (w1, ..., w,) are empty for
all odd n and all integers wy > -+ > w,.

Definition 3.1.5. Let H be a connected complex reductive group, T a mazximal
torus of H.

1. Let ¢ : C* — H(C) be a continuous semisimple morphism. Up to conjugacy
by H(C) we may assume that ¢ takes values in T'(C), and then we have

p(z) = 272" = (2/|2)77 |2

for uniquely determined 7,7 € CRc X, (T') ~ Lie T satisfying t—1" € X.(T).
We call the H(C)-conjugacy class of T the infinitesimal character of ¢.

2. For a continuous semisimple morphism ¢ : C* x SLy(C) — H(C) we define
the infinitesimal character of ¢ as that of

py : C*— H(C)
z — (2, diag(|z], |2| 7).

These definitions are meant to be applied to the case where H = G for some
connected real reductive group G and ¢ (resp. ) is the restriction of a continuous
semisimple morphism Wg — LG (resp. Wr x SLy(C) = FG).

Definition 3.1.6. 1. Let n > 1, G = Sp,, or SOy, and 7 € ZC(G). For
VY € Vyilo(G), let My be a group isomorphic to G, endowed with 7, a

semisimple conjugacy class in C @g Lie My, such that 7, maps to T (this
condition does not depend on the choice of an isomorphism My, ~ é)

Write ¢ = w|d| where m = oo ® 7y is a self-dual automorphic cuspidal
representation of a general linear group and d > 1. Let 1o, : Wg X SLy(C) —

My (C) be a continuous morphism, bounded on W and algebraic on SLy(C),
such that:
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e Stdg 0 Yoo : Wk x SLa(C) = GLyg,(C) is the localization of ¢ at the
real place, that is the tensor product of the Langlands parameter of my
with the irreducible algebraic representation of SLy(C) of dimension d,

o the infinitesimal character of Vs 5 Ty.
Such a ) exists and is unique up to conjugation by M, (C).

2. Letn > 1, G = Sp,, or SOy, and 7 € IC(G). For ¢ = @uh; € T (G),
let My = [, My,, endowed with 7, = (7y,)i. Let s : Wg x SLy(C) —
My (C) be the morphism ((i)oo)i, well-defined up to conjugation by M., (C).
Let py : Wr = My (C) be the composition of Yo, with the morphism Wr —
Wr x SLy(C), w + (w,diag(|w|/?, |w|='/?)). By definition this parameter
has infinitesimal character 7.

3. Letn > 1, G = 8Spy, or SOy, and 7 € IC(G). For ¢ = &t; € TG,
let i, : My — G be such that Stdg o ¥, ~ @zStdw and d@DT(Tw) =7 (as
semisimple conjugacy classes in C ®g g). Then Uy is uniquely determined

up to composing with Ad(g) for some g € G(@), and g () = 6 01)..

Let C = Cent(1/}7,(/§), a subgroup © of the finite abelian 2-torsion group
Coop- Then 9. induces an isomorphism Z(My) — Cy . In particular
any other choice of v, yields a canonically isomorphic C,,_, and for this
reason we will often simply denote this group Cy .. This also shows that in
the case where G = SOy, we have a canonical isomorphism between Cly,
and Cwﬁ(r)' For this reason we will often simply write Cy for Cy .. Let

Sy = Cy/Z(G).

Note that the pair (My,7;) is well-defined up to an isomorphism which is
unique up to My .a(Q). Of course this is already the case for M,, (without the
need for 7,) in the case where G = Sp,,,.

In the setting of the third part of Definition 3.1.6 Arthur defined and element
sy € Cy (see | , §1.4]) and a character € of Sy (see (1.5.6) loc. cit.).

Lemma 3.1.7. Let n > 1, G = Sp,, (resp. SO4,), 7 € IC(G) and ¢ =
Dicrmi|d;] € \IIE?SZT(G). Let Ieyen be the set of indices i € I for which m;[d;] is

even-dimensional (i.e. d; is even or m; is an automorphic representation for GL,,
where n; is even). The set I \ Iowen has one element (resp. is empty). Fori € Ioyen

"More precisely, it is a finite group scheme over Q, but we will abusively identify it with its
group of points over (any extension of) Q.

29



let s; € Z(My) =[1; Z(Max,a;) be the element which is trivial at all indices j # i
and non-trivial at 7.

1. The group Cy, seen as a vector space over Fy, admits (s;)icr.... s basis.

2. The element sy, is the product of s; over all indices i € I such that d; is even.

3. We have
ey(si) = H €(1/2,m; % Wj)min(di,dj) = H e(1/2,m; x ﬂj)min(di’df).
JjeIN{i} JjeIN{i}
di;:_éd]' mod 2
Proof. The first two assertions are clear, for the last one see | , (3.10)] and
the following reference to | , Theorem 1.5.3 (b)| therein. O

3.2 Stabilization of the trace formula

We will use repeatedly the stabilization of the trace formula. We state special
cases that will be enough for our purposes.

For G a (connected) reductive group over Q, (resp. Q) and K a compact open
subgroup of G(Q,) (resp. G(Ay)) we denote H(G(Q,)//K) (resp. H(G(A;)//K))
the Hecke algebra in level K with coefficients in Q. Also denote H(G(Q,))
(resp. Hs(G)) the direct limit over all compact open subgroups K (fixing a Haar
measure on G(Q,) resp. G(Ay) identifies elements of this Hecke algebra with
smooth compactly supported functions). For G connected reductive over Z denote
HM(G) = H(G(Af)//G(z)) For an extension F' of Q we add a subscript F to
denote the analogous Hecke algebras with coefficients in F'. For G connected reduc-
tive over R and K a maximal compact subgroup of G(R) denote H(G(R), K) the
Hecke algebra of smooth compactly supported bi-K-finite distributions on G(R).
When K plays no particular role we will often omit it from the notation. For G
connected reductive over Q denote H(G) = H(G(R)) ® H(G)c, and let I(G) be
the quotient of H(G) by the subspace of distributions all of whose orbital integrals
at semi-simple regular elements of G(Q,) vanish, for any place v of Q. Similarly
define SI(G) by considering stable orbital integrals instead. These quotients have
obvious local analogues I(G(Q,)) and SI(G(Q,)) at any place v. Finally for G
connected and reductive over Z we also denote H""(G) = H(G(R)) @ H}™(G)c.

For a split reductive group G over Z,, recall that the Satake morphism | ]
Satg is an isomorphism between H(G(Q,)//G(Z,))c and the C-algebra of in-

~

variant algebraic functions on the dual group G (a basis over C of this space
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of functions being given by traces in irreducible representations of é) Charac-

ters of this algebra are known to correspond to semi-simple conjugacy classes
in G(C). For example for n > 1, 7 € ZC(SOy,) and ¢ € Ui" (SOy,),

disc,ne
we have an associated Oy, (C)-conjugacy class of unramified Arthur p7arameters
Uy : Wo,/Ig, XSLa(C) = SO4,(C), and the image of (Frob,, diag(p'/?, p~'/?)) by ¢
defines a {1, 5}—orbit ¢,(1) of semisimple conjugacy classes in SOy, (C). Similarly,
forn > 1,7 € ZC(Sp,,) and ¢ € @giﬁ;e(Sp%), we have an associated semisimple
conjugacy class ¢,(¢) in SO2,41(C). So for G = Spy, or SOy, 7 € ZC(G) and
(NS \IIE?SET(G) we have an associated orbit ¢,(1)) of semisimple conjugacy classes in

M, under the product of the group of outer automorphisms of all even orthogonal
factors of M.

Remark 3.2.1. As is used repeatedly in | |, note that the results of [J551]
and | | imply that (¢,(v)), determines ¢ (even if we discard finitely many
primes).

We now state the special cases of the stabilization of the trace formula that
we will use. Let G be a split reductive group over Z which is a quotient of
a product Gg of groups isomorphic to SO, and Sp,,. For 7 € IC(G) let
A2(G(Q)\G(A)/G(Z)). be the space of square-integrable automorphic forms® of
level one which are eigenvectors for the infinitesimal character corresponding to 7.
Let I, , be the linear form on H"™(G) given by the trace on AQ(G(Q)\G(A)/G@))T
(by a famous theorem of Harish-Chandra, if K, is our chosen maximal compact
subgroup of G(R) then any isotypical component of A?(G(Q)\G(A)/ G(z))T for
some irreducible representation of K, is in fact finite-dimensional, so the trace we
are considering is simply that of an endomorphism of a finite-dimensional vector
space).

Consider endoscopic data ¢ = (H,H, s,{) for G. For convenience we modify
slightly the definition in | , §2.1]: instead of letting £ be an embedding of H
in LG, we let H be a subgroup of LG and take £ to be an isomorphism H — .
We will mostly only need to consider elliptic endoscopic data which are unramified
at all finite places of Q. Using the explicit description of all endoscopic data for
special orthogonal and symplectic groups and Minkowski’s theorem on unramified
extensions of Q it is easy to see that such endoscoplc data are obtained as follows
sis a semlslmple element of G whose image in Gq has order 1 or 2, ((H ) =
Cent(s, G) and H = S(A) x Wg. (Not quite all of these give rise to elliptic

8The definition involves the maximal compact subgroup K of G(R), but we omit it from the
notation.
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endosopic data: the condition for ellipticity is that the connected centralizer of s in
C/}; should not have any factor SOy except in factors of C/}; which are themselves
isomorphic to SO,.) Note in particular that any everywhere unramified elliptic
endoscopic datum for G is induced by one for G,q4, that H is also split and is also
a quotient of a product of symplectic and split even special orthogonal groups.
Thus there is an obvious way to extend £ to an isomorphism “H ~ H, and we will
always use this L-embedding of “H into *G.

We fix a global Whittaker datum w for G, i.e. for a Borel pair (B, T) of
G (defined over QQ, and we may even take it to be defined over Z), denoting
by U the unipotent radical of B and U?" its largest abelian quotient (a vector
group of dimension equal to the rank of G), tv is a generic unitary character of
U(A)/U(Q). Denoting by T,q the image of T in the adjoint group of G, the group
T(Q) acts transitively on the set of such characters. Since Q* = {£1} x P, pZ,
we see that we may choose tv such that for any prime number p, the localization
w, : U(Q,) — C* is compatible with the Z,-structure on Gg, in the sense of
[ | (see also | , 87]). In fact we even see that we may also impose that 1w,
lie in any given G(R)-orbit of Whittaker data for Gg. The choice of 1 gives us,
for any endoscopic datum ¢ = (H,H, s,¢) for G and any choice of L-embedding
L¢ . L'H ~ H extending &, a decomposition of the (canonical) global transfer factor
into a product over all places of Q of normalized transfer factors | , §5.3]. In
particular we have a notion of endoscopic transfer (§5.5 loc. cit.) from I(G) to
SI(H), which is the tensor product over all places of local transfers. Transfer is
known to exist in general (in the real case see | | for the case of Schwartz
functions, | | for compactly supported functions, and | , §IV.3.4]), but
we will be mainly interested in particular cases where it is somewhat explicit.

At a finite place p of Q we will only use f, € H""(Gz,). In this case endoscopic
transfer is very explicit: it vanishes unless e is unramified. If this holds, then
transfer can be made explicit in terms of Satake transforms (this statement is the
version of the unramified fundamental lemma deduced in | | from the case
of the unit element for sufficiently large residual characteristic proved by | |,
| I, | |). For global reasons we will only need the case where H is also
split, and so we recall the statement of the fundamental lemma only in this case.
Thus we may take the obvious embedding “H — *G. Choose a hyperspecial
compact open subgroup (equivalently, a reductive model of H over Z,) H(Z,) of
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H(Q,). We have a commutative diagram

O(G)E SHNYO1 € ghe
SatGZpTN SatHZp ~
Hunr(GZp> Hunr (HZI,)

‘—

HG(Qy)) ——— SI(H(Qy))

where the bottom horizontal map is endoscopic transfer.

At the Archimedean place of Q we will mainly (but not exclusively) use the
pseudo-coefficients f,(g)dg for discrete series representations o of G(R) given by
[ , Proposition 4, Corollaire|. It follows from the endoscopic character rela-
tions | | and | , Lemma 5.3| that a suitable linear combination of pseudo-
coefficients of discrete series representations of H(R) is a transfer of f,(g)dg. In
particular the transfer always vanishes (in SI(Hg)) if H(R) does not admit dis-
crete series. Note that Shelstad’s lemma also implies that pseudo-coefficients of
discrete series in the same L-packet have the same stable orbital integrals. We
denote by PC(G,7) the (finite-dimensional) subspace of I(Gg) spanned by the
pseudo-coefficients of discrete series representations having infinitesimal character

T.

Recall from | | that associated to an elliptic endoscopic datum e =
(H,H,s,&) for G is a positive rational number c(¢) = 7(G)7(H)!|Out(e)| (see
also | , §2.1] for a definition of Out(e) with the formulation that we adopted

here). Since we will only need to consider groups G which are either split or inner
forms of split groups, we simply have 7(G) = |m(Z(G))|, and similarly for H.

Theorem 3.2.2 (Specialization of the stabilization of the trace formula: split
case). For any group G as above, and any reqular infinitesimal character T, the
recursively defined on H"™ (G) by

Sgsc,T(f) = ]gsc,’r(f) - Z L(e) Z Sgsc,r’(f/>

[4 T

' G
linear form Sg.

where the first sum ranges over all non-trivial elliptic endoscopic data e = (H,H, s,§)
for G which are unramified at every prime and the second sum ranges over semisim-
ple conjugacy classes in b mapping to T by the differential of &, is stable.

Proof. This is a special case of the stabilization of the trace formula (see Global
Theorem 2 and Lemma 7.3 (b) in | |), refined by infinitesimal characters as
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in | , §X.5.2]. Note that in general the discrete part of the trace formula
contains terms other than the trace in the discrete spectrum, but since 7 is regular
the 7-part of these other terms vanishes (see the argument on p. 268 of | -

Note that any infinitesimal character 7 which maps to a regular 7 is also regular.
O

We will also need a special case of the stabilization of the trace formula for
certain non-quasisplit groups. For the rest of this section G denotes an inner form
of PGSOy, which is split at all finite places of Q. (In this paper we will only need
the case where G(R) is compact, which occurs if and only if n is even.) The group
G admits a reductive model over Z (it may admit several non-isomorphic models
if G(R) is compact), and we fix such a model. We also fix a realization of G as
an inner form of PGSOy, i.e. an isomorphism = : PGSO,, 5 ~ Gg such that
for any o € Gal(Q/Q) the automorphism c(c) := Z7'¢(Z) is inner. In particular
this defines a 1-cocycle ¢ € Z'(Q,PGSO4,(Q)). Since the split group PGSOy,
is of adjoint type, the group PGSOy, (Q) acts transitively on the set of global
Whittaker data for PGSQy,. This (essentially unique) global Whittaker datum
for PGSOy, gives, for any endoscopic datum for G, a decomposition of the adelic
transfer factors as a product of local transfer factors: see [lKal, §4.4]. For any
prime number p, the image of ¢ in H'(Gal(Q,/Q,), PGSO0.,(Q,)) is trivial, and
this gives an isomorphism Gg, ~ PGSOy,, well-defined up to composition with
an inner automorphism. The local transfer factors at p for G are simply pulled
back from those for PGSOy, in particular the transfer of unramified elements of
the Hecke algebra is given by the fundamental lemma as in the previous case.

Theorem 3.2.3 (Specialization of the stabilization of the trace formula: inner
forms case). For such a group G, for any f € H"™(G) we have

G () =) ue) Y Sher(f)

[4 T'=>T
where the first sum ranges over all elliptic endoscopic data ¢ = (H,H,s,§) for G
which are unramified at every prime.

Proof. This is deduced from the same references of the previous theorem, by the
same argument. Il

3.3 Even orthogonal groups and outer automorphisms

Lemma 3.3.1. For any n > 1, letting G = SOy,12, for any algebraic reqular in-
finitesimal character T for G which is not invariant under the outer automorphism
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of G, the linear form S$.__ vanishes identically on H™ (G).

1SC,T

Proof. Consider elliptic endoscopic data ¢ = (H,H, s,§) for G which are unram-
ified at every finite place. We have H ~ SOy4, x SOy, o with a + b = n and
b > 1. By induction on n and using the definition (Theorem 3.2.2), it is enough
to show that I&

disc.» vanishes identically on H""(G), i.e. that there is no discrete

automorphic representation for G in level one and infinitesimal character 7. Now
this follows from Arthur’s multiplicity formula (| , Theorem 1.5.2], see | :
Theorem 4.1.2| for the specialization to the everywhere unramified case) and the
fact that there are no parameters with the appropriate infinitesimal character (Re-
mark 3.1.4). Note that the multiplicity formula only describes the representations
occurring in the discrete spectrum up to outer automorphism (at all places in-
dependently, i.e. [], Z/2Z-orbits), but this is enough to imply vanishing of I$

disc,T
since it is the trace in a genuine representation. ]
Recall from | , Lemmas 3.7 and 3.15] or | . pp.309-310] that for

disc

G = Sp,, or SOy,, for any 7 € ZC(G) and any ¢ € U7 (G), the continuous
semisimple morphism ), 0 1s : W X SLy — G (well-defined up to conjugation)
is bounded on W (essentially by Clozel’s purity lemma) and has C-algebraic in-
finitesimal character, thus it is an Adams-Johnson parameter (see | , p-194],
[ , 85, | , §4.2.2]). Adams and Johnson | | attached a finite set
ITA (G, 1), 0 1hs) of irreducible unitary representations of G(R) to such a param-
eter, and since we have fixed a Whittaker datum for G, we also get a map from
A (G, U, o 1) to the group of characters of the finite abelian 2-torsion group
Ciop/Z (C‘,) (see the above-cited references for this formulation, which does not
appear in | |). This map will be denoted 7 — (-, 7). Moreover the linear form

flodg— D (sy,m) tr(n(f(g)dg))

€A (Gr Y7 0thoo )

on I(Gg), which we denote by AAJ o is stable, and the Adams-Johnson packet
satisfies endoscopic character relatlons Adams-Johnson packets are closely related
to discrete series L-packets, and we recall part of that connection. Let ¢, : Wg —
G be a discrete Langlands parameter having infinitesimal character 7 (such a
parameter exists and is unique up to conjugation by é) Recall from | , §4.2]

that there is a certain quasi-split twisted Levi subgroup L}, ~ of Gy attached to

Uy 0 Yoo

sT
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Proposition 3.3.2. For any o in the L-packet TI(Gg, ¢, ), denoting by f-(g)dg a
pseudo-coefficient for o, we have the following property. There exists exactly one
7 € IM(Gg, ¥, 0 1) such that tr(n(f,(g)dg)) # 0, and for this © we have

*

tr(m(f(g)dg)) = (s4,m)(~1)7%0).

Assume that ¥, 0ths and v, are aligned, i.e. that the restrictions ofq/}Togpd,w and

to C* take values in the same mazimal torus of @C and have the same holomorphic

part (see Definition 3.1.6). This is always possible after conjugating by (AS':(C), and

gives a canonical inclusion Sy, C S, . We then have (-, 7) = (-, 0)
In particular we have Ajzfowoo (f,(9)dg) = (—1)1Fr).

’S"Z"r 0o

Proof. This follows from Johnson’s resolution, see | , (4.2.1)], and the proof
of Proposition 3.2.5 in | |. Note that this goes back to | | and | |,
although the normalization by Whittaker datum was not available at the time. [

Recall that Arthur | | also defined (in a more general setting) a packet
I1(Gg, ¥, 0 o), which is a multi-set of f-orbits of irreducible unitary representa-
tions of G, and also associated a character of Cy ., /Z (G) to each elements of
this packet (all of this for more general parameters, and characterized via twisted
endoscopy for general linear groups). Again the linear form Ay oy, defined as
above on I(G)? is stable, and endoscopic character relations are satisfied. The

main result of | | is equivalent to the assertion that A, is the restriction
of AfZJO g to I(G)?, which implies that the packets coincide and the associated

characters are equal. Note that in the orthogonal case where 6 is not trivial, we
are assuming that 7 is not fixed by 0 and so no element of ITAY (GR,l/}T 0 Yy) is
fixed by 6, i.e. each orbit in IT*7(Gg, ¥y 0 o) consists of two elements which can
be distinguished by their infinitesimal character.

Lemma 3.3.3. Denote G = SOy,. Let 7 € IC(G) and 1 € W7 (G). Then
for any 7o € TIN(Gg, v, 0 hs) such that (", Too)|s, = €y, there is a unique
family (c,(G, v, 7x))pep of semisimple conjugacy classes in G such that for any
prime p the conjugacy class (c,(G, ¥, Too))pep belongs to the f-orbit ¢T(6p(¢))
and the representation Ty & ®; 7, of G(A), where each m, is unramified with
Satake parameter ¢,(G, v, ), occurs in A*(G(Q)\G(A)). Moreover it occurs

with multiplicity one.

Proof. Of course this uses Arthur’s endoscopic classification | , Theorem 1.5.2],
specialized to level one (see | , Lemma 4.1.1]). The parameter ¢ does not have
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any odd-dimensional factor since 7 is not invariant under é\, and so in the notation
of | | we have my = 2. Arthur’s multiplicity formula (along with Remark
3.2.1) implies that there are exactly two irreducible representations 7' = 7/, ® 7’
occurring in A*(G(Q)\G(A)) such that 7/, € {7, 7%} and 7} is everywhere un-
ramified and at (almost) all prime numbers p its Satake parameter lies in ¢ (¢,(¢))).
To conclude we only have to consider the global action of § on A*(G(Q)\G(A))
by f +— (g — f(6(g))) which maps the isotypical spaces for an irreducible 7’ to
that for 7' O

Proposition 3.3.4. There exists a unique family (c,(1))y.p, wherey € \113;2’;(804”)
for some n > 1 and ¥ € ZC(SOy,) and p € P, such that:

e ¢,(v¥) is a semisimple conjugacy class in My, which belongs to the {1, é}—orbit

(),

e foranyn > 1, anyr € TC(SOu,), and any f(g)dg = foo(goe)dgoo 1, fy(gp)dgp €

Hunr(so4n)7
S0 = S I (fulonddon)
GV (804 Y
X H Sathp (fp(gp)dgp)(%(cp(qvb»)-

Implicitly, we have written c,(v) for (c,(15)): for endoscopic ¥ = @;1;.

Proof. We proceed by induction on n. Denote G = SOy,,. To simplify notation in
the proof we implicitly fix Haar measures on all groups that appear, thus identi-
fying smooth compactly supported distributions (e.g. f(g)dg) with functions (e.g.
f). We use the stabilization of the trace formula (Theorem 3.2.2):

IS ()= ue) > S (f)

e 7T

where the sum is over the set of isomorphism classes of elliptic endoscopic data
¢ = (H,H,s,&) for G which are unramified at all finite places of Q. Therefore
H ~ SO,, x SOy, with a + b = 2n and a,b # 1. By the previous lemma, if a
and b are odd then the contribution of ¢ is zero: in the above formula 7’ is not
invariant under the non-trivial outer automorphism of any of the two factor of
H. Note that even without assuming that 7 is not invariant under the non-trivial
outer automorphism, at least one of the two factors of 7/ is not invariant.
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By the induction hypothesis, we have for all non-trivial e

o= X S () < [T Satm, ()00 w))

/

WETgT (H)
By the same argument as in the end of the proof of | , Theorem 4.0.1] (which
originates from | , §11]) and using that “& o 4/, = 1), for ¢ = L€ 04}/ and

T =¢&(7'), we have

S oY st = Y @ S t(me(fn) (331)
)

non-trivial e T/=>T we@““r*T(G ﬂweH(GR7¢To¢w)

D eplssy)(ss o) [ [ Sates, (£p) (U (cp(¥)))

SESy,, s#£1 P

where the last sum is non-empty only if S, # 1, so that it makes sense by induction
hypothesis. By Lemma 3.3.3 we have

[§er ()= ) Y t(me(fx)) [T Sates, (£)(€(GL 0, me)):

PeUihT(G) €y, - (GRr)
(oo )5, =€y

So we obtain

SSer(H) =Y 5 > tr(reelfo) (3.3.2)

’l/ie‘i/unr’;(G) WOOEH(GRA/.}TW%Q)

disc

Z €w<881/1) <SS¢7 7TOO> H SatGZp (fp)(C;J(Gv ¢7 7TOO))

SESIZ) p

— Z ew(ssw)(ssw,ﬂodHSatGZp(fp)WT(CpW)))

SESy, s#1 p

where, for convenience, for m,, such that (-, 7)|s, # €, (Which imposes Sy, # 1)
we let ¢,(G, 9, 7o) = ¥-(cy(1)). Note that for such 7, the difference between
square brackets simply equals

co(s0) (50, mo0) | [ Satas, (fy) (Wr(cp())).

To conclude we have to show that:
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e For non-endoscopic ¢, in which case ¢T My — G is an isomorphism,
(G, 1, Too) does not depend on 7 € 11, ,, (Gr), and in this case we are

forced to define ¢,(7)) as the the preimage by v, of the common value.

e For endoscopic 1, for all o, we have (G, 1), 7o) = @bT(cp(@D)). By definition
this already holds for 7o, such that (-, 7o)s, 7 €y-

Both cases will follow from stability of the distribution Sg ., but in the second
case we will need an additional piece of information (Lemma 3.3.5 below). We
know (see Remark 3.2.1) that for 1)1 # 19, there exists a prime p, which one could
even take outside any given finite set, such that ¢,(11) N ¢é,(1h2) = 0. Thus for any
Y € U (G), the summand in (3.3.2) corresponding to 4 is a stable linear form

in f e H™(G).

e For a non-endoscopic ¢ € W47 (G), the linear form on H" (G)

disc

f = va = Z tr(ﬂ-OO(fOO))(SdMWOO) H Sathp (fp)(C;<G7¢v 7T00))

Too €ITAY (G Y7 0t00 )

is stable. Recall the discrete parameter ¢, : W — “G having infinitesi-
mal character 7 and the associated discrete series L-packet I1(Gg, ¢,). By
Proposition 3.3.2, pseudo-coefficients f , of elements o of this L-packet dis-
criminate between elements of IT*(Gg, 1@ 0 1s). Since the stable orbital
integrals of f , at regular semisimple elements of G(R) do not depend on
the choice of o in the L-packet’, we obtain that (¢ (G, 1, Ts))p does not
depend on 7.

e Now assume that 1 is an endoscopic parameter in Uo7 (G). We can rewrite
the contribution of ¢ in (3.3.2) as

wlow) N () ] Sates, () (W (e (1))

S
| w‘ ”ooeHAJ(GRﬂ/.’-roi/’OO) p

+ > tr (oo (foo)) X (H Sate,, (f,)(c,(G, 1, 7))

Too GHAJ (G]R:'QZJT Owoo)
('77roc>:5w

- H SatGZp (fp) (¢T(Cp(¢))))

9As recalled in Section 3.2 this follows from | , Lemma 5.3].
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and we need to show that the second term (last two lines) vanishes, i.e. that
for any 7., satisfying (-, 7o) = €, we have ¢ (G, 9, 7o) = Y- (c,(¥)). The
above linear form in f is stable and so is the first term, therefore so is the
second term. As in the previous case we conclude using pseudo-coefficients
of discrete series, but now we also need the following lemma.

]

Lemma 3.3.5. For any 1 € V7 (G), there exists mo, € (G, 1h, 0 tso) such
that (-, Too)|s, 7# €p.

Proof. Recall that ¢, denotes a discrete Langlands parameter having infinitesimal
character 7, and that if we align it (after conjugation by G) with 1, 0 9, then we
have C,, C C_,, and

{(0) |0 € IM(Gr, 0 Yoc)} = {( 0)e, |0 € T(Gr, ).

Thus it is enough to show that for any s € S, \ {1}, there are discrete series o, o’
such that (s, o) # (s,0’). Given the explicit description on p. 315 of | |, it is
enough to check the following combinatorial fact: if I, I_ are sets of cardinality
n,and ) € S C I, UI_, then there are sets A, C I, and A_ C I_ such that
|Ay] = |A_| and |SN (AL U A_)|is odd. This is easy: in fact we can also impose
A ] = 1. O

Corollary 3.3.6 (to Proposition 3.3.4). Fiz n > 1 and denote G = SQy,. For
T € IC(G) we have

AGQ\GW)/GD) ~ B (wWee D )
PeVIT(G) Too ETTAT (G ihr0tpos)
(nToo) s, =€u

where x¢(c) : H™(G) — C is the character corresponding to the family ¢ of Satake

parameters in G.

Proof. This simply follows from going through the proof of Proposition 3.3.4 back-
wards. O
3.4 Isogenies in level one and stabilization

In the Langlands-Kottwitz method applied to degree n Siegel modular varieties,
the reductive groups over Q appearing on the “spectral side” are GSp,,, and some
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of its endoscopic groups G(SOy4, X Sp,y,,_4,), Which are only isogenous to classical
groups as considered in | |. We need the analogue of the stable multiplic-
ity formula | , Theorem 4.1.2] for these isogenous groups. Bin Xu | ]
studied the refined local Langlands correspondence for GSp,,, and GSO,,, using
stabilization of trace formulas (and restriction). He also obtained a stable multi-
plicity formula in the tempered non-endoscopic case | , Theorem 1.8|. For the
purpose of completely describing the cohomology of local systems on Siegel mod-
ular varieties, this is unfortunately not enough. For local systems corresponding
to singular dominant weights, e.g. the trivial local system, it is also necessary to
consider non-tempered Arthur-Langlands parameters (or substitutes thereof). As
Xu explains after | , Theorem 1.8], non-tempered packets will certainly prove
more challenging. This is the main reason why we impose a “level one” condition,
i.e. consider the moduli stack A,, instead of an arbitrary Siegel modular variety.

Instead of | | we will give an ad hoc argument using an elementary lifting
result of Chenevier-Renard | , Proposition 4.4] relating discrete automorphic
spectra in level one for isogenous split semisimple groups over Q. This result is con-
jecturally related (but is somewhat more precise) to properties of the quotient Ly of
the hypothetical Langlands group Lg of Q, namely its connectedness (Minkowski’s
theorem on unramified extensions of Q) and simple connectedness (see | , Ap-
pendix BJ). In Proposition 3.4.5 we will deduce from | , Proposition 4.4| and
the relation between Adams-Johnson packets and discrete series packets an expan-
sion, involving certain families of lifts of Satake parameters, for the spectral side
of the trace formula for adjoint groups, restricted to pseudo-coefficients of discrete
series representations at the real place. Then we “stabilize” this lifting result using
arguments similar (but more intricate) to the arguments of the previous section.
Roughly, Proposition 3.4.7 says that the above lifted families of Satake parame-
ters only depend on the (formal) Arthur-Langlands parameter, and are compatible
with endoscopy.

First we recall a nice property of restriction of (g, K)-modules under restriction
via an isogeny.

Proposition 3.4.1. Let G — G’ be a morphism of connected reductive groups
over R having central kernel and such that its image contains Gi,,. Let K be a
mazximal compact subgroup of G(R), and let K’ be the mazximal compact subgroup of
G'(R) containing the image of K. Denote g = C®gLie(G) and g’ = CRgLie(G').
Let C' = ker(G(R) — G/(R)).

1. The restriction of an irreducible (g, K')-module to (g, K) is semisimple, has
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finite length and is multiplicity-free.

2. If w is an irreducible (g, K)-module then there exists an irreducible (g, K')-
module 7™ such that ™ occurs in the restriction of © if and only if the re-
striction of the central character of m to C is trivial. Moreover the kernel
of Hom(G'(R),C*) — Hom(G(R),C*) acts transitively on the set of iso-
morphism classes of such @', and if w is essentially discrete series and G’ is
semistmple then this set has at most one element.

3. To simplify the formulation assume that G is quasisplit, and fix a Whittaker
datum v for G, normalising Shelstad’s parametrization of L-packets |[. |
for both G and G'. Let ¢' : Wg — LG’ be an essentially discrete parameter.
Let ¢ : Wr — LG be the essentially discrete parameter obtained by composing
with *G' — LG. We have an injection Sy C S, and for any «’ € II(G/, ¢'),

7T/|G(]R) ~ @ .

Tell(G,p)
('77r>|5¢/ :<’77T,>

Proof. Let Cx = C'N K. Recall that K’ is the group of g € G/(R) normalising
K/C¥k such that for any (rational) character x : G’ — GL; we have x(g)? = 1.
In particular K/Ck is a distinguished open subgroup of K’, and it is well-known
that the quotient @ of K’ by (K' N Z(G'(R)))(K/Ck) is naturally isomorphic
to the finite abelian 2-torsion group G'(R)/(Z(G'(R)) G(R)/C). Now if 7’ is an
irreducible (g’, K')-module, its restriction to (g, K) is finitely generated since @ is
finite, and so it admits an irreducible quotient 7'|; x — 7. Denoting by W the
kernel of this map, the subspace NycgkW is a proper submodule of the irreducible
7', so 7'|g x embeds in @kEQ 7%, which is clearly semisimple of finite length.

We are left to prove the multiplicity one statement. We use the same reduction
to the case of discrete series representations as in | |.

1. If 7’ is an essentially discrete series representation then the result is im-
plicit in | , §3] which deduces the classification of discrete series rep-
resentations from the case of connected semisimple Lie groups considered
by Harish-Chandra. Since we will need the details later, let us briefly give
the argument. Choose a maximal torus T in G which such that T(R) con-
tains a maximal torus of K, and let TV be the unique maximal torus of G’
containing the image of T. In particular they are both stable under the
Cartan involutions defined by K and K'. Let W := Ng)(T)/T(C) =
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Ne(0)(T")/T(C), W, := Nega(T)/T(R) = Nic(T)/(T(R) N K) and W, :=
Ne@ (T)/T'(R) = Ng/(T") /(T'(R) N K'). Then W, is a normal subgroup
of W/, which is a subgroup of W. If we fix a Borel subgroup B’ of G- con-
taining T{ then essentially discrete series (g', K”)-modules are parametrized
by infinitesimal character, central character (with a compatibility condition;
these two parameters correspond to the Langlands parameter) and an el-
ement of W/\W, which can be read on Harish-Chandra’s formula for the
restriction of the trace character to T'(R). (The essential points in Lang-
lands’ argument to classify essentially discrete series are the fact that the
obviously injective map W!/W, — @ is also surjective, which simply follows
from the fact that maximal tori in K are all conjugated under K°, and the
well-known fact that G(R) is connected if G is semisimple and simply con-
nected.) From this description it is easy to observe that fixing B’ as above
and given an essentially discrete Langlands parameter ¢’ : Wi — YG’, the
restriction of the (g', K’)-module corresponding to the coset W/w' € W \W
to (g, K) is the direct sum of the essentially discrete modules corresponding
to the Langlands parameter ¢ : W — “G, obtained by composing ¢’ with
LG — LG, and all |W!/W,| cosets W.w € W, \W mapping to W w'.

The case of essentially tempered modules follows, using the following classifi-
cation results. Let 7' be an essentially tempered irreducible (g’, K’)-module.
Up to twisting by a character of G'(R) we may assume that its central char-
acter is unitary. By | | (see also | , Lemma 4.10] or | , Propo-
sition 5.2.5]) there exists a parabolic subgroup P’ of G’ such that, letting M’
be the unique Levi factor which is stable under the Cartan involution corre-
sponding to K’ and denoting K}, = K’ N M/(R), there exists an irreducible
essentially discrete series (m', K}, )-module with unitary central character
o’ such that 7/ embeds in the parabolically induced (g, K’)-module Ind$, o’
(which is semisimple by unitarity, and known to have finite length). Let P
(resp. M) be the preimage of P’ (resp. M') in G and Ky = KNM(R). From
the previous case we know that the restriction of ¢’ to (m’, K} ) is isomorphic

to the direct sum of irreducible non-isomorphic (m, Kyg)-modules o4, ..., 0.
Thus the restriction of Ind$ o’ to (g, K) is isomorphic to @, IndSe;. As
observed in | | it is implicit in Harish-Chandra’s work that for j # i,

Indg o; and Indg o; have no constituent in common. More precisely, if they
had a consitutent in common then any isomorphism between the two con-
stituents would extend to an isomorphism between the associated irreducible
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unitary representations of G(R), which are constituents of the L? induced
unitary representations IndS; and Ind§a;, where &; is the irreducible uni-
tary representation of M(R) obtained by completing o; for the essentially
unique Hermitian inner product making it unitary. But the Plancherel for-
mula proved in | | allows one to construct, for any irreducible repre-
sentation 0 of K, a bi-K-finite Schwartz function on G(R) acting by 0 on
IndS4; and as the projector on the d-isotypic component on IndgaAj (using
Corollary 26.1 and Lemma 26.1 loc. cit., the argument being similar to the
one in §37 loc. cit.). Finally, thanks to | | we know that each IndSo; is
multiplicity-free, and so the restriction of

Finally the case of arbitrary irreducible (g’, K’)-modules follows from the
essentially tempered case and Langlands’ classification (Lemmas 3.14 and 4.2
in | |). More precisely, 7’ is the unique irreducible quotient of Indg,,a/
for an irreducible essentially tempered (m’, K} )-module ¢’ whose central
character satisfies a certain positivity condition with respect to P’. By the
previous case we have 0’|y x, >~ @._, 0; With 0; % 0; if i # j, and so we
have an isomorphism (IndS, 0”)|m xy, > @,_, Indgo; (essentially because the
natural map P(R)\G(R) — P/(R)\G'(R) is a homeomorphism) and thus
a surjective morphism @]_, Indgo; — 7|, x. Since the right-hand side is
semisimple, this map factors through the Langlands quotients of all Indg Ois
which are irreducible and non-isomorphic (g, K)-modules. (In fact we see
that 7’|y i is the direct sum of these Langlands quotients since K}, acts
transitively on the set of o;’s.)

. The “only if” condition is obvious.

First assume that G — G’ is surjective. The the map g — ¢’ is also sur-
jective, and K’/C¥k is an open, and thus finite index, subgroup of K’. In
particular if the central character of 7 is trivial on C' then the existence of
7' is easy: at least one irreducible factor of the induction of 7 to a (g’, K')-
module works. Now fix such a (g’, K’)-module 7', and let Q" be the stabilizer
of the isomorphism class of 7 under the action of () (by conjugation). Let
K" be the preimage of Q" in K’. By the previous point we know that the
restriction of 7’ to (g’, K”) is multiplicity-free, and this shows that there is a
unique factor 7" of this restriction whose restriction to (g, K) is isomorphic
to m. We also see that ' is isomorphic to the induction of 7" to a (g’, K’)-
module. If G’ is semisimple and admits discrete series then K’ N Z(G'(R))
is contained in K/Ck and so @ = K'/(K/Ck); if moreover 7 is essentially
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discrete series then we see from the previous point that ()" is trivial and so
7' is unique up to isomorphism. In general (but still assuming that G — G’
is surjective) if 7] is another (g, K’)-module such that 7 occurs in its restric-
tion, then the restriction of 7] to (g’, K”') contains a unique irreducible 7}’ in
which 7" occurs, and by irreducibility of 7 there exists a unique continuous
character x of K”/(K/Cy) such that « is isomorphic to 7" ® x. Let x be
a character of K’ extending x. Such a character exists because K'/(K/Ck)
is a compact abelian group and K”/(K/Ck) is an open subgroup. Then 7]
is isomorphic to 7 ® Y.

Without assuming that G — G’ is surjective, we can apply the above to the
surjective morphism G x Z(G’)? — G’. The details of this reduction are left
to the reader.

3. It only remains to reformulate part of the proof of the first point in terms
of dual groups. Let B be the Borel subgroup of G¢ containing T¢ corre-
sponding to the choice of tv (B has the property that all simple roots of T
in B are non-compact, and is well-defined up to conjugation by K'). Denote
(B,T) (resp. (B',T")) the Borel pair which is part of the pinning used to
form LG (resp. “G’). Using B (and its image in G’) we obtain compatible
identifications 7 ~ T and T’ ~ T'. Up to conjugating by G’ we can assume
that ¢’ is in diagonal and dominant position with respect to the Borel pair
(B',T") in G’. We have a commutative diagram

WAW — ker(H'(R, T) - H'(R,G)) — S}

| | |

WAW — ker(H'(R, T') = H'(R,G)) — S/

where the left horizontal bijections are given by cl(g) — (o — g o (g)) (see
[ , Theorem 2.1]) and the right horizontal maps are obtained by Tate-
Nakayama duality (see | |). The two horizontal compositions define the
maps II(G, ) — S) and TI(G', ¢') — S

[]

Note that the third point could easily be generalized to non-quasisplit groups
using | , §85.4], and one could certainly prove a similar restriction formula
for arbitrary irreducible (g', K’')-modules by following Shelstad’s and Kaletha’s
arguments closely.
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Also observe that the uniqueness property in the second point is particular to
the discrete series: for example the trivial representation of G(R), which is an
Adams-Johnson representations, can be extended into more than one character of
G'(R).

We will nonetheless apply this indirectly to Adams-Johnson representations.
Recall that standard modules form a basis of the Grothendieck group Ky(g, K) of
finite length (g, K')-modules (| , Corollary 5.5.3]). Using this basis one can
project to the subgroup (freely) generated by irreducible (g, K)-modules in the
discrete series. This projection that we denote prpg is also computed by taking
the trace on all pseudo-coefficients for discrete series. The proof of Proposition
3.4.1 immediately implies the following lemma.

Lemma 3.4.2. Let G — G’ be a morphism between connected reductive groups
over R as in Proposition 3.4.1 (i.e. an isogeny). Then restriction of (¢, K')-
modules to (g, K) intertwines the maps prpg for G and G'.

Lemma 3.4.3. If G = Sp,,, (resp. SOu,), 7 € IC(G) and U7 (G) # O, then
T belongs to ZC(Gaa), i.e. it is C-algebraic for Guq. Concretely, using notation as
in Definition 3.1.2, this means that writing T as the class of wy > --- > w, >0
(resp. (wy > -+ > wy, > 0)), the integer S0 w; —n(n+1)/2 (resp. 0" wi—n)
s even.

Proof. See | , Remark 4.1.6] and | , Proposition 1.8| (and its proof p. 42
loc. cit.). O

Proposition-Definition 3.4.4. Let n > 1, G = Sp,,, or SOy, 7 € ZC(G). Let
€ UET(G). Let My be the simply connected cover of M.

disc

1. Let ¢, : My — G be as in Definition 3.1.6. There exists a unique @bﬂsc :
Myse = Gge lifting .. Thus, like 1., the lift .4 is well-defined up to
conjugation by G.

2. For 1o as in Definition 3.1.6, there exists Yoo sc : Wr X SLy — My s lift-
ing Voo, unique up to multiplication by an element of Z'(Wg, ker(My s —
My)).

3. The centralizer C’MSCO%O’SC of Qﬂmc 0 Yoo sc N CA-}SC 1s abelian and stays un-
changed if we multiply oo s by an element of Z' (Wi, ker(My s« = My)). In
particular the limits (over the choices described above) Cy s :=HmCy__

and Cy s = HMmCy__ are naturally isomorphic to any one of thewr terms,
and Cd,,sc C Cdloo,sc-
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4. The centralizer C;,__ of 1[1773(3 in (A}sc is equal to L/'JT,SC(Z(MQ#VSC)). For this
reason we often simply denote it Cy . In particular the (obviously injective)
map Cysc/Z(Gse) = Sy is surjective.

Proof. 1. This follows from | , Proposition 2.24 (i)].

2. The discussion around Lemma 4.2.2 in | | completely describes Adams-
Johnson parameters for an arbitrary connected semisimple group H over R
admitting discrete series representations. Let (Bg, Tg) be the Borel pair of
H used to define “H. For any C-algebraic regular infinitesimal character,
represented by a strictly dominant (for Bg) 7 € pf + X.(Tg), and any
standard parabolic subgroup Q = LN of H such that the opposite parabolic
is conjugated to Q by an element of H x j and (r,«) = 1 for any simple
root of 7 in the Levi factor £, there exist Adams-Johnson parameters having
this infinitesimal character and associated parabolic subgroup of ﬁ, and the
set of such parameters is a torsor under Z(L£)/{t*|t € Z(L)}. Moreover all
Adams-Johnson parameters for H are obtained in this way. Thus an Adams-
Johnson parameter admits a lift along the dual of a central isogeny H — H’
if and only if we have 7 — pZ belongs to the finite index subgroup X.(7g;)
of X,(7g). The statement thus follows from Lemma 3.4.3.

3. This follows from a general property of Adams-Johnson parameters: their
centralizer is contained in the 2-torsion of a maximal torus.

4. The centralizer C;, _ in ésc is obviously contained in the preimage of the

centralizer ), in G, so this follows from the equality . (Z (My)) = Cy,
(see Definition 3.1.6).
[

Proposition 3.4.5. Let n > 1, G = Sp,,, or SOy, and 7 € ZC(G,q). Let §' €
I(Gaar, ;) and let fo be a pseudo-coefficient for &'. Let T[], f, € H{"(Gaa)c,
and f = foo 11, fp- Then we have

[gsﬁﬂ-(f) = Z Elﬁ(sw)(_l)Q(Lz’T) H SatGad,Zp (fp) (C;LSC(G? ¢7 5/))

PYeW T (G) P
<'»5/>|Sw:€w

where Ly, is the quasi-split twisted Levi subgroup of G associated to the Adams-

Johnson parameter i, o s, and ¢ sc(Gy 1, 0") is a uniquely determined semisim-

ple conjugacy class in asc((C) lifting the semisimple conjugacy class V. (c,(¥)) in
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G(C). (Note that the condition on (-,0")]s, in the sum makes sense thanks to 4.
in Proposition-Definition 3.4.4.)

Proof. Fix a maximal compact subgroup K, of G(R) and denote K. the corre-
sponding maximal compact subgroup of G,q(R). The pseudo-coefficient f., selects
(g, K., )-modules having infinitesimal character 7. Arthur’s multiplicity formula for
G in level one and infinitesimal character 7 (as refined in Corollary 3.3.6 in case
G = S0y,,) reads

AGQN\GA)/GD).~ B D ey (Waw)))

we\’i}unr,?(G) Wooex(w)

disc

where X (1) is the subset of I, (Gg) consisting of those 7o, such that (-, 7)|s, =
€. Reformulating | , Prop. 4.4], and using Remark 3.2.1, we obtain that for

any 1) € ‘Ilgif(G) there are uniquely determined objects as follows:

1. aset X'(¢) of unitary irreducible admissible (g, K. )-modules and a surjec-
tive map X (¢) — X'(¢) such that for any 7’ € X'(¢),

, ~Y
Tool(a,K0) = Toos
Too €X ()

oo »—)71"00

2. for each 7, € X'(¢), semi-simple conjugacy classes ¢, (G, 9, 7,) in G
lifting 97 (c, (1)),

such that

A*(Gaa(Q\Gua(8)/Gaa(2)), = €D D @ xs (ul G, 7)),p) -
®)

YEVIIT(G) Too € X

disc

We now compare prpg on X () and X'(1). Let . : Wep — G be a discrete
Langlands parameter having infinitesimal character 7 and aligned (see Proposition
3.3.2) with sz 0 . Since 7 € ZC(G,q) there is a unique lift ¢/ @ Wr — (A}SC.
Recall from Proposition 3.3.2 that the Adams-Johnson packet attached to 1), 0 1)
occasions a partition of II(Gg, ¢,):

H(GR;SOT) = |_| Y(wﬂ' 01/10077700)

Too enal (GRJLT Owoo)
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such that whenever § € Y (1, 0 1), Too) we have (-,6) = (-, Too)ls, ., » and for

any 7 € 1M (Gp, 1), 0 1)) we have, in the Grothendieck group Ko(g, Koo),

Pips(oc) = {50, T (1105 37§ (3:41)

SEY (1r0thos, o)

In particular the supports of prpg(mas) (as Teo varies in I (Gg, ¥, 0 b)) are
disjoint, and the sign in (3.4.1) is the same for all elements of X (¢/). By Proposition
3.4.1 (uniqueness in 2.), Lemma 3.4.2 and Remark 3.2.1 this implies that the
supports of prpg(7.,), as m. varies in X'(¢'), are also disjoint so that we have a
partition of a subset of II(Gaar, ¢} ):

|| Y'(@,7L) C(Guag, &),
T €X' (1)

determined by

B exo> P b o

8eY’(Y,rl.) Too €X (V) 6€Y (¢hr 000, Moo
oo T
Since
|| Y0t o) = {6 € TG, 07) | (-, 0) s, = €0}
Moo €X (1)

we also have, by 3. in Proposition 3.4.1,

|_| Y( 77T/oo) = {5, S H(Gad,R7gpg—) ‘ |Sz/; Gw}

Tho €X' ()

By (3.4.1) and the definition of X (¢), for any 7, € X'()) we have

Prps () = €(sy) (1)1 3

§'eY(Y,mic)

We conclude by letting ¢, . (G, v,0") = ¢, (G, 9, 7,) for &' € Y'(¢, 7). O

psc(

We now show that these lifted Satake parameters cp

SC(G7 ¢7 500) do not depend
on T, and are compatible with endoscopy.

Lemma 3.4.6. Let G be a group isomorphic to a product of copies of Spy,, s and
SOy, ’s. Let G be a quotient of Gq by a (finite) central subgroup. The natural map
from everywhere unramified elliptic endoscopic data for G to everywhere unrami-
fied elliptic endoscopic data for G is surjective, and induces a bijection between
sets of isomorphism classes. Moreover when ¢ maps to eq we have t(e) = t(eq).
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Proof. We have seen in Section 3.2 that everywhere unramified elliptic endoscoplc
data for G arise from certain elements s € G such that s2 maps to 1 € Gd With
this description surjectivity and bijectivity are clear.

Now assume that ¢ maps to e,. Recall that for an endoscopic datum e =
(H,H,s,&) for G we have t(¢) = 7(G)7(H)"!{Out(e)|. Since G is split we have
7(G) = |7T0(Z(a))|, and similarly for H, so 7(G)7(H) ! is equal to the correspond-
ing quotient for ¢. The natural morphism Out(e) — Out(eq) is an isomorphism
(this is a general fact which does not use the fact that our groups are split or that
the endoscopic data are everywhere unramified). n

We can now state and prove the main result of this section, which is a stable
analogue of | , Proposition 4.4].

Proposition 3.4.7. There is a unique family (cpsc(¢))pp, for p a prime number
and 1 € VT (G) for some G = SQy,, or Spy,, T € ZC(G), such that:

disc,ne

1. cpsc(v) is a semisimple conjugacy class in My s.(C) lifting ¢, ().

2. For an endoscopic parameter ¢ = @;1; define cpec(V) = (cpsc(¥i))i, a
semisimple conjugacy class in My (C). Let G be a product of groups
Spy,’s and SOy,’s, and G’ a quotient of by a central subgroup. Then
for any 7 € ZC(G'), the following expansion for the linear form Sdlsc on
PC(Gy, ) @ Hy™(G)c holds: if fw is a pseudo-coefficient for some dis-
crete series representations of G'(R) with infinitesimal character T, and

Hp fp € H}"(G')e, we have

st Iln= 3 Ew(swfgw‘ HSatG' () rsclac 06))

we‘iju'nr,r(G)

disc

(3.4.2)

Proof. The proof is similar to that of Proposition 3.3.4, only slightly more compli-
cated. We show by induction on N > 0 that there is a unique family (¢, sc(¢))ypp
for ¢ € \ilg?srcze(G) for some G of dimension < NN, such that (3.4.2) is satisfied for
G of a product of groups of dimension < N.

The case N = 0 is obvious. Assume that the induction hypothesis is satisfied
for some N > 0. Let G = SOy, or Sp,, be of dimension N + 1. By Proposition
3.4.5 and a calculation using the stabilization of the trace formula (Theorem 3.2.2)
similar to (3.3.1) in Proposition 3.3.4 (i.e. essentially a special case of Kottwitz’

stabilization of the spectral side of the trace formula; the calculation really is
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almost identical by Lemma 3.4.6 and the last point of Proposition-Definition 3.4.4),
we have, for any 7 € ZC(G.q), doo a discrete series representation of G,q(R) having
infinitesimal character 7, f,, a pseudo-coefficient for d., and Hp Ir € H;nr(Gad)C7

(_1)q(LT¢,,T)

= Y g

’I,Z)E\Ifunr’T(G)

disc

D " eu(s59) (550, 00) [ [ Satas, (5)(chee( G110, 0c))

S€S¢

— Z Ew(88¢) <SS¢, 500) H Sat(fp)(qvbﬂsc(cp,sc(d})))

SESy, s#1

where ¢ (G, v, 6 ) is defined in Proposition 3.4.5 if (-, 6x)|s, = €y, and for con-

p,SC I
venience we define ¢, . (G, 1, do0) = Vrsc(Cpsc(?0)) otherwise (using the induction

hypothesis). Note thl;t since we are only considering pseudo-coefficients of discrete
series at the real place, we know that the only relevant endoscopic groups (those
for which the transfer of f does not vanish in SI(H)) are everywhere unramified
and have discrete series at the real place (avoiding the analogue of Lemma 3.3.1,
although it does hold true). Note also that these relevant endoscopic groups for
G.q are quotients of products of groups of the form SOy, or Sp,,, which are not
adjoint in general, which is why it is necessary to include arbitrary quotients by
central subgroups in the induction hypothesis.

We know that f — Sg;;T(f) is a stable linear form on PC(Gaqr, 7)@H ™ (Gaa),
and by the same argument as in the proof of Proposition 3.3.4 using Remark 3.2.1
we deduce that the contribution of each v in the summand above is itself stable.
If 4 is not endoscopic, by the same argument as in the proof of Proposition 3.3.4
we see that stability implies that ¢, (G, ), ) does not depend on the choice of
doo in its L-packet, and this defines ¢, (¢0). If ¢ is endoscopic, we also conclude
as in Proposition 3.3.4, using Lemma 3.3.5 in the even orthogonal case and the
analogue in the symplectic case, which is obvious since H'(R, Sp,,,) is trivial. We

obtain that for ¢ € W47  (G), for any 6 such that (-, 0s0)|s, = €y, We have

disc,endo

& se(G, 1, 000) = Urse(Cpse(®)), and (3.4.2) for Gag.

To conclude the proof of Proposition 3.4.7 we now have to check (3.4.2) for G
a product of Sp,,,’s and SOy,’s each of dimension < N + 1 and G’ any quotient
of G by a central subgroup. Since we now have (3.4.2) for G,q and its endoscopic
groups, using one more time the stabilization of the trace formula for G,q4 and
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the analogue of (3.3.1) as above, we obtain a weak Arthur multiplicity formula for
G.a: for any 7 € ZC(G,q) and any f € PC(Gauar,T) ® ’H;nr(Gad) we have

L ()= D eulsp) (1)) ] Sata,us, (o) ($rsc(cpac(®))).

we\ijunr,%(G)

('75m(§i?¢=ﬁw
Another application of | , Proposition 4.4] applied to G’ — G,q, along with
Lemmas 3.4.2 and 3.4.3, shows that a similar weak multiplicity formula holds
with G,q replaced by G’. Finally, (3.4.2) for G’ is a consequence of this weak
multiplicity formula, again by the same argument using the stabilization of the
trace formula for G’ and the analogue of (3.3.1). O

Corollary 3.4.8 (Weak multiplicity formula). Let G* be either Sp,,, or SOy,
and let (G, 2, ¢) be an inner form of G* := G, (see Section 3.2) which is split at
all finite places of Q. Fix a reductive model of G over Z (see | , Proposition
1.1]). LetT € IC(G) := ZC(G*), let 0 be a discrete series representation of G(R)
having infinitesimal character T and fo be a pseudo-coefficient for d.,. Associated
to the localization (Gr,Zg, cr) and 0o is a character (-,0x) of S, (we reviewed
the construction in detail in [ . §4.2.1] and [ , §3.2.1]), which we may
restrict to S ., after aligning the two parameters (see Proposition 3.3.2). Then
for any I, f, € H}"(G)c we have

Igsc,r(foo H fp) = Z Ew(s¢)(_1)4(LZ,7) H Sathp (/) (¢T,SC(CP7SC (¥)))-

we‘ilunr,f(é*)

disc

('7500)|$w =€y

(3.4.3)

Proof. For G = G* this was proved in the proof of Proposition 3.4.7. For arbitrary
G the formula follows from the stable expansion (3.4.2) for all relevant elliptic
endoscopic groups of G and the stabilization of the trace formula for G (Theorem
3.2.3). 0

Example 3.4.9. A special case that will be useful in Section 6 is when G is
the inner form of PGSQyg, which is split at all finite places and anisotropic at
the real place. For example a model of G over Z is then given by PGSO(q)
(defined as in [ , §C.3]) where q is the quadratic form on the even unimodular
lattice Eg"™. For such a group any 7 € ZC(G) determines a unique (and finite-
dimensional!) discrete series representation m., of the compact connected group
G(R), so that in this case (3.4.3) really is a multiplicity formula. Let us make
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explicit the character (-, mo) of S,., omitting the details which may be found in
/ , Example 3.2.3]. We identify G with Sping,, and use notation as in Section
2.2. Up to conjugation by Sping, (C) we may assume ¢.(C*) C Tspin,, (C) and that
@7 is dominant. Then C,_ is the group of (z1,...,%n, ) € Tsping, (C) satisfying
z € {#1} and [[ 2 = 1 (i.e. s € {*1} as well). The character (-, 7s) of Cy,
08 (21,0 Z4n, S) F> 2123« -« Z4n—1-

Proposition 3.4.10. Let G = Sp,,, (resp. SOy, ) forn > 1, and let 6 = n(n+1)/2
(resp. n). Then for any 7 € ZC(G) and any ¢ € Vi (G) there exists a finite
extension E of Q in C such that for any prime p, the semisimple conjugacy class

P20 se(Cpse(¥0)) in GSpiny,, .1 (C) (resp. GSpiny,(C)) is defined over E, i.c. its

trace in any algebraic representation belongs to E.

Proof. First recall that p?/ 2@/}T7sc(cp,sc(¢)) being defined over E is equivalent to the
unramified representation m(1y s (Cpse(1))) of Gaa(Q,) corresponding to 1r s (Cpse (1))
being defined over E: see §2.2, 5.2 and 5.3 of | | (using the central extension
GSp,,, — PGSp,,, resp. GSOy, - PGSOy,). Moreover it is easy to check that
this rationality property is compatible with endoscopy: if ¥ = @;1; and each v,
satisfies the rationality property, then so does v. Without loss of generality, we
may therefore assume that v is non-endoscopic, i.e. 1) € \Ilgiiie((})

It should possible to deduce the rationality property from | , Corollary
2.18|. However this deduction does not seem completely obvious to us, so we may
as well adapt the argument (which goes back to | | and | , §3.5]). Below
we will also sketch an alternative argument using “only” the trace formula.

Let K,q be a maximal compact subgroup of G,4(R), and let V' be the irreducible
algebraic representation of G,q(R) having infinitesimal character —7. Note that
it is defined over Q, i.e. it originates from an algebraic representation of G,q4. By
| , Lemma 2.2.] summing (3.4.3) over all discrete series representations 0
having infinitesimal character 7 gives

2q(Gr)

(_1)Q(GR) Z (_1)itr (H £

=0

Jig (g, Koty A(Gaa(Q)\Gaa(A) /Gaa(Z)) @ V))

(3.4.4)
= ) Nuew(sy) (1)1 T Sata,, (fo) (Vrsc(cpse(®))

,(pE\I"junr,T (G)

disc

where N, is the number of discrete series representations d., of G,q4(R) in the
L-packet corresponding to 7 which satisfy (-, dx)|s, = €. For a non-endoscopic ¢
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we have §; = 1 and so N, is positive. Using Remark 3.2.1 this implies that the
unramified representation of G,q(Af) corresponding to (¢, s(¢psc(?))), occurs in

limg H (g, Ko, A2(Gaa(Q)\Gua(8)/K ) © V)

for some i, where the limit is over compact open subgroups of G,q(A;) '°. The
weighted cohomology groups of | | for the group G,q, neat level Ky, coef-
ficient system corresponding to V' and the upper middle weight profile are vector
spaces over Q with a Hecke algebra action, which by | , Corollary B| give a
rational structure to these (g, Kaq)-cohomology groups. This concludes the proof
of the proposition.

Alternatively to prove the proposition one could use Arthur’s L? Lefschetz trace
formula | |, which provides another expansion for (3.4.4). Let us sketch
the argument. First one checks that the geometric side of this trace formula is
rational if the Hecke operators take only rational values, i.e. if we have Hp fp €
H™(Gaa). Choosing a rational Haar measure on G,a(Ay), i.e. one giving rational
measure to any compact open subgroup, it is easy to see that that orbital integrals
of rational Hecke operators at semisimple elements are rational: it follows from
Harish-Chandra’s lemma recalled in | , §3.1.2] that these orbital integrals are
rational linear combinations of values of the Hecke operator under consideration.
Using the formula for Tamagawa numbers, a comparison of Haar measures | ,
Theorem 9.9] and rationality of the L-function of the motive that Gross associated
to Gaq (Proposition 9.5 loc. cit.), one gets that the elliptic terms of the geometric
side are rational. The rationality of the other (“parabolic”) terms on the geometric
side is proved similarly, starting from the expression | , (3.3.1)] and using
a formula for ®y; given on p.300 loc. cit., noting that the potentially irrational
factor 5}3/ ? is compensated by a similar factor in the normalized constant term of
the Hecke operator. To conclude the proof of the proposition, apply Lemma 3.4.11
below to the virtual representation of H}"(Gaa)c appearing in (3.4.4). O

Lemma 3.4.11. Let A be a unital associative algebra over Q, and let Y., Ni[Vi, pi
be an element of the Grothendieck group of finite-dimensional representations of
Cwq A, where I is finite, \; € Z~{0} and p; : C®5 A — Endc(Vi) are irreducible
finite-dimensional pairwise non-isomorphic representations. Assume that for any
a € A we have Y .. Nitrpi(a) € Q. Then for any i € I there ewists a finite
extension E;/Q in C and a representation W; of E;®@q A such that V; is isomorphic
to C ®Ei m

0We could consider only level Gad(i) but that would require dealing with orbifolds . ..
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Proof. By the Artin-Wedderburn theorem the map C ®g A — [[;.; Endc(V;) is
surjective and so M;cy ker p; is equal to

{a€C®@A

Vbe CogA, Y Aitrpab) = o}.

el

This equality and the assumption imply that we have N;cs ker p; = C ®q J where
J is the ideal of A defined by

J:{aeA

We may replace A by A/J, which has finite dimension over Q. The Jacobson

Vb e A, Zkitrpi(ab) = 0} :

iel

radical R of A is a nilpotent ideal, so C®q R is a nilpotent ideal of the semi-simple
algebra C ®g A, and so we have R = 0, i.e. A is semi-simple and applying the
Artin-Wedderburn theorem again, we have A ~ [], . M, (D) where K is finite
and Dy, is a finite-dimensional division algebra over Q. If £/Q is a finite extension
of Q in C splitting all the Dy’s then it is clear that any irreducible representation
of C ®qg A is defined over E. O

3.5 Non-semisimple groups

In this paper we will be mainly interested in GSp,, and its endoscopic groups.
We now justify that we can reduce to their (semisimple) quotients by GL;. For
a connected reductive group G over Q which is not semisimple (i.e. such that the
connected center Z of G is a non-trivial torus), to formulate the trace formula and
its stabilization for G it is convenient to fix a closed subgroup Z of Z(A) such that
ZZ(Q) is a closed subgroup of Z(A) and ZZ(Q)\Z(A) is compact. We shall only
need two cases: Z = Ag(R)" or Z = Z(A). Tt is also necessary to fix a unitary
character y of Z which is trivial on Z N Z(Q). Since G(A) = Ag(R)? x G(A)?
where

G(A) = {g € G(A)VS : G = GLy, |6(g)| = 1}

we can reduce by twisting to the case where x|ag @) = 1. Fix a maximal compact
subgroup K, of G(R). The volume of ZG(Q)\G(A) is finite and we can consider
the space of y-equivariant automorphic forms on G(Q)\G(A) which are square-
integrable modulo Z, denoted A?(G, Z, x), and for T a semisimple conjugacy class
in g we can consider the eigenspace A?*(G, Z, x), for the character of the center of
the enveloping algebra of g = C® Lie G(R) corresponding to 7. When Z intersects
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Z(R) non-trivially there is an obvious necessary condition relating x and 7 for this
subspace to be non-zero. There is a decomposition

AQ(G, Z,X)r == @ L Em()

7Tel—[disc (G727X)

where Ilgi.(G, Z, x,T) is a countable set of isomorphism classes of irreducible
admissible unitarizable (g, Ko) X G(Ay)-modules 7 = 7o ® 7y such that the
restriction to Z of the central character of 7 is y and 7., has infinitesimal character
7, and m(m) € Z>y. Only finitely many elements of I145.(G, Z, x, 7) have non-zero
invariants under any given open subgroup of G(Af). The contribution of the
X(f(g)dg) of the spectral side of
the trace formula for (G, Z, x) and fixed infinitesimal character 7 is then

> m(m)trr(f(g)dg)

mEllgisc (G7Z7X7T)

discrete spectrum to the discrete (sic) part 1§ dlSCT

which clearly factors through f(g)dg — fzx( )dg where dg is the quotient Haar
measure dg/dz on G(A)/Z and fz,(g9) = [, x(2)f(z9)dz is x '-equivariant,
smooth and compactly supported modulo Z and bi- K -finite. Denoting H(G, Z, )
the space of y ~!-equivariant, smooth, compactly supported modulo Z and bi-K .-
finite distributions on G(A), the map H(G) — H(G, Z,x), f(g9)dg — fz,(3)dg
is easily seen to be surjective. Denote I(G, Z, x) and SI(G, Z, x) the quotients of
Hecal(G, Z, x) obtained by considering orbital integrals and stable orbital integrals
at regular semisimple elements. We do not recall the other contributions to the
discrete part of the trace formula, since they do not play any role in the present
article (as recalled in the “proof” of Theorem 3.2.2 these other contributions vanish
if 7 is regular).

One can easily compare the linear forms [ (fs’c ’TX for varying Z. For the two cases
in which we are interested (Z = Ag(R)" or Z(A)) we have

1§ Re Z YA (F(g)dg) (3.5.1)

where the sum is over all characters x’ extending y. For a given level (i.e. compact
open subgroup Ky of G(A;) under which f is bi-invariant) only finitely many x’
may have a non-zero contribution on the right-hand side of (3.5.1). The special case
which is relevant for this paper is for G a reductive group over Z (this implies Z =
Ag) and level G(z), then there is at most one y’ such that the corresponding term
in (3.5.1) may be non-zero, since Ag(A) = Ag(R)’Ag(Q)Ag(Z). In particular
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if x = 1 then only Y’ = 1 may have a non-vanishing contribution. Moreover for
any R € {Q,Q,,Z,, A} the morphism G(R) — (G/Ag)(R) is surjective and it is
easy to check that

G,Acg(A), G/A
disc,TG( : 1(f) = Idis/c,TG (fAG(A):l)'

Note that this reduction is compatible with the Satake isomorphism: the integra-
tionmap i : H'"(Gz,) = H"™ ((G/Ag)z,) is surjective and satisfies Sat(g/aq),, (¢(f))(c) =
Satg, (f)(¢(c)) where ¢ is the natural map L(G/Ag) — LG (or rather the induced

—

injection from G/Ag-conjugacy classes to a—conjugacy classes).

A similar reduction to semisimple groups holds for the stabilization of the trace
formula, replacing Igisc » by Sdisc,r above. The proof is an obvious induction using
the fact that Ag = Ag if H is an elliptic endoscopic group of G.

4 Intersection cohomology of A*

In this section we first recall definitions from | |: Siegel modular varieties
A, x, automorphic f-adic étale sheaves FX(V), Hecke correspondences, arith-
metic minimal compactifications A, x < A} , intermediate extensions IC* (V) of
FE(V) (over F, for p # ¢, the case considered in | |, or @) and the canonical
extension of Hecke correspondences. We check that the specialization isomorphism
between cohomology groups over F, and Q provided by | | (see also | ]
and [L.5]) is compatible with Hecke operators. We will use general facts about
cohomological correspondences gathered in Appendix A.

We then recall the main result from | |, that is the computation of the
“intersection cohomology groups” H*((A, x)f,, ICK(V)), for K an open compact
subgroup of GSp,,(Af) of the form K? x GSp,,(Z,), as a Hecke and Galois
module, in terms of the stabilization of the trace formula for certain elliptic en-
doscopic groups of GSp,,,. Combined with results of the previous section, in
the case K = GSan(i) we obtain an endoscopic formula for these modules in
terms of Arthur’s substitute parameters for Sp,, and the lifted Satake parame-
ters of Proposition 3.4.7 (an unconditional reformulation of Kottwitz’ conjecture
in [1<0(00]).

We conclude this section with Corollary 4.8.18, essentially saying that the Ga-
lois modules considered above have crystalline semisimplification, which will be
used in Galois representation-theoretic arguments in the next section. To this end
we prove Corollary 4.8.16 relating intersection and compactly supported cohomol-
ogy. This relation will be further simplified (in both directions) in Sections 8.2
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and 8.3.

4.1 Siegel modular varieties

First we recall definitions from | |. Fix an integer n > 0 and a free Z-module
A of rank 2n endowed with a non-degenerate (over Z) alternate bilinear form (-, -).
Let G be the associated general symplectic group (see Section 2.2), a reductive
group over Z.

For M > 3 and integer we consider the functor A, p; from the category of
schemes over Z[1/M] to the category of sets defined as follows: A, 5/(.5) is the set
of isomorphism classes of quadruples (A, A\, 7, c) where A is an abelian scheme of
constant dimension n, A is a principal polarization of A, n: A/M As ~ A[M] is an
isomorphism of finite étale commutative group schemes and ¢ : Z/M ZS >~ [in,S
are such that the following diagram commutes:

AMA x AJMA, — s 7/M7,

l”x” l (4.1.1)

A[M] x A[M] > fiars

where the bottom horizontal map is the Weil pairing induced by A. If n > 0
then c is determined by 7 and is thus redundant. This functor is representable
by a smooth quasi-projective scheme over Z[1/M] (see | I, | , Corollary
1.4.1.12|) which we still denote \A,, 5;. There is a natural free action of G(Z/MZ) on
the right of A,, ys, by precomposition of . For M’ > M divisible by M the forgetful
functor A, vy — Apar Xzpya Z[1/M'] is finite étale, Galois with Galois group
naturally identified to K'(M)/K(M') where K(M) := ker G(Z) — G(Z/MZ).
More generally, if K is an open compact subgroup of G(Ay), there is a finite
set of primes S such that K = Ks[],,4G(Z,), one can consider an analogous
moduli problem (as a category fibered in groupoids over the category of schemes
over Z[1/M], where M = [] ¢ p), which is a smooth Deligne-Mumford stack over
Z[1/M] (see | , Theorem 1.4.1.11]). If K is neat (in the sense of | , 80]),
as is the case if K = K(M) with M > 3, then A, x (here we suppress S from the
notation) is a quasi-projective scheme over Z[1/M] (see | , Corollary 7.2.3.10|,
as well as | , 85]). The action of G(Z/MZ) on A, »r and the forgetful functor
considered above also generalize, as follows. Suppose that K’, K are open compact
subgroups of G(Ay), choose S as above suitable for both K and K’ and suppose
that g € [[,c G(Qp) x [[,z5 G(Zp) is such that K’ C gKg~'. Then there is
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a finite étale morphism Trr gk : Apx — Anx of constant degree [gKg /K|,
which only depends on g via K'gK (see | , 811, | , §6]; note that the
construction of Tk 4 i is more natural once the moduli problem is reformulated in
a more flexible manner using quasi-isogenies: see | , §1.3.8 and §1.4.3]). If K’
is normal in K then Tk k is a Galois cover which realizes A, x as the quotient
of A, ik by K/K'. We have Tk ; x 0 Trr p i = Tkn pg x When this makes sense.

In the present paper we are particularly interested in the “level one” Siegel
modular variety A, := An,G(Z)v a smooth Deligne-Mumford stack over Z. There
is no need to rely on the general theory of stacks however, since everything can
be formulated using G(Z/MZ)-equivariant objects on A, 5s, varying M in a finite
set so that Spec Z[1/M] cover Spec Z.

For the purpose of introducing the cocharacter u below, let us recall the usual
description of the orbifold A, x(C) as a double quotient. For simplicity we only re-
call the case of a principal level structure K (M). It is well-known that a principally
polarized abelian variety (A, A) over C is canonically determined by

e Lie A, a vector space over C of dimension n,
e I':= Hi(A(C),Z), a lattice in Lie A such that A(C) ~ Lie A/T", and

e B:I'xT — Z(1) := 2y/=17Z = ker(exp) an alternating perfect pairing
(coming from the polarization \) such that the pairing (v, w) — v/—1B(v, v/—1w)
on the real vector space I'g = Lie A is symmetric positive definite (this con-
dition does not depend on the choice of /—1).

There exists 79 : A ~ T" and ¢ : Z ~ Z(1) making the following diagram commute.

<'v'>

AXxA > 7.
lﬂoXTio co (4.1.2)
Ixl —2% 5 7(1)

Clearly (1o, co) is unique up to the action of G(Z) (by precomposition on 7y and
multiplication by the similitude factor on ¢;), and ¢y is determined by ny if n > 0.
Transporting the complex structure on Lie A = ' via 1y we get an R-algebra mor-
phism A : C — End(Ag) such that for 2 € C* we have h(z) := (h(z2), |z]?) € G(R).
It turns out that A is induced by a (unique) algebraic morphism Resc/r(GL1c) —
Gg that we abusively still denote h. The G(R)-conjugacy class of h does not de-
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pend on (A, A). Denote X the set of G(R)-conjugates of h, a hermitian symmetric
space with two connected components .

We now give a direct (without referring to abelian varieties) construction of
an element hy € X. Choose (J,1) € G(R) such that J? = —1 and the symmetric
bilinear form (v, w) — (v, Jw) on Ag is either positive definite or negative definite.
Choose i € C such that 1> = —1, thereby giving Ag a complex structure: i acts
by J. Define ho(z) € G(R) to be (multiplication by z, |2|?). The complex vector
space Ag is equipped with a hermitian form H : (v,w) — (v, Jw) — i{v,w)
which is either positive definite or negative definite. Choose a decomposition of
the Hermitian space (Ag, H) as a direct orthogonal sum of n lines (L;)i<j<n. The
common stabilizer T in Gpg of these lines is a maximal torus of Ggr which is
anisotropic modulo center. Explicitly,

TR) = {t=((t1,....tn),5) € (C)"xR* | [t1]* =+ =|tu[* =5} (4.1.3)

where ¢ stabilizes L; and acts on it by multiplication by ¢;. Then hq factors through
T and in these coordinates ho(z) = ((2,...,2),|z|?). It is easy to check that hg
belongs to X, for example using a principally polarized abelian variety which is
a product of elliptic curves. Let B be a Borel subgroup of GSp,, ¢ containing
T¢ such that (B, T) corresponds to the generic discrete series representations of
G(R) 2. We now compute pyp, with respect to such a Borel pair, as this will be
useful in Section 4.7. Recall that B is unique up to conjugation by the normalizer
of T in G(R). By | , p. 315] one can choose B such that the corresponding
simple roots are the following characters of T, as characterized by their value on
T(R):

ety )T, teTafts, oo, e 2t 1)/ (), Ee (6 /5) D
where ¢ denotes complex conjugation. There exists g € G(C) conjugating (T¢, B)
into (Tgsp,, ¢, Basp,,,c). Via conjugation by g, the above set of roots corresponds
toaq, ..., ay, in this order. Therefore, in the parametrization of Tgsp,  introduced
in Section 2.2, the element gtg~' of Tasp, (C) is (i 5%, ., ¢"(t,) ", s). In
particular the cocharacter Ad(g) o s, : GLi,c — Tasp,, c is characterized by the
relations

{fihy, i) = (—1)" ' for 1 < i < n and (up,,v) = 1.

1One can identify each component with the usual Siegel upper-half space.
12We recalled Harish-Chandra’s parametrization of discrete series representations in | ,
§4.2.1].
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If we see pp, as a character of Tgspin,, i with the parametrization of Tgspin,, "
introduced in Section 2.2, it is thus equal to
(215 -y Zny Sy A) —> SA H z L (4.1.4)
i even
Returning to moduli problems, if  : A/MA ~ A[M| = M~'T/T is a level struc-
ture for the principally polarized abelian variety (A, A), there exists g € G(Z/MZ)
such that n = (g mod M) o g. This gives an identification

A, (C) = G(Z)\ (X x G(Z/MZ)) .

Using G(Z/MZ) ~ G(Z)/K(M), G(Z) = G(Q)NG(Z) and G(A;) = G(Q)G(Z)
(which follows from the analogous equality for GL; and strong approximation for
Gaer), we finally have the identification A, »(C) ~ G(Q)\(X x G(Ay)/K(M)).
This reformulation amounts to considering more generally 7y : Ag >~ I'p and ¢y :
Q ~ Q(1), and as above it is better suited to generalization to arbitrary (possibly
non-principal) level structures: we have identifications A, x(C) ~ G(Q)\(X x
G(Ay)/K), and it is easy to check that via these identifications the map induced
by Tk 4k on complex points is simply right multiplication by g.

4.2 Automorphic local systems

Let S be a finite set of prime numbers, K = Kg x Hpgs G(Z,) a compact open
subgroup of G(A;) and as in the previous section denote M = [ s p. Denote pr, :
G(Af) - G(Qy) the projection map. Recall from | , §2.1] (a construction
going back at least to | , §3]) that there is a natural functor V ~» FX(V)
from the category of finite-dimensional algebraic representations of G(Qy) to the
category of (-adic local systems on A, x Xz Z[1/¢]. In fact it is first defined on
finitely generated Z,-modules endowed with a continuous action of pr,(K). The
local systems FX(V) are of geometric origin, for example for Vgiq the standard
representation of Gg, one can check that F¥ (Vi) is isomorphic to the relative
(-adic Tate module of the universal abelian variety = : A™Y — A, g, and so
FE(Vgq) = R'm.Q, More generally, for V' an irreducible representation with
highest weight (A, ..., A\,, m) (for the parametrization introduced in Section 2.2),
a shift of the local system FX(V) can be cut out inside R(7**),Qq(m) using
algebraic correspondences, where s = A\j +- -+ X, and 77 : A™V x4 X
A A e (see | , p- 235]). A bit more precisely FX(V) is a summand of

1 n—1 n Bhn
Sym)\1—>\2 </\ R%&@) K- - .®Sym>‘"*1_>‘” (/\ Rlﬂ'*@> & (/\ Rlﬂ'*@> (m)
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In particular (see | , Lemma 5.6.6]) if an algebraic representation V of G,
has a central character (e.g. if V' is irreducible), say z — 27" then for any prime p
not dividing MY, the local system F* (V') over (A, k)r, is pure of weight w (equal
to >, Ai —2m for V as above).

Over C, for V' an algebraic representation of Gg we have a (topological) local
system

G(Q\ (V x X x G(Ay)/K) = GQ\ (X x G(Ay)/K) ~ Ay k(C).

If [ is a Z-lattice in Ay ®g V which is stable under K, then L is determined by
the Z-lattice L = V N L in V. Similarly for h € G(A;) consider hL := V N hL.
There is a local system in finite free Z-modules

G(Q)\ || hLxXxG(A)/K

heG(A;)/K

over A, x(C), and extending scalars from Z to Z/("Z, algebraising using | ,
Exposé XI Théoréme 4.4|, considering the projective system as N varies and in-
verting ¢, one recovers F=(Vg,).

4.3 Hecke correspondences

We recall the definition of Hecke correspondences on the local systems FX(V),
which induce a Hecke action on ordinary and compactly supported cohomology. In
the next section these correspondences will be extended to intermediate extensions
to the minimal compactification of A,  (over a field), and for this purpose we
introduce a formalism of Hecke operators. To simplify the formulation of ulterior
statements it is also convenient to recall the relation with smooth representations
(Proposition 4.3.2 below).

Definition 4.3.1. Let B be a preadditive category. Let G be a locally profinite

'3 set of compact open subgroups of G, stable under

group. Let C' be a coinitia
conjugation by elements of G and under finite intersections. Let Hecke(G,C, B)
be the category of families (Vi)kec of objects of B endowed with morphisms
Ky, 9, K1, K'] : Vi, = Vi, defined for Ki, Ky, K' € C and g € G such that

K' C gK197' N Ky, satisfying the following conditions

13This means that for any compact open subgroup K of G there exists K’ € C which is
contained in K.
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1. For K\,K>,K' € C and g such that K' C gKig7' N Ky, for any hy € K,
and hy € Ky, we have [Ky, hoghy, K1, ho K'h5 '] = [Ky, g, K1, K'].

2. For any K € C we have [K,1, K, K] = idy,.

3. For K|, Ky, K', K" € C and g € G such that K" Cc K' C gK,g7' N Ky we
have
[KQaga KlaK”] = |K//K”| X [KQaga KlaK,]‘

4. For K|, Ky, K5, K'. K" € C and g,9, € G such that K' C g K 97" N Ky
and K" C g2 K29, N K3 we have

(K3, g2, Ko, K"] 0 [Ky, g1, K1, K'] = Z [K3, hgr, K1, K" N REK'h™Y.
[heK"\g2 K2/ K’

(The right-hand side is well defined thanks to the first axiom.)

A morphism from (Vi )kec to (Vi )kec s a family of morphisms Vi — Vi (in B)
intertwining the [Ko, g, Ky, K'|’s. If F is a field we simply denote Hecke(G, C, F')
for Hecke(G, C, B) where B is the category of vector spaces over F.

The third property implies that we could equivalently only specify [Ks, g, K1, K]
when K’ = gK,g7! N K5, but this would make the last expression less natural.

Proposition 4.3.2. Assume that F is a field of characteristic zero. Let G and C' be
as in Definition 4.3.1. Let Repg, (G, F) be the category of smooth representations
of G with coefficients in F'. The following functors are equivalence of categories
between Hecke(G, C, F') and Repg, (G, F') which are inverse of each other (up to
isomorphism of functors):

1. To a smooth representation V of G over F associate (V) and [Ka, g, K1, K'] =
ZkeKz/K’ kg.

2. To (Vk)k, ([K2, 9, K1, K') K, ky.9x7) € ObHecke(G,C, F) associate V =
ligK Vi for the transition morphisms [K',1, K, K'] : Vi — Vi when K' C
K. The action of G is induced by [gKg™', 9, K, gKg™'] : Vik = Vg g-1.

Proof. We omit the straightforward verification that the first functor is well-
defined.

Let us check that the second functor is well-defined. For K7, Ko € Cand g € G
satisfying Ky C gK19~' we may consider (K3, g, K1, Ks] : Vi, — Vg,. Using the

63



fourth axiom in Definition 4.3.1 we see that this subset of operators is compatible
with composition: for K, Ky, K3 € C and g1, g» € G satisfying Ky C g1 K,g; * and
K3 C g2K»g," we have

(K3, g2, Ko, K3] 0 [Ka, g1, K1, K3] = [K3, 9291, K1, K3).

It follows that each g € G defines an operator on V := hglK Vi and that the
resulting map G — Endg(V') is multiplicative, and thanks to the second axiom we
have a linear action of G on V. We know from the first axiom that for Ky, Ky € C
satisfying Ko C K; and g € K; we have [Ky, g, K1, Ky] = [Ks, 1, K3, Ks], and so
this action is smooth.

If we start from a smooth representation V' of G then the natural map hg ” VE
V' is an isomorphism of F-vector spaces, and it is tautologically compatible with
the action of G.

The least formal part of the proof is the remaining direction: starting from
an object (Vi) rec, ([Ka, 9, K1, K'|) Ky 9.5, k) of Hecke(G, F'), we want to identify

K

(in a natural way) <hg . VK/> with Vi and check that via these identifications
we have, for all K, K, K' € C and g € G satisfying K’ C Ko N gK,9™ %

[szgaKvi/]: Z kg

keK2/K'

For K and K’ in C satisfying K’ C K we compute

[K.1L,K' K'o[K',1,K, K= Y [KhKK]=[K1KK]=|K/Kdy,
[ReK\K'/K'

using the fourth and third axiom in Definition 4.3.1, and conclude that [K', 1, K, K]
is injective. If moreover K’ is a normal subgroup of K then using the fourth axiom
again we see that [K' 1, K, K'] maps Vi to the subspace of K/K’-invariants in
Vi, and we compute

[K' 1K . K'o[K,1,K' K= Y [K hK K|
heK/K’

from which we deduce that the image of Vi in Vi contains the subspace of K/K'-
invariants in Vx.. For a given K € C, any K’ € C satisfying K’ C K contains
K" € C which is a normal subgroup of K (namely (¢ gK'g™"), and so we
conclude from the above that the natural map Vi — h_n>n K Vi identifies Vi with
the subspace of K-invariants. Finally for K;, Ky, K’ € C and g € G satisfying
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K' C gK,g7' N Ky, letting K" = ﬂ[h]eK2/K, hK'h~1 we have thanks to the fourth
axiom
(K" 1, Ky, K" o [Ky, 9. K1, K' = Y [K" hg, Ky, K").
[heK2/K'
L]

Remark 4.3.3. In order to determine a smooth representation of G over a field of
characteristic zero, it would be enough to only specify embeddings [K', 1, K, K'] for
K' C K as well as actions [gKg™', g, K, gKg™'| satisfying natural relations (left
to the reader). When the spaces Vi come from pro-étale torsors, as in Proposition
4.3.8 below, this can be easier than verifying all axioms in Definition 4.53.1. We
will have to consider situations where it is not so obvious that we have embed-
dings [K', 1, K, K'] and that Vi may be identified with the subspace of K -invariant
vectors, so that the above formalism (or some analogue) is needed.

The formalism in Definition 4.3.1 could also prove useful when dealing with
integral (or positive characteristic) coefficients (not needed in this paper).

Corollary 4.3.4. Let G and C be as in Definition 4.3.1. Assume that F is a
field of characteristic zero. If (Vk)k, (K2, 9, K1, K'])Ky,9,k1,57) %5 an object of
Hecke(G, C, F'), then we have a contragredient object (Vi£) i, ([K2, 9, K1, K'|*) iy 9.5, K7)
of Hecke(G, I') defined by Vi = Homp(Vk, F) and [Ks, g, Ky, K']* : Vi — Vi,
equal to |Ky/K'|/|K1/g ' K'g| times the transpose of [K1, 97", Ko, g ' K'g] : Vi, —
Vi, -

Proof. By the previous proposition we have identifications between Vi and V&
for a smooth representation (V,7) of G over F. Let (V,7) be the contragredient
representation, and (VX)g, ([Ka, g, K1, K'*)k,.g.5:.5) the object of Hecke(G, F)
associated by the previous proposition. By elementary group theory the restric-
tion morphism VX — Homp(VE, F) is an isomorphism. For any compact open
subgroups K, Ky, K' of G and any g € G satisfying K’ C K, N gK,g7!, for any
v e VE2 and 7 € VE we have

<U7 [K2797K1’K,]*5> = Z <U7%(kg)a

k‘EKg/K’
= Ko/ K'|(m (g~ "), )
Ky /K’ _ _ ~
:M%<[Kl’g 1aK279 1K,9]Uav>~
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We now recall the definition of Hecke correspondences on A, k. The defini-
tion below is a minor generalization of | , Définition 5.2.1|. For g € G(Qy)
simply denote V +— gV the equivalence of categories from continuous representa-
tions of K (resp. algebraic representations of Gg,) to continuous representations of
gKg™! (resp. algebraic representations of Gg,) where gV is V but with the action
composed with ad(g™'). If V is a representation of G(Q) (or if V is a represen-
tation of K and g € K') the action of ¢ induces an isomorphism of representations
ig: 9(VIk) = Vl]grg-1.

Suppose that S be a finite set of prime numbers, K = Kg X Hpg_zs G(Z,) and
K’ = Ky x[] g5 G(Z,) compact open subgroups of G(Af), and g € [[,cs G(Q,) X
Hpgs G(Z,) such that K’ C gKg¢~!. Staring at the definitions gives us an isomor-
phism of functors from the category of continuous representations of K (be it on
finite Z/¢N Z-modules, Z,-modules or Q,-vector spaces) to the category of suitable
local systems on A, g

Tirgw 0 F* = F¥ o (g0-).

On representations of G(Qy) (and not just an open subgroup which might not
contain gy), composing with the isomorphism i,, recalled above, we get an isomor-
phism of functors

Ty g 0 F = FX, (4.3.1)

which remains unchanged if ¢ is multiplied on the right by an element of K.
The isomorphisms (4.3.1) are compatible with composition but we refrain from

naming them and explicitly writing the formula satisfied whenever K’ C gKg*

and K// C g/K'g"_l.

Definition 4.3.5. Suppose that S be a finite set of prime numbers, K; = K; g X
[[zs G(Zp) and Kz = Ky 5 X [ 05 G(Z,) compact open subgroups of G(Ay), g €
[Les G(Qp) X[ es G(Zy) and K' = Kgx]],.5 G(Z,) and open compact subgroup
of G(Ay) contained in Ky N gK197". Let u(Ks, g, K1, K') be the cohomological
correspondence (in the sense of [Sgaa, Exposé III §3.2]) from FE1(V) to FE2(V)
with support in (Tk: 4 1y, Tk 1,K,) 0btained by composing identifications:

Tirgaa F1V) = FX(g0V) 2 FX(V) 2 T e, F(V) 2 T, FFV).

At the last step T, 11K, 18 identified to Ty | g, because Ty re, is étale [Sgag,
Ezposé XVIII Proposition 3.1.8 p.91].
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It is easy to check that for hy € K; and hy € Ky, u(Ks, hoghy, K1, K')
is isomorphic to u(Ks, g, K1, hoK'hy'). It is also easy to check that for h €
[Les G(@Qp) X [1,45 G(Zy) and K’ C gKyg~" N hKyh™" the correspondence ob-
tained as above but using 7% j K, instead of Tk 1k, is simply isomorphic to
w(Ky, h™tg, Ki,h"K'h).

Using this one easily checks that the dual correspondence D(u(K>, g, K1, K'))
from D(FE2(V)) =~ FE2(V*)(n(n + 1)/2)[n(n + 1)] (since A, g is smooth of rel-
ative dimension n(n + 1)/2 over Z[1/M]) to FX1(V*)(n(n + 1)/2)[n(n + 1)] and
with support in (T 1 r,, Tk’ g.1¢,) 18 isomorphic to u(Ky, g7, Ko, g K'g)(n(n +
1)/2)[n(n+ 1)].

Denote m; : A, k, — SpecZ[1/M]. Since Tk 1k, (resp. Tk’ 4x,) is proper,
u(Ky, g, Ky, K') induces

U(K2797 Kla K/)* : 7Tl*"T_‘KI (V) — WZ*IKQ(V)ﬂ (4.3.2)
resp. u(Ka, g, K1, K')1 : iy FF (V) — mp FF2(V),

see | , (1.3.2)] and | , (1.3)], also recalled in Section A.1. These two
operations are dual to each other, so that

]D)(U<K27gv K17 KI)*) = U(Klvgilv KQagilK/g)mn(n + 1)/2)[n<n + 1)]

Remark 4.3.6. IfV is irreducible with central character x then it is easy to check
that for Ky, Ks, g, K’ as above and z a central element of G(Q) such that zy €

HpeS G(Qp) X HpQS' G(ZP) we have U(K27 Zfg, Kla K/) = X(ZE)U(K% g, K17 K/)

Remark 4.3.7. Denote by Qu(v) the algebraic representation of Gg, on Qg given
by the similitude character v. There is a canonical isomorphism c& : FE(Qq(v)) ~
Q¢(1) (in principal level M > 3 it is given by the morphism c in diagram (4.1.1)
in level MY for varying N ). Unwinding the definitions (which is easier using
the reformulation of the moduli problem using quasi-isogenies) we find that in the
setting of Definition 4.3.5 we have a commutative diagram

T o F 5 (Qu(v)) = y FE(Qu(v))

lTI*(’,g,K(CK) lCKI
—1

T, Q1) = Qu(1) —— 2, @,(1)

where the top horizontal arrow is the composition of the first two isomorphisms in
Definition 4.5.5.
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As a consequence for any algebraic representation V' of Gq, and any integer
m we have canonical isomorphisms FX(V (v™)) ~ FK(V)(m) and commutative
diagrams

u(Ka2,9,K1,K')

T;;'/’g?Kl.FKl (V(l/m)) > T;(/71’K2fK2(V(Vm))

| |

. [v(g)l; " u(K2,9,K1,K") »
TK/7g’K1.FK1<V)(TTL) ) TK,717K2fK2(V)(m)

Of course for i : Spec F' < SpecZ[1/M| where F' is a prime field one can
similarly define cohomological correspondences between the local systems FX (V)
pulled back to (A, x)r, and these will be denoted u(Ks, g, K1, K')p. Note that if
F is finite then duality intertwines i* and i' but ' FX(V) ~ i* FX(V)(—1)[-2] by
absolute purity | |, since FX(V) is a local system on a smooth scheme over
Z[1/M].

The following proposition is well-known, and is included to prepare for the case
of intersection complexes.

Proposition 4.3.8. Let F' be Q (resp. F, for some prime number p # (). Let
V' be an algebraic representation of G(Qy). Then for any 0 < i < n(n + 1)/2
the families of finite-dimensional Qg-vector spaces (H:((Anrx)g, F5(V)))kx and
(H'((Anx)7 F5(V)))k, where K varies in the set of neat compact open subgroups
of G(Ay) (resp. neat compact open subgroups of G(Ay) of the form G(Z,) x K?),
equipped with the operators

(w(BK2, g, K1, K')p) s Ho((Anie )7 FRHV)) = Ho(An )7 F2(V)
(U(K2797K17K/)F)* : Hi((An,Kl)fv FKI(V)) - Hi((An,Kz)fv "T_-KQ(V))
satisfy the axioms of Definition 4.5.1.

Proof. The first two axioms follow directly from the definition. Let us explain
the dependence on K’ (i.e. the third axiom) using pushforward and pullback of
correspondences, recalled in section A.3. For K" C K’ we simply have

cort-(Tyen 1 g ) u(Ka, g, K1, K') = w(Ka, g, K1, K")
essentially because the isomorphism of functors T}, | x =~ T g cOmpose (| ,

Exposé XVIII Proposition 3.1.8(iii)] and | , Exposé XVII Théoréme 6.2.3 (Var
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3)]), as do the isomorphism of functors T, , ( F'™* =~ FE'. By Lemma A.3.1 we
have
cort-(Trn 1k )wu( Ko, g, K1, K") = |K'/K"| x u(Ks, g, K1, K').
This implies the third axiom in Definition 4.3.1.
Let us check the fourth axiom, i.e. composition. Suppose we have a diagram

A e Ay
Ty T Ty Ty
/ \AMQ / \A

An,Kl

n,K3

with K’ C g1 K1g; ' N Ky and K" C g2 K59, ' N K3. Then we have an identification
of Ay kv XA, o, An, v With UheK,/\gQKQ/K, Ay kranin-1 via the morphisms

An,K”ﬁhK’h*1
% K
A g Ay g

and using this identification, the equality

u( K3, ga, Ko, K") o u( Ky, g1, K1, K') = Z u(K3, gsgr, Ki, K" 0 gsK'g3)
93E€EK"\g2 K2 /K’

easily follows from the definition. ]

In particular we get an admissible representation of G = G(Ay) (resp. G(A%))
on

H3 ((An)m, F(V)) =l Hy (An i )7, FE (V)

for 7 € {¢,0} and F' = Q (resp. FF,), with a commuting continuous action of Galg
(continuous in the sense that for any compact open subgroup K the action on
the space of K-invariants is continuous). For any choice of Haar measure vol on
G such that any compact open subgroup has rational volume there are canonical
G x Galg-equivariant pairings

H (A F(V)) x "2 (A5 F(V) = Qo (—@) (43.4)

obtained by multiplying the usual pairing (“Poincaré duality”) in level K by vol(K).
For each i the pairing (4.3.4) identifies these two admissible representations of G

to the (Qg(—@)—valued) contragredient of each other (see Corollary 4.3.4).
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4.4 Minimal compactifications and intermediate extensions

If K = Kg[],g5 G(Zp) is neat (as before S a finite set of primes, Kg a compact
open subgroup of [] .5 G(Q,) and we denote M = [] _4p) Chai and Faltings
[ , Theorem V.2.5| (see also | , Section 7|) constructed the minimal com-
pactification Ay ;- of A, g over Z[1/M], using toroidal compactifications. More
precisely, A}, x is a normal projective scheme over Z[1/M] with an open embedding
J i Ankx = A k. In general A, ;- is not smooth over (any point of) Z[1/M]. At
least if K is a principal level, there is a stratification of A} ;- \ A, x by schemes
isomorphic to A,/ ks for n’ < n (see | , Theorem V.2.5|), but we shall not need
this description.

If K' = Kg|],25 G(Zy) (K a compact open subgroup of [[ . G(Qy)), and
9 € Iles G(@p) X [[,z5 G(Z,) is such that K" C gKg~', | , Proposition
7.2.5.1] gives a canonical extension of T g i as Tk g 1 + Ay, oo — Ay . The map
Ty 4 is finite (this follows from | , Corollary 7.2.5.2]), but not necessarily
étale. Since it is canonical it satisfies natural properties similar to T 4 i it only
depends on ¢ via K'gK, and is compatible with composition.

Definition 4.4.1. For K as above, FF = Q or F, for p{ M, and V an algebraic
representation of G(Qy) define the intersection complex

ICE (V)r = ju(FE(V)rln(n +1)/2])[-n(n + 1) /2] € De((Anix)r, Qo).

We will also use lighter notation ICX (V) or IC* (V) when there is no risk of
confusion.

If F =T, and V is irreducible then as recalled in Section 4.2 F¥(V)g, is pure
of weight determined by the central character of V' and so by | , Corol-
laire 5.4.3] IC*(V)g, is pure of the same weight. In this setting Morel identified
IC*(V)g, with the weight truncation of j,FX(V)g, | , Théoréme 3.1.4]. Us-
ing this identification she canonically extended | , §5] the Hecke correspon-
dences u(Ky, g, Ky, K')g, (with Ky, Ky, K’ containing G(Z,) and g, € G(Z,)) of
Definition 4.3.5 (or rather their base change to IF,) to Hecke correspondences from
ICﬁl(V) to ICﬁQ(V), with support in (Txr g, )8, (T ,g.50,)¥, )-

By Lemma A.5.1 (2) in both cases F' = Q or F, we also have canonical (“geo-
metric”) extensions of Hecke correspondences between the intersection complexes
ICK (V), that we denote u(Ks, g, K1, K')i¥. In case ' = F, by comparing both
characterizations it is clear that this coincides with Morel’s canonical (“weight-

theoretic”) extension of u(Ky, g, K1, K'). Taking cohomology, we have Hecke op-
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erators

(u( K2, g, Ko, K') )i+ HY (A g, )7, ICE (V) — H (A5 1, )7 1G5 (V)
(4.4.1)
commuting with the action of Gal(F/F).

Definition 4.4.2. Let F be Q orF,. Denote G = GSp,,(Af) if ' = Q (resp. G =
GSpQH(A;p)) if F=T,). Let C be a coinitial set of compact open subgroups of G,
stable under conjugation and under finite intersections. Let PreH(A}, , 1, C, Q) be
the category of pairs ((Lx)kec, (V(Ka, g, K1, K')) Ky 9.5, k) Where Ly is an object
of DY(A? i 1, Qo) and v(Ky, g, K1, K7) T, Lk, — TllLKz is a cohomological corre-

spondence, defined whenever K, Ky, K' € C and g € G satisfy K' C gK19g 'N Ko,
subject to the following conditions.

1. For K\,Ky,K' € C and g € G such that K' C gK,g~' N Ky, for any
hi € K, and hy € Ky, the correspondences v(Ka, hoghy, K1, ho K'h3 ") and
v(Ky, g, K1, K') are identified via the isomorphism Ty, : A* K F

n, 2
n,K' ,F*

2. For any K € C we have v(K,1, K, K) = id.

3. For Ki|,Ky,K', K" € C and g € G satisfying K" C K' C gK,g7' N K, we
have

COI'I'—(TKN’LK/)*U<K2,Q, Kl, K//) = |K///K/| X U(Kz,g, Kl, K/)

4. For K1, Ky, K3, K'. K" € C and g1,9, € G satisfying K' C g1K,9;" N Ky
and K" C g3 K29, N K3, denoting

. * * *
f . |_| An’KumhK/h—l — An,K’ ><_A;‘L,K2 An,K”
[RIEK"\g2 K2 /K’

the morphism induced by the pairs of morphisms (Tkronkn—1 hx's Lronin-11,57),
we have

COFT—T* ((U(K& hgi, K1, K" N hK,h_l))heK”\gsz/K’) = v(K3, g2, Ko, K”>OU(K27917 Ky, K/)~

Lemma 4.4.3. Let F' be Q (resp. F,), € a prime number (resp. a prime number
different from p). Denote G = GSp,,(Af) if FF = Q (resp. G = GSan(A;p))
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if F = T,). Let C be the set of neat"* compact open subgroups of G. For an

object ((Lx)kec, (v(Ka, g, K1, K')) iy 9.5, k7) of PreH( .m0 O Q) denoting my
A, k. — Spec I, the pair

((WK,*LK)Kv (U(K27 g, K17 K/)*)K%%KLK/)

defines an object of Hecke(G,C, D%(Spec F,Qy)). In particular (see Proposition
4.3.2) for any i € Z we have a smooth admissible action of G on

lig H'(A 7, 1CH (V)

n,K,F’
KeC

with a commuting continuous action of Gal(F/F).

Proof. The first two axioms in Definition 4.3.1 clearly follow from the correspond-
ing axioms in Definition 4.4.2. The third and fourth axioms also follow from the
corresponding axioms, using the fact (recalled in Section A.3) that pushforward
of correspondences along proper morphisms is compatible with cohomological re-
alizations. O]

Proposition 4.4.4. Let F' be Q (resp. F,,), { a prime number (resp. a prime num-
ber different from p). Denote G = GSp,,(Af) if F = Q (resp. G = Gszn(Agcp))
if F'=T,). Let C be the set of neat compact open subgroups of G. Let V' be an
algebraic representation of GSpy,, o, The pair

((IC}I§<V))K607 (U<K2> g, Kb Kl)%})Kz,%Kl,K’)

defines an object of PreH(A; 5 o, C, Q). In particular the family of finite-dimensional
Z-graded Qq-vector spaces (H®((A% x )7, ICK(V)))K with the Hecke operators (u(Ks, g, K1, K')%).
defines a Z-graded admissible representation of G with commuting continuous ac-

tion of Gal(F/F).

Proof. The first two axioms in Definition 4.4.2 follow from the corresponding re-
lations for correspondences u(Ks, g, K1, K') on A, k r and injectivity in Lemma
A5.1(2).

For the third axiom we know thanks to Proposition A.4.8 and Corollary A.4.7
that the restriction of corr-(T 1 gr)u(Ks, g, K1, K")I¢ to open Shimura vari-
eties is equal to corr-(Txkn 1 k7 )«u(Ks, g, K1, K")p, which as we saw in the proof of
Proposition 4.3.8 is equal to

| K"/ K" x u(Ky, g, Ky, K')p.

11n case F' = F), this means that G x GSp,,,(Z,) is neat.
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By Lemma A.5.1 (2) we deduce
Corr_(TK",LK/)*u(K% g, K17 K”);(‘j = |K//KH| X U(K27 g, K17 K/)}Q

The fourth axiom is proved similarly: in the setting of this axiom, the restric-
tion of f to open Shimura varieties is an isomorphism

f: |_| An,K”ﬂhK’h*1 ? An,K’ XAn,KQ An,K”-
[hleK"\g2 K2/ K’

and we saw in the proof of Proposition 4.3.8 that we have
corr- f, ((U(K& hgy, Ky, K"n hK,hil)F)hGK”\ggKg/K’) = U(KS,QQ, Ko, KH)FOU(KZagla Ky, K/)F-

By compatibility of pullback of correspondences (in the case at hand, restriction
to open Shimura varieties) with pushforward (Proposition A.4.8) and composition
(Proposition A.4.9) we deduce that the correspondences

corr-f ((u(Ks3, hgr, K1, K" N hK'h™") ) hermga s

and U(K& 92, Ko, K")IFC o U(K27 g1, K1, K/)%C-

agree on open Shimura varieties, and thanks to Lemma A.5.1 (2) we conclude that
they are equal. O]

As in the case of ordinary or compactly supported cohomology we have a natu-
ral identification of the Q,(—n(n+1)/2)-valued contragredient of hgrlK H' (A5 )7 ICK (V)
with lin  H /2 ((A ) ICE (V).

4.5 Hecke and Galois actions over Q and [,

In this section we recall the “specialization theorem” for intersection cohomology,
which follows from the existence of smooth (toroidal) compactifications (defined
over Z,) over the minimal one, which implies compatibility between intermediate
extensions and nearby cycles (and so vanishing of vanishing cycles). This is a

special case of | , Corollaire 4.4]. We also check compatibility with Hecke
correspondences.
We mostly use the notation introduced in | , Exposé XIII| for nearby cycles

(in our case over the base SpecZ,), see Sections A.6 and A.7.
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Proposition 4.5.1. For V an algebraic representation of G(Qy), p # £ and K
a neat compact open subgroup of G(A) such that K = K? x G(Z,), the Galg,-
equivariant specialization morphism

H: ((An )5, F* (V) = H (Anx)g, F* (V)

is also H(G(AY)//KP)-equivariant and is an isomorphism. In particular, the rep-
resentation of Galg on the right-hand side is unramified at p.

Proof. This is a consequence of | , Corollaire 4.3] and similar to Corollaire
4.6 loc. cit., with extra Hecke action. Thanks to the existence of toroidal com-
pactifications, smooth extensions of the universal principally polarized abelian
variety and the formalism of plethysms to construct irreducible representations
of G, for j the open immersion of A, r into Aj, x, the base change morphisms
Js U, FE(V),y = g FE(V), and ¥, 5, JFE V), = js. U, F5(V), are isomor-
phisms: see | , Proposition 4.3 and Corollaire 4.3]. Since FX(V) is a lo-
cal system on A, x which is smooth over Z,), there is a canonical isomorphism
sp* FE(V)s = U, FE(V), (| , Exposé XIII, Reformulation 2.1.5]). By proper
base change (2.1.7.1 and 2.1.8.3 loc. cit.) for 7 € {*,!} we have a canonical iso-
morphism H*((A] s, UyjnaF¥(V),) = H*(A} ). jnaF5(V)). The upshot is
that we have canonical Gal(7j/n)-equivariant isomorphisms

&) FE(V)) = H (A )z, O F (V) = H (An )5, FE (V)
&)5 FE(V) = H((Ani)s, Oy F (V) = H2((Ani ) F* (V)

which are dual to each other up to replacing on one side FX (V) with its dual
FE(V*)(d)[2d] where d = n(n + 1)/2 (compatibility of nearby cycles with duality
was proved in | , Théoréme 4.2]). Moreover these isomorphisms are compatible
with the action of Hecke operators: for neat Ky = K7G(Z,) and Ky = KYG(Z,),
g € G(A%) and K’ = K"G(Z,) with K C K5 N gK7g~" we have a morphism of
correspondences with support in (T g, )s: (Tk71.515)s)

Sp* (JT:KI (V)Sa FKQ(V)Sa U(K27 g, K17 K/)S) — \I]n (JT-KI (V)nv fKQ(V)Q;ﬂ U(K27 g, K17 K/)n)
showing that the right square of the following diagram is commutative.

H* ((An, i) )7, F*H (V) —= H*((An s )5, Oy F 0 (V) <= H*((Ank))s, V)

| | |

H* (A0, )7, F*2 (V) —= H*((Ans)5, Oy F*2(V)) = H*((An, )5, F2(V))
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By Proposition A.6.12 the left square is also commutative. An almost identical

argument can be used to conclude in the case of compactly supported cohomology.
m

Proposition 4.5.2. For V an algebraic representation of G(Qy), p # £ and K
a neat compact open subgroup of G(A) such that K = K? x G(Z,), there are
canonical isomorphisms

H* (A}, ) 1CG (V) = H*((A;, )5, 1C5, (V)
compatible with the action of H(G(A%)//KP), Galois actions and duality. In par-
ticular, the Galois action on the left-hand side is unramified at p.

Proof. The construction of the isomorphism is a special case of | , Corollaire
4.6]. We need to prove that this isomorphism is Hecke-equivariant and compatible
with duality on both sides.

By | , Corollaire 4.4], for j : A, x — Aj, ) there is a canonical isomor-
phism sp*js 1. (FX(V)s[n(n + 1)/2]) = U, j, 1 (F5(V),[n(n 4+ 1)/2]) sitting in a
commutative diagram (using the isomorphism sp*F*(V), = ¥, F%(V), which
was already used in the previous proof):

W gna FE(V)pln(n +1)/2] » Uphp o FE(V)y[n(n +1)/2] = 5, SF5(V)y[n(n +1)/2]

Js U, FE(V)pn(n+1)/2] = sV, FEV)pn(n+1)/2] = js U, FE(V),n(n+1)/2]

This isomorphism is characterized by the fact that its restriction to (A, x)s is the
identity (implicitly using j*¥, = ¥, j5*, | , Exposé XIII, 2.1.7.2]). On the
one hand, as recalled above by Lemma A.5.1 (2) the family of perverse sheaves
ICff(V) = (Jyux(FE(V),[n(n +1)/2]))k (for varying K as in the proposition) is
equipped with canonical Hecke correspondences with support in ((T'x g,k )ys (Tk7,1,K5)n)
of Section 4.4, and as explained in A.6.5 they induce correspondences between the
\IntCff (V). On the other hand the family of perverse sheaves (ICX(V))x is also
equipped with canonical Hecke correspondences with support in ((T'x gk, )s, (T k/1,K5)s)
which induce correspondences between the sp*ICf (V). Via the isomorphisms
sp ICE (V) ~ \IJnICf]( (V) recalled above, these two families of correspondences
coincide by Lemma A.7.3 and injectivity in Lemma A.5.1 (2) and its analogue
Lemma A.7.2.

Compatibility with duality is rather formal: taking the dual of the above dia-
gram yields the same diagram for F%(V*)(d)[2d]. Details for correspondences are
omitted. O
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4.6 Intersection cohomology: Morel’s stabilized formula

The following formula was conjectured for arbitrary Shimura varieties by Kottwitz
in | | and proved for Siegel modular varieties by Morel in | , Corollaire

5.3.3].

Theorem 4.6.1. Let M > 3 be an integer, so that the principal level K = K(M)
1s neat. Let p be a prime number which does not divide M{. Let V' be an irreducible
algebraic representation of G = GSp,,, and let x~' be the restriction of central
character of V to Ag(R)". For any [~ € H(G(A;)//K), trivial at p, for any
large enough integer j,

T (Frobj /| H*((A;)5, 1CK (V) = - ue)sile®™" (1) (1.6.)
e=(H,H,s,£)

where the sum s over isomorphism classes of elliptic endoscopic data e such that

Hg/Ag, has discrete series and Ho, is unramified, SHAGE)?

i X is the stable linear

form appearing in the stabilization of Arthur’s invariant trace formula for H (see
Section 3.5), and the definition of fl({J) 1s recalled below.

Remark 4.6.2. Before explaining the right-hand side we recall that the left-hand
side, which a priori is an element of Qy, is rational and independent of . These
facts are a by-product of the proof: in the case of compactly supported cohomol-
ogy it is wvisible on the formula proved in [ | 15, and the case of intersection
cohomology is visible on the formula proved in | , Théoréme 1.2.1].

By a well-known argument concerning linear recurrence sequences (see [ ,
§2]) the left-hand side is rational for arbitrary values of j € Z. Combined with
purity to separate cohomological degrees (see after Definition 4.4.1 and [ ,
Proposition 62_6]) this implies that the Hecke action on H*(( Z,M)vaICIIF(p(V))
1s defined over Q. The slightly stronger statement that this action is defined over

Q can also be proved in a manner similar to | , §3.5], by considering the
analogues oflcg(\/) over Ay, 1/(C) (which are defined over Q, as we recalled above)
and comparison results summarized in | , §6.1.2].

This rationality property is related to Proposition 3.4.10, as will be apparent in
Theorem 4.7.2.

The distribution fg) € SI(H,Au(R), x) is defined as a product fi” fi.00 fl({j?p,
each term being defined using the theory of endoscopy. Note that we have a

13in fact it is already visible at the first step of the proof, a trace formula of Lefschetz-type

76



canonical identification Ag ~ Ay because ¢ is elliptic. An endoscopic datum for
PGSp,,, yields one for GSp,,, and this induces a bijection between equivalence
classes of endoscopic data. Therefore the set of equivalence classes of elliptic endo-
scopic data for GSp,,, is also in bijection with the set of split equivalence classes
of elliptic endoscopic data for Sp,,,. In particular for every endoscopic datum oc-
curring in (4.6.1) the group H is split, and we will use the obvious L-embedding
Le . 'H — LGSp,,. At every place v of Q we will use the Whittaker-normalized
transfer factors Al as defined in [IX5, (5.5.2)] (see also p. 178 of | |). Since
G is of adjoint type there is a unique G(Q,)-conjugacy class of Whittaker data so
this is unambiguous.

The most familiar term is fi™ € SI(H(AY)), which is the transfer (in the

sense of | , (T.1)]) of f°°7 seen as an element of I(G(A})).
At the real place, the stable orbital integrals of fu. € SI(Hg, Ax(R)% x)
are prescribed by | , (7.4) on p.182|. Qualitatively it is known that the dis-

tribution fhg . can be taken to be a linear combination of pseudo-coefficients of
essentially discrete series (whose central character coincides with y on Ag(R)%)
having Langlands parameter @5 such that € o g is also discrete. Kottwitz con-
structs this function rather explicitly (see | , p. 186]) using certain transfer
factors A p that are adapted to the study of endoscopy for discrete series repre-
sentations of G(R), but this normalization of transfer factors is not very natural in
a global setting. We will only need the spectral consequence that Kottwitz draws
from these calculations, namely | , Lemma 7.1], and the fact that Shelstad
[ , Theorem 11.5] pinned down the spectral transfer factors when these cor-
respond to the geometric transfer factors given by a Whittaker datum. For ¢y
a tempered parameter for Hg such that the composition with “H — “Ag corre-
sponds to a character Ag(R) — C* whose restriction to Ag(R)? is x, denote by
A, the associated linear form on SI(Hg, Ag(R)?, x), i.e. the sum of the traces
of all elements in the L-packet associated to ¢gu. By | , Lemma 5.3] the num-
bers Ay (fi0o) determine fioo. Let pgv : Wr — “G be the discrete Langlands
parameter corresponding to the L-packet Il,. , (Gg) consisting of all essentially
discrete series representations having the same infinitesimal character and central
character as V*. If “€ o g is not conjugated to ¢g v then Ay, (fi,o) vanishes.
In particular A, (fu,00) vanishes if oy is not discrete, which implies that fu o is
the image in ST(Hg, Ag(R)?, x) of a linear combination of pseudo-coefficients of

%'X). We now assume the existence of

essentially discrete series in I(Hg, Ag(R)
g € G(C) satisfying Ad(g) o“€opu = pg,y. Choose an arbitrary element 7 of the

discrete series L-packet I1 (Gr), and let (B, T) be a corresponding Borel pair

va,v
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(see e.g. | , §4.2.1]). Choose h € X such that h factors through T (such an h
exists), so that py, belongs to X, (T). Let (B,7T) be the standard Borel pair of G.
Up to conjugation by G we can assume that we have vg.v(C*) C T and that the
holomorphic part of g v |cx is dominant with respect to B. Via the identification
of T with T determined by B and B we can see p;, as an algebraic character of T,
and let (jir,-) be its restriction to Cy .. That this is well-defined in terms of m,
i.e. independent of auxiliary choices (among them h) is a consequence of | ,
Lemma 5.1]. Finally let (m,-) be Shelstad’s spectral transfer factor, a character

of Cp,/Z(G) . The character {jir,){r.") of C

PG,V

does not depend on the
choice of 7 and its restriction to Z (é) coincides with that of p, where p is any
algebraic character of T corresponding to uy, for some h € X (the Weyl orbit of
o is well-defined). To compute the character (u,,-)(m,-) one can take for example
m = 78" the unique generic element of the L-packet, for which (r,-) is trivial. In

this situation we have | , Lemma 7.1]

A (frroe) = (1) (pur, g6 (5)g ™ ) (m, g€(s)g 7). (4.6.2)

At the p-adic place, fix a hyperspecial maximal compact subgroup of H(Q,).
Then f}(f?p can be chosen to be the unique element of the corresponding unramified
Hecke algebra such that for any unramified representation = of H(Q,) with Satake
parameter ¢(7) (a semi-simple conjugacy class in ﬁ), we have

te(m(fih) = P (e (s x E(e(m)))) (4.6.3)

where r_, is the irreducible representation of G having extremal weight —pu. As
in the real case the stable orbital integrals of the distribution fg; are prescribed
(see | , (7.3)]), and following Kottwitz the equivalent spectral characterization
(4.6.3) is deduced thanks to:

e the twisted fundamental lemma (known in the p-adic case for the whole
unramified Hecke algebra and without any assumption on the residual char-
acteristic: see | I, | |) for base change, seeing H as a twisted
endoscopic group for Rg := Res@pj /0, G and the automorphism “arithmetic
Frobenius” (see | , Appendix Al). More precisely, the endoscopic datum
(H,H, s,€) and the choice of an unramified L-embedding 7€ : LH — LG ex-
tending ¢ determine a twisted endoscopic datum (H, ﬁ, s, é ) for Rg endowed

with the arithmetic Frobenius automorphism of Q,; /Q, and an unramified
L-embedding ¢ : 'H — ‘Rg.

16This spectral transfer factors depends on the choice of a Whittaker datum, but since G/Ag
is adjoint there is only one G(R)-orbit of Whittaker data.
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e formula [I{5, Theorem 5.6.2| relating twisted (for base change) and ordinary
transfer factors (to be more precise this formula relates the factors A, i.e.
without epsilon factors, but it is easy to check that the epsilon factors are
simply equal so A} can be replaced by Al in this formula),

e the simple formula for the Satake isomorphism in the minuscule case |

Theorem 2.1.3] and the explicit computation of € (see p. 179 of | | and
§A.2.6 of | D-
Remark 4.6.3. Following [ , Appendiz A and [KS, §5.6] we are using the

transfer factors A\, and so the morphism of Hecke algebras on p. 180 of [ |
has to be defined via the classical (as opposed to “Deligne”) normalization of the
Satake isomorphisms, i.e. mapping p to the arithmetic Frobenius. This is necessary
for the twisted fundamental lemma to hold.

Note that the definition of c(mw) does not involve a choice of normalization
because H s split, only defining an unramified Langlands parameter does.

In | | on the right-hand side of (4.6.1) the linear forms STH, given by
explicit geometric expansions and defined by Kottwitz in unpublished notes, occur
instead of Arthur’s SE .
trace formula for the action of Hecke operators on middle-weighted cohomology

The goal of Kottwitz’s notes is the stabilization of the

of the locally symmetric space attached to a reductive group G over Q such that
G/Ag admits discrete series at the real place. This would be independent of
(and more direct and explicit than) Arthur’s stabilization of his invariant trace
formula (| I, | 1, | |), although the trace formulas of | | (in
the case of an upper middle weight profile) and | |, which clearly agree on
the geometric (“orbital integrals”) side, are equivalent by | |. Kottwitz’ notes
are unpublished but in | | Zhifeng Peng used an argument similar to | ]
to show that Arthur’s stable linear form defined in his stabilization, when applied
to distributions that are pseudo-coefficients of discrete series at the real place,
admits the expansion predicted by Kottwitz, i.e. that St = STH.

disc
4.7 Description of intersection cohomology using lifted Sa-
take parameters

We now apply Theorem 4.6.1 and Proposition 3.4.7 to precisely describe the
H(GSp,,(Ay)//K)g, x Galp-module structure of H*((A}, x)g» ICK(V)) in the par-
ticular case of level one (K = Gszn(Z)). We somewhat abusively define

H((A3)g, IC(V) i= H*((A; ), ICHMD (1)) KD
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where M > 3 is any integer. By Propositions 4.4.4 and 4.5.2 this 7-[;‘“(G‘Sp2n)(@/Z X
Galg-module does not depend on the choice of M, is unramified away from ¢ and for
any prime p # £ the semi-simplification of its restriction to ®;#,p7{unr(GSp2qu)@g X
Galg, is determined (abstractly at least) by Theorem 4.6.1.

We will require the following definition.

Definition 4.7.1. Let m > 1 and T € fC(SO4m). Let ¢ € \TJEEL(SOLM).

Let Spin:/f (resp. spiny ) be the half-spin representation of My (see Definition

3.4.4) such that, if the eigenvalues of T in the standard representation of My, are

+a9,..., 29y where x1 > -+ > Tg, > 0 are integers, the eigenvalues (counted
2m

with multiplicities) of spiny () (resp. spiny (7)) are the 23 ey for (&); €
{£1}*™ such that the cardinality of

{ie{1,....2m}|e = +1}
is even (resp. odd).

To be more explicit, in this definition we may take M, = SOy, and 7, the
class of
(.2131, - ,xgm) € Lie(Tsom)

using the parametrization (2.2.2) of Tso,,,, and then the weights of the maximal
torus Tspin,,, of My s occurring in the representation sping (resp. spin;) are, using
the parametrization (2.2.3) of Tspin,

(z1, -+, Zom, S) »Hst[l

iel

for all subsets I of {1,...,2m} having even (resp. odd) cardinality.

A simplification particular to the level one case is that we have H*((A},)g, IC(V)) =
0 unless the central character of V' is a square. Indeed this follows from Remark
4.3.6 applied to the central element z = —1. Thus up to twisting V' by a power of
the similitude character (see Remark 4.3.7) we may and will assume that V' is a rep-
resentation of PGSp,,,, i.e. that the highest weight of V' is (k1, ..., k,, (D, ki)/2).
Thanks to this assumption we will be able to use trace formulas for semisimple
groups as in the first section (see Section 3.5), simplifying our notation. Let 7 be
the projection of the dual of the infinitesimal character of V to gqer = 5o,

To compute the right-hand side of (4.6.1), first recall that for ¢ = (H, H, s, &)
an elliptic endoscopic datum for G = GSp,,, as in Theorem 4.6.1, ¢(¢) is defined as
7(G)7(H)7|Out(e)|~! where 7 is the Tamagawa number and Out(e) is the outer
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automorphism group of ¢ = (H,H, s,£). These constants are easily computed: if
H = G, «(e) = 1, and otherwise ¢(¢) = 1/4 (in the latter case Out(e) = Z/27Z).
Also recall from Lemma 3.4.6 and the discussion following Theorem 4.6.1 that the
natural map ¢ — ¢ = (H,?H,3,£) induces a bijection between sets of equivalence
classes of everywhere unramified endoscopic data for G (or PGSp,,,) and for Sp,,,.

For 7 € ZC(H) satisfying £(7/) = 7 and ¢/ € U7 (H) we can consider

disc

o), My — (SPay,)se, Which is identified to ,‘b“r,sc for a uniquely determined

7/,8C

€ WA (Sp,,). Writing ¢ = (¢}, ¢4) for a decomposition H ~ SOy, X Spy,, we
have ¢ = ¢} ® ¢ (if ¢ is trivial then @ = 0 and ¢} is understood to be an empty
formal sum). In other words we have a natural map (e¢,7’,¢') — (¢,35), which

is a bijection between the set of equivalence classes of triples (e, 7’,v’) where ¢ is

an elliptic endoscopic datum for G, 7 € ZC(H) maps to 7 and ¢/ € \ngiiT/ (H)
(the equivalence being induced by the usual notion of equivalence of endoscopic
data, which acts on the second factor 7 and acts trivially on the last factor ¢)
and the set of pairs (1, s) where ¢y € U7 (Sp,, ) and 5 € S,. The fact that
this is a bijection is a special case of an observation of Arthur | , Proposition
2.4.1], which goes back to a general argument due to Kottwitz | , §11]. If e
is non-trivial then |Out(e)| = 2 and the non-trivial outer automorphism does not
fix 7/, as we have 7" = (7{, 7}) where 7] belongs to a f-orbit having two elements.

Thus we can begin rewriting the right-hand side of (4.6.1) purely in terms
of parameters for G (or rather Sp,,), using the reduction from G to PGSp,,
explained in Section 3.5 and the spectral expansion (3.4.2) in Proposition 3.4.7,
along with the spectral characterizations (4.6.2) (at the real place), (4.6.3) (at the

p-adic place) and the fundamental lemma (at all other places): (4.6.1) is equal to

ep(sp)(=D) @) e
POEEDIODY S YT el

we\ffﬂ"rvT(sp2n) 5€8y, T'h=>T

P/ gy (r_u(sth’sc(Cp,sc(lb))j)) H Satg,, (f0) (Wrse(Cque(¥)))
q7p

where ¢ = (H, H, s,&) is the elliptic endoscopic datum for G obtained from a lift

s € G(C) of 5 and ¥/ € U™ (H) correspond to (1,5). Note that the product
(orzen, s)T_,(s) does not depend on the choice of s. In the above expression we
also implicitly see 1; s (Cpse(h)) € PESF% (C) as an element of G(C), and 7 is
the generic element of the L-packet as discussed after (4.6.2).

We proceed to remove any reference to endoscopic objects in this expression.

First we have ey (sy) = €4(ssy) by | , Lemma 4.4.1]. The quasi-split real
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connected reductive group Ly, ., associated to the Adams—Johnson parameter ;D’T o
YL, is isomorphic to Ly, _, associated to the parameter ¢, 0. Finally if (¢, 7, ¢")
corresponds to (1, 35) then the inclusion Cy C Cy induced by ¢ turns out to be
an equality because v, induces an isomorphism Z (My) — Cy,. and similarly for

¢’ (see third part of Definition 3.1.6). Thus we have |Sy|/|Sy| = |Z(H)| which is
equal to 2 if e is non-trivial and 1 otherwise. Thus we have

{7 = 7}

t(e) x =Sy,
() |81ZJ” ’1/1|

and the right-hand side of (4.6.1) is also equal to

(_1)‘1(GR)+‘1(L:/,77—)

2 Sy

YEV T (Spyy,) SESy

pjn(n+1)/4 tr <7“—M(S,’7[}T,sc(cp,sc<¢))j)> H SatSP2n,Zq (fq)(C‘LSC (¢))
qF#p

€y(58y) (Hnsen, 8)

Recall that in Arthur’s formalism s, € Sy is defined in a global manner, as the
image of —1 € SLy by a morphism £, x SLy — S/p;L (denoted @sp% in | ,
§1.4.4]) corresponding to the formal Arthur-Langlands parameter ¢). We shall need
a canonical preimage of sy in PGS\pzn7 which we cannot define in exactly the same
way since we are using a slightly weaker formalism where M,, replaces L, x SLs.
Recall from Definition 3.4.4 that there exists ¢oo s : Wr X SLy — My, «(C) lifting
s and that this lift is unique up to Z'(Wg, ker(Mys — My)). Therefore
¢ = Yoose(l, =1) € My satisfies &3, = 1, lifts Arthur’s s, € Cy (see Lemma
3.1.7) and does not depend on the choice of the lift 9o 5. Moreover 5, belongs
to Z(Mys) because s, belongs to Z(My,). For any ¢ s as above ¢T,sc 0 Yoo sc 18
an Adams-Johnson parameter, so we can apply | , Lemma 9.1| and conclude
that (—1)9Mr) = (j1sen 9, o(3,)). Using this identity and the change of variable
5+ Ssy in the sum, our expression for the right-hand side of (4.6.1) becomes

(D7 N ST ew(5) (agen, )

zZ}g\i}unr,T(SPQH) gesw

disc

pjn(n+1)/4 tr (r—,u<5¢7',sc(§wcp7sc(w>)j)) H SatGZq (ftI) (Cq,SC (¢)) <471)

q#p
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We now use the notations introduced in Section 2.2, in particular the iden-
tification SOg, 41 =~ S/p;L and the parametrization 7go,,,, ~ GL7, and similarly
for G = GSp,, and PGSp,,. Fix 9 : Wr x SLy(C) — M(C) in the conju-
gacy class introduced in Definition 3.1.6. Up to conjugacy !” we may assume that
1, 0y |ox takes values in Tso,,,,(C) and is dominant for Bso,, ,, i.e. the holo-
morphic part of ¢, 0wy |ex 1 CX = Tso,,,, (C) is 2+ (2F1F7 . 2knt1) Write
) = BI_y1; as in Definition 3.1.6. Asin Lemma 3.1.7for 1 <i <rlets; € Z(My)
be the element such that for 1 < ¢ < r the i’-th projection to Z(My,) = {£1}
is non-trivial if and only if & = 4. Then (sy,...,s,) is a basis of Cj;_(seen as a
vector space over Fy), and it determines a partition {1,...,n} = JoU--- U J,. as
follows: for 1 < i < rand 1 < 5 < n we have 5 € J; if and only if the j-th
component of s; (seen as an element of Tso,, ., (Q) ~ (@ )")is —1. For 1 <i<r

let §; = (v1,...,7,,1,1) € Taspin,,,, (Q) where

-1 ifjeJ;
.Tj = .
1 otherwise.

In other words §; is the image by %,sc of the element of Z(My, s.) mapping to
the non-trivial element of Z(M,,) and acting by +1 in spin:gi and by —1 in spin
(see Definition 4.7.1). Clearly §; lifts s; and we have §; € C; . This gives
us a parametrization (Z/2Z)" x GL; ~ Cent(v,bﬂsc,é) mapping ((€)1<i<r, A) to
v(AN) LS5

A simple computation of weights shows that we have a decomposition into
irreducible constituents

r_, 0 1/']7',5C ~ @ spin,, @ spin,| ® -+ @ spiny;’ (4.7.2)
(w1,eyur)E{£1}"

and on each factor the group Centwﬂsc,é) acts by a character that we de-
note uy (u;,...u,)- With the above parametrization of Cent(gZ')T,SC,CA}), this char-
acter maps ((€)i<i<r, A) to A [[;uf’. For s as in (4.7.1) the automorphism
(rzen, s)T_,(s) acts on the factor of (4.7.2) corresponding to (us,...,u,) by the
scalar (fiqzen, )0t (uy,....un) (5). This scalar clearly does not depend on the choice of s
lifting 5 and is the evaluation at s of a character of S, that we denote By (u,,....u,)-
This last character is easily computed: by (4.1.4) we have (ueen,5;) = (—1)V
where N; = {j € J;|j even}. For 1 < i <r define

i) = eo(50) pmen, 1) € (1) (473
170f hoe by My, (C) and of 4, by G(Q)
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so that (u1(¢)),...,u(¢)) is the unique (uy,...,u,) in {£1}" such that the char-
acter €y 3y, (u,,...u,) Of Sy is trivial. Using orthogonality relations for characters of
S, we obtain that (4.7.1) is equal to

(=07 P e e (e se(50)

YEV G (SPay)

tr (spiny, cp.sc(to)’ Htr (sp1n¢ Cp.sc (Vi) )HSatGZ (fo)(cqsc(¥)). (4.7.4)
q7#p
It will also be useful to compute 5, € Z(Myse) = [[_g Z(My,s) explicitly.
A special case will be used in Proposition 4.7.6 below.

1. For 1y = mo[dp] with my € O (w§0), . ,wgﬁ)o,m), we need to compute the

image of —1 in the lift of v/ ®"° : SLy — SOy,4, to Spin,, 4, -
weights we find that this element of Z(Spin,, 4,) = {1,530} is s(dO /8,

Computing with

2. For v¢; = m;[d;] with d; even and m; € S(wl e, W i) computing in the
(—1,.

same way we find that the image of —1 € SLs is e, —1 1) =38 €

Z(Spiny,q4,) C Tspin,, . -
3. For v¢; = m;[d;] with d; odd and 7; € Oe(wY), . ,wgk)i), we find that the
image of —1 € SLy in Z(Spin,, 4 ) ~ {£1}? is trivial.
L B-1)/8 i1

Thus we have §; = §; |
We finally obtain that the right-hand side of (4.6.1) equals

Z (_1)n(n+1)/2+(d3—1)/8Hui(w>di—1

GETIT (Spy,) =
pJ”("+1)/4 tr (spmwO Cp,sc (¢o))’ H tr <sp1n Cp@c(wi)y))

x [ [ Sate., (fo)(case(¥)). (4.7.5)
q#p

Theorem 4.7.2 reformulates this slightly more conceptually.

Theorem 4.7.2. Let n > 1, { a prime and ¢ be an isomorphism between the
algebraic closures of Q in C and Q,. Let V be an irreducible algebraic representa-
tion of PGSp,,,, and let T be the infinitesimal character of its dual representation
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(understood as a representation of PGSp,, (R)), a semisimple conjugacy class in
500,41. In the Grothendieck group K, (Rep@(GalQ X H;nr(G)@)) we have

oW ° * n(n 2_
Qg H*(A)g IC(V)] = > (=) RHE DA T T () ol @u(xr)
eV T (Spay,) =1
(4.7.6)

where in the sum,

o as above Y = oD - DYy, ¥y = mi[dy], and ui(Y) = €y (i) pagen, i) € {£1},

e oyl is a continuous semisimple representation Galg — GLgn—+(Qy) charac-

terized by the properties that it is unramified away from ¢ and that for any
p#L, UE(Frobp) is conjugated to

L (p"("+1)/4spin¢0 (Cp,sc(¢0)) ® Spllld,l( )(Cp,sc(¢1)) R ® Spin:z:(w)(cp,sc(wr))) .
(4.7.7)

® Xjy 4 the character H{™(G) — Q determined by (Vrse(Cpsc(¥)))per (see
Proposition 3.4.10), and 1(x ) abusively denotes the Qq-linear extension to
H(G)g, of its composition with ¢.

Proof. Recall that the equality between (4.6.1) and (4.7.5) holds true for f* =
[1, /s € H™(G) with f, =1 and j sufficiently large. Recall from Remark 4.6.2
that the left-hand side, which a priori belongs to @y, is in fact rational. The right-
hand side a priori belongs to C by definition of endoscopic transfer, but thanks
to Proposition 3.4.10 we see that each term belongs to Q. It follows that for any
=TI, fi € H}"(G)g; with f, = 1 we have, for j sufficiently large,

Tr (Frob! /| Q¢ ®g, H*((A})g, IC(V))) (4.7.8)
= > (eI T T () X () (f)
VeV (Spy,) i=1

(ﬂn n+1)/4 tr (Splnlbo Cpsc wO H tr (Spln Cp,sc (%))0))

where the expression between the outer parentheses on the last line belongs to a
finite extension of Q in C which only depends on 1. By a standard argument using
invertibility of a Vandermonde determinant, (4.7.8) holds true for any j € Z.
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In particular for 5 = 0 we obtain
Tr (% [ H*((A})g, 1C(V)))
_ Z (_1)n(n+1)/2+(d371)/82n7r H ui<¢)di71 % L(Xf,d))(foo)-

weq}unr T(SPQn) =1

disc

Observe that p does not occur in this formula except in the assumption that
we have f, = 1, which for a given f* is satisfied for almost all p. So the for-
mula is satisfied for any f* € H}{™(G), determining [Qr ®g, H*(A:,IC(V))] in
Ko (Rep(Hy™(G)g;))- By Remark 3.2.1 for any ¢ € U7 (Spy,) and any finite

set S of prime numbers there exists f* € ®;es H"™(Ggz,)g, such that for any
Y € Ui (Sp,, ) we have

disc

1 ify =

0 otherwise.

) () = {

In particular using just S = () we obtain the equality in Ko (Repg(Galg x H§™(G)g;))
Qe ®q, H*(A},IC(V))]

= Z (_1)n(n+1)/2+(d3—1)/8 Huz(w —1 o UqI/;HL Q L(Xf,w)

YEV G (SPay) =1

where olf! € K, (Repg,;(Galg)) is uniquely determined and has virtual dimension
2"=". Taking S = {p} where p # ¢ and using (4.7.8) yields

tr (Frobﬂagi = (pm (n+1)/4 (spmd, Cpsc (¥0)?) H tr (splnw cp,sc(wi)j))>

for all j € Z.
To conclude we must show that Ugi is a genuine representation. This follows

from purity (| , Proposition 6.2.6]) which implies that an element of Q" can
occur as an eigenvalue of Frob,, acting on H k((A;:)?p, IC(V)) in at most one degree
k, and invertibility of a Vandermonde determinant. [

Observing the characterization of o, (and the general conjecture | |) we
expect that:

1. the representation J{EL factors as a tensor product of Galois representations
as suggested by (4.7.7), and
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2. each factor is obtained from a Galois representation taking values in a GSpin
group by composing with a spin or half-spin representation.

As explained in the introduction (§1.3) we will show the first point in full
generality, and the second point in almost all cases.

Corollary 4.7.3. Fiz a prime number £ and an isomorphism ¢ between Q and the
algebraic closure of Q in Q.

1. Let n > 1, 7 € ZC(Spy,) and ¢ € Vg (Spy,). Explicitly, we have ¢ =
m[2d + 1] for some m € Oy(wy,...,wy) and d > 0. There exists a continuous
semisimple representation aSpm Galg — GLan (Q) unramified away from {

such that for any p # /, USpm(Frob )® is conjugated to
L (p" Y sping (6 (1)) -

2. Letn > 1, 7 € IC(SOu,), ¥ € \1132116(80471). Recall that either ¢ =
7[2d + 1] for some m € O (wy,...,wo) and d > 0 or ¢ = 7w[2d] for some
€ S(wi,...,wy) and d > 1. Let e = (—1)"€(3,7) = (—1)"€(3,To0). In the
first case we have € = (—1)", in the second case it depends on the infinitesimal
character of To: we have € = (—1)"+*/2F2iwi - Then there is a continuous
semisimple representation prpin’g : Galg — GLg2n1(Qy) which is unramified

away from £ and such that for any p # /, aSpme(Frob )™ is conjugated to

L (p”/2spin§) (cpsc() )) '

Proof. Let crf/)pin = o, in the first case and USPm “ = 014, (n?) (Tate twist) in the
second case (note that n? = (2n(2n +1)/2 — n/2)/2) O

Definition 4.7.4. Let n > 1, 7 € ZC(SOu,) and ¢ € Wi (SOu,). Let GMy s
be quotient of GLy X My s by the diagonally embedded subgroup ps (on the second
factor, the kernel of Mys. — My). Recall from Definition 4.7.1 the two rep-
resentations sping of My, for € € {+,—}. They can be extended uniquely to
GMy s by letting z € GLy act by zid. We simply denote these representations by

spin;. Denote by v the character GMy, o« — GL; induced by GLy x My, oo — GL1,

(2,9) — 2%

Proposition-Definition 4.7.5. Let n,m,d > 1 be integers satisfying n = md.
The representation Stdsp, & Sym?~! Stdgr, of Spy,, X SLq is irreducible and self-
dual of orthogonal type. The set of morphisms o : Sps,, X SLy — SOy, satisfying
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Stdso,, o >~ Stdsgy, ® Sym?*~! Stdgy,, consists of two SOy, (Q)-conjugacy classes.
FEzactly one of these two conjugacy classes has a representative o, q restricting to
(using parametrizations from Section 2.2)

7ép2m X 7§4L2 7 7éO4n

(1, .. Tm), t) — (22 2 2973 ot Pt TR,

(4.7.9)
It admits a (unique) lift G g : Sps,, X SLa — Spiny,. We have an identification

(Sme X SL2 X GLl)/IU/Q — G(Sp2m X SLQ) = {(91,92) € Gszm X GL2 | V(gl) = det 92}
(hl, hg, )\) — ()\hl, )\hg)

where (o 1s diagonally embedded on the left, and the morphism

Sme x SLy x GL; — GSpin4n (4710)
(hb h27 )\) — )\n&m,d(hla hQ)

induces a morphism G(Sps,, X SLa) — GSpiny,,, that we abusively still denote by

A d-

Consider 7 € IC(SOu4y) and ¢ € WIN(SOy,) of the form =[2d] (as in the
second case of the second point of Corollary 4.7.3). The Langlands parameter
Wgr — GLop (C) of mso is symplectic, and so it factors through ¢ : Wr — Spa,,(C)
which is well-defined up to conjugation. There exists ay, @ Sp,y,, X SLy — My,
satisfying Stdaq, o ay =~ Stdgp, & Sym?*~! Stdgr, and such that 1 is conjugated
under My(C) to oy o (¢, idsr,), and for these two properties o, is unique up
to conjugation by My(Q). Taking M, = SOy, and 7, = (wi,...,wy,) with
wy > - > wey > 0 integers, we have ovy = oy q. Let cuy 2 Spyy, X SLy — My, be
the unique lift of cvy. As above it extends to give a morphism &, : G(Sps,, X SLa) —

GMy sc mapping A € GLy to \".

Proof. The standard representations of Sp,,, and SLy are both self-dual of sym-
plectic type and 2d —1 is odd so Stdg;,, ©@ Sym?@~! Stdgr, is of orthogonal type. A
simple weight computation shows that this representation factors through a mor-
phism vy, 4 whose restriction to Ts,, X Tsi, is given by (4.7.9). The conjugacy
class of this morphism 7s,, X Tg, — SOy, is not fixed by é\, e.g. because there
exists (71, 72) € Lie(7sp,, x Tsi,) mapping to (2n,2n —1,...,1) € Lie Tgo,,. Ex-
istence and uniqueness of Gy, 4 1s | , Proposition 2.24 (i)|]. The restriction of
Qm.d © SPay X SLy — Spiny,, to Z(Sp,,, X SLa) o p9 X o is easily computed:

(21,22) = (2122, ..., 2120, 27) € Tspin,, -

88



It follows that (4.7.10) is trivial on the diagonally embedded ps.
The case of &y, follows immediately, using the fact that 7 is not fixed by 6. [

Proposition 4.7.6. Forn > 1, 7 € ZC(SOy,) and 7[2d] € U (SOy,) and for

disc,ne

any prime p we have c,(m[2d]) = a¢(Cp(W),diag(p1/2,p—1/2))_

Note that by | , §3.5] for a pair (7, d) as above there is a finite extension
E of Q in C such that for any prime number p the semisimple conjugacy class
¢, (m)p? in GLg,,(C) is defined over E. In particular the corresponding conjugacy
class in GSp,,, (C) having similitude character p is also defined over E. Therefore
g (cp(m), diag(p'/?, p~1/?)) is also defined over E 5.

Proof. We already know that c,(7[2d]) is either equal to cx g (c, (), diag(p'/?, p=1/2))
or its image by ) (if it is not a—invariant, but the proof below will show that it
never is, i.e. that no eigenvalue in the standard representation is +1).

Consider ¢p = 1 @ 7[2d] € \ilggi’jle(SpM). With notation as in Theorem 4.7.2
we have 1y = 1, ¢y = 7w[2d] and u;(1)) is the sign € made explicit in the second
point of Corollary 4.7.3.

As in Definition 4.7.5 we may assume M, = SOy, and 7, equal to the con-
jugacy class of (wy,...,ws,) € LieTgo,, where wy > -+ > wsq, > 0. Using the
parametrizations for maximal tori introduced in Section 2.2, the morphism o [aq)
maps the conjugacy class of ((@1,...,7y),t) € Tsp, X Tsp, to the conjugacy class
of

(z 7 #2073t P et ) € Tso,, -

The two preimages of this element of 7so,, in Tspin,, are

yr = (o t? o 23wt P et T ()Y
Now we fix some prime number p and take (z1,...,z,,) to be a representative
of the conjugacy class ¢,(m) in Sp,,,(C) and t = p'/2. By | | or | | we

know that all z;’s have absolute value one (this also holds in any embedding of
the number field Q(xy,...,zy) in C). Therefore any eigenvalue of spin:rr[2 () or
SN,y (y-) (resp. spin,, (y+) or spin_,,(y-)) has absolute value p"/? for some
even (resp. odd) integer 7. Consider the sign

nn z— i i
(1) DA T T ()5 = (1) 2 ()

=1

18In fact the map m, — c(m,) ® diag(p®?-1/2 . p(1=24/2)) from unramified representations
of GL2,,,(Q,) to semisimple conjugacy classes in GLy,,(C) is defined over Q.
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corresponding to ¢ in (4.7.6). Choose any prime number ¢ # p and an arbi-
trary isomorphism ¢ as in Theorem 4.7.2, and let V' be the irreducible algebraic
representation of PGSp,, corresponding to the infinitesimal character 7 of .

By purity of H*((A})g, IC(V)), if ui(¥)) = +1 (vesp. ui(v)) = —1) then any

u1 ()
w[2d] =

odd) integer i. Since ¢, (m[2d]) equals the Weyl orbit of y., y_, 6(y;), or

eigenvalue of spin“l,"’ (c,s([2d])) has absolute value p/? for some even (resp.

6(y_) we can rule out the last two possibilities, and conclude that c,(7[2d]) =
rad)(cp (), diag(p'/2, p=1/2)). .

Remark 4.7.7. Of course we expect a stronger relation

Cpsc(T[2d]) = Ginfaay (cy (), diag(p'/, p~7%))

(in the notation of the proof above, yy rather than y_). This could perhaps be
proved by realizing a level one representation of PGSOy, corresponding to m[2d]
as iterated residues of Fisenstein series. We will prove this in Proposition 6.3.2
using Galois-theoretic arguments.

4.8 Intersection versus compactly supported cohomology

The aim of this section is to express, for an irreducible algebraic representation
V' of GSpy, g,, the Euler characteristic er(GSpy,, A, V) (notation as in the
introduction, §1.4) of

limy (A0} ICK (V)
K
in terms of

e the analogous Euler characteristics e.(GSp,,,, X, V') for compactly sup-
ported cohomology on (A, k)g, for n’ < n and certain representations V",

e the Euler characteristics of the “compactly supported” cohomology (with
coefficients) of certain arithmetic subgroups of GL,, for n’ < n.

This relation is a slightly more conceptual reformulation of results of Morel (| ,
Théoréme 5.2.2| or | , Proposition 1.5.3]) that she used to prove Theorem
4.6.1. It serves two purposes: first to obtain in Corollary 4.8.18 crystallineness of
the representations U,I;,{L of Theorem 4.7.2, and later to derive an explicit formula
for e.(GSpy,, X, V) in terms of intersection cohomology (as announced in §1.4 of
the introduction).
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We first recall the adelic version of group cohomology of arithmetic groups in
Section 4.8.1, and spell out the notion of parabolic induction in the setting of
Definition 4.3.1 in Section 4.8.2. We then review boundary strata of the mini-
mal compactifications A, - and Morel’s weight truncation, before following some
of Morel’s arguments to express the Fuler characteristic of intersection cohomol-
ogy in terms of that of ordinary cohomology (Corollary 4.8.14). We then dualize
to replace ordinary cohomology by compactly supported cohomology (Corollary
4.8.16). Finally we deduce in Corollary 4.8.18 that each oy} is crystalline from
this relation and a theorem of Faltings and Chai.

4.8.1 Arithmetic group cohomology

Let G be a connected reductive group over Q, K, an open subgroup of a maximal
compact subgroup K2#* of G(R) and denote by X the real manifold G(R)/K, Ag(R)".
Consider a representation of G(Q) on a finite-dimensional vector space V' over a
field F' of characteristic zero. Exactly like in the case G = GSp,,, (see the end of
Section 4.2), we have local systems F& (V') on the manifolds G(Q)\ (X xG(A;)/K)
and we get objects H'(G, K, V) (resp. H:(G, K, V)) of Hecke(G(Ay), F') with

H'(G, K, V)" = H(G(Q\(X x G(Ay)/K), F*(V)),

Hy(G, Ko, V)" = HI(GQ\(X x G(Ay)/K), F*(V))

for any neat compact open subgroup K of G(Ay). For K, maximal these will
be simply denoted by H'(G,V) (resp. H:(G,V)) 2. Recall that thanks to the
existence of “nice” compactifications, such as the Borel-Serre compactification,
the vector spaces H'(G, K, V)X and H(G, K, V)¥ have finite dimension and
vanish for ¢ outside an explicit finite interval (see | |, [ , §11]).

The Hecke operators between the cohomology groups HY(G, K., V)X are de-
fined similarly to the algebro-geometric case of Shimura varieties: for g € G(Ay)
and K’ an open compact subgroup of G(Ay) contained in gK ¢!, multiplication
by g defines a cover Tk, x : G(Q)\(X x G(Af)/K') = G(Q)\(X x G(Ay)/K)
and there is a natural isomorphism T, , F*(V) ~ F K'(V), which is analogous
to the composition of the first two isomorphisms in Definition 4.3.5. There is also
an integral version that we will not use.

19We hope that this notation will not create any confusion since cohomology of algebraic groups
does not appear in this article.
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By Poincaré duality we have perfect pairings

H(GQNXxG(A)/K), FE(V)) < HE T HG(Q)\(X X G(A) /K), F*(V)@0) — Q

(4.8.1)
where O is the orientation sheaf. As in the algebro-geometric setting (4.3.4) it is
natural to normalize this pairing using a Haar measure on G(A) in order to realize
these two admissible representations of G(Ay) (as K varies) as the contragredient
of each other. The connected components of X are simply connected, so choosing
an orientation of X’ gives us an isomorphism O ~ F¥ () where y is the restriction
to G(Q) of the continuous character G(R) — {41} whose restriction to K2** is
the determinant of the adjoint representation Lie G(R)/ Lie K, (or equivalently
of Lie K, because the adjoint action of G(R) has trivial determinant). In general
this character x of G(Q) is non-trivial, in particular non-algebraic.

Example 4.8.1. For G = GLyg we have x = signdet™™! and dim X = N? —
I1-N(N-1)/2=N(N+1)/2-1.

Remark 4.8.2. Using [ , Proposition 2.2] one can check that, at least when
the level K is small enough, the manifold G(Q)\(X x G(A;)/K) is orientable.
Unfortunately it is not canonically so, and so as K wvaries it does not seem to be
possible to choose orientations uniformly so that they are compatible with all finite
étale covers Tk 4 k-

Even though y is non-algebraic in general, we can often reduce to the case of
an algebraic representation V', by the following remark. See also Lemma B.0.2.

Remark 4.8.3. Let L be a one-dimensional representation of G(Q) over F, and
denote by x : G(Q) — F* the corresponding character. Let G C G(R) be the
stabilizer of a connected component X° of X. It is a normal subgroup of G(R), in
fact the quotient is commutative and 2-torsion, and so G does not depend on the
choice of a connected component of X. Assume that there exists a locally constant
character Xy : G(Ay) — F* such that Xy and x coincide on G N G(Q). Then for
a level K C G(Ay) such that X¢|x = 1, choosing a basis e of L there is a unique
global section s(e, Xt) of FX(L) which on (GNG(Q))\(X°x G(A;)/K) is given by
(z, hK) = Xs(h)e. Cup-product with s(e, xs) gives an isomorphism of admissible
representations of G(Ay)

Similarly we have an isomorphism HA(G, K, V) Q@ X5 ~ HI(G, K,V ®@p L).
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Note that Remark 4.3.7 over C is a special case of this (via comparison of étale
and singular cohomology), and that a simple way to find a pair (x,Xys) is to take
X to be the restriction to G(Q) of Xo where X = XooXs S @ character on G(A)
which is trivial on G(Q).

In this section we will only need the case where K, is maximal, and for simplic-
ity we make this assumption from now on. We simplify the notation by denoting
H*(G, —) for H*(G, K, —), and similarly for H? (by conjugacy of maximal com-
pact subgroups of G(R) these cohomology groups do not depend on the choice of
K indeed). The general case will be resumed in Section 8.1.

For a given neat compact open subgroup K of G(Ay) we have a decomposition
into (finitely many) connected components

GQN\(X x G(Af)/K) =~ L] PV

[h;]€GQ\G(Af)/K

where I'; = h; K hj_1 N G(Q). This gives an isomorphism

HY(G, V)X ~ P HT;\X, FX(V)).

Since X is connected and contractible and the action of I'; on it is free we have
canonical isomorphisms H'(I;,\X, FX(V)) ~ H(T';,V) (see | , §5.3 Cor. 3|),
giving a purely algebraic interpretation of H(G, V') in terms of group cohomology.
If we change representatives, say h’ = v;h;k; with v; € G(Q) and k; € K,
then I := WK ()™ N G(Q) = 7,T;7; ", we have an isomorphism Vi, = Vlr,
induced by ~; ! which is compatible with the isomorphism Ad(v;) : I'; — I, and
so together they induce an isomorphism H*(I';,V)) ~ H*(I';, V') which of course

depends on (h;, h}) but not on the choice of (v;, k;) (see | , Ch. VII Prop. 3|).
In particular we have a canonical isomorphism
H(G,V)K ~ - colimyge. H(hKh™ N G(Q), V). (4.8.2)
heG(Q\G(Af)/K

Moreover the Hecke operators [Ka, g, K1, K] : H/(G, V)5t — HY(G,V)2,
at least when K;, K, and K’ are neat, can be rewritten via (4.8.2) in terms
of combinatorics of double quotients G(Q)\G(Ay)/K and maps Tk 4 x between
them and restriction and corestriction maps in group cohomology. We do not make
this more explicit here.
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We denote

e(G,V) =) (1)'[H(G, V)], resp. ec(G,V) =Y (=1)'[HIG,V)]

i>0 i>0

in the Grothendieck group of admissible representations of G(Ay) over Q.

4.8.2 Parabolic induction

Definition 4.8.4. Let G be a locally profinite group, P a closed subgroup, and N
a closed normal subgroup of P and denote M = P/N. For p € P denote by P its
image in M. Assume that G/P is compact (so that for any compact open subgroup
K of G the double quotient P\G/K is finite). Let F be a field. For K an open
compact subgroup of G and h € G we define compact open subgroups of N, P and
M as fOllOZUS.' let KN,h =hKh™'N N, Kp’h =hKh™'NP and KM,h = Kp,h/KN’h,
which is isomorphic to the image of Kpy in M. For an object V.= (Vi )kec(u) of
Hecke(M, F), let indSV be the object of Hecke(G, F) with

(indGV) g = { [:GIK = || Vi, |VhK € G/K, f(hK) € Vk,,,

hKeG/K

and VhK € G/K, Vp € P,f(th) = [KMW]“]_?, KM7h,KM7ph]f<hK)}

and Hecke operators [Ky, g, K1, K'] : (indSV) g, — (ind%V) g, defined by
[K2797K17K/](f)(h2K2) (483)

K / —
- Z EK%;Z:' [(KZ)M’h2’p2 P (K1) M s (K/>M,p51h'] (f(h1KY))
[R']eP\G/K' '

Ph'Ko=Pha K>

where hy is any element of Ph'gKi, p1,p2 € P are such that phy € WgK; and
pghg € h/KQ.

Remark 4.8.5. 1. Similarly to the case of Definition 4.5.1, one can replace
the category of vector spaces over F' by an arbitrary additive category.

2. In the setting of the definition, choosing representatives hy, ..., hy, for P\G/K,
we have an isomorphism

(indgK)K — @ VKMJ”-

=1

f— (f(hiK))1<i<m
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because the Hecke operators [K s pn, Dy K, Kpn] occurring in the defini-
tion are isomorphisms which compose in the obvious way and are equal to
the identity when phKK = hK.

. The same properties are used to checked that each term in the sum (4.8.3)
does not depend on the choice of (W', hy,p1,ps2). For simplicity one could take
W € hyKy, hy = h'g and p1 = py = 1.

. It is not obvious that indgz satisfies all axioms of Definition 4.3.1. Of
course it is the last axtom that demands more work. The proof is relatively
straightforward but a bit long, so we leave it to the reader. In fact we will
only need the case of Q-vector spaces and Q-linear categories that reduce
to this case, in which case the axioms of Definition 4.3.1 for indgz follow
from Proposition 4.3.8 and Proposition 4.8.6 below, which of course is the
motiwation for Definition 4.8.4.

Proposition 4.8.6. If V is associated to a smooth representation V of M by

Proposition 4.3.2 then indIGDK is canonically associated to the (non-normalized)

induced representation indSV of G.

Proof. The identification of (ind5V)% with (indGV)  is straightforward, so let us
check that Hecke operators match. Recall from Proposition 4.3.2 that [Ks, g, K, K']
is induced by > ;cx, /x k9. Fix hy € G (and not just hoK> € G/K>). Each
k € Ky/K' defines [hok] € P\G/K' mapping to [hy] in P\G/K>, and all such
double cosets in P\G/K' are obtained in this way. Moreover for b’ € hy K5 and
kK’ € Ky/K' we have PWkK' = Ph'K’ if and only if k belongs to the image of

Ad(R)~1

(K3) oy /(K" ppy —— K5/ K'. Therefore for f € (indGV)" we have

(K, g, K1, K'(f)(hals) = Y f(hokgKy)
keK2/K'

= > > f(KH gKy)

[P]€(K2)phg \h2 K2 /K’ K &€(K2)p i /(K')pp
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and since f is left P-equivariant we can write

K /
Z f(k/thl) — Z ( Q)Nk‘h (k/h/gK1>
(K npow
K e(K2)pp/(K')p K e(K2)ppn /(K" appe
(Ka)nw
-2 ‘ W | © T 9T
k'e(K2) g /(K" ap e
S a1, (B, (] (96
= (K ) 2)M,hg> L5 A1) M g5 MW g
and we recognize the simplification of (4.8.3) observed in Remark 4.8.5 3. O

Corollary 4.8.7. Assume that we are in the setting of Definition 4.8.4. Assume
that F' has characteristic zero and that G and N are unimodular. Let 6p : M — Q*
be the modulus character, i.e. for any p € P, for any right Haar measure i on P
and for any measurable set X C P we have p(pX) = 0p(p)i(X). Fiz right Haar
measures on P and G. Then the contragredient object (defined in Corollary 4.5.4)
(indSV)* is isomorphic to ind$(V* ® 6p).

Proof. Under the assumptions of unimodularity we have a “quotient measure”
which is a morphism ind$6p — F of smooth representations of G. Let V be the
smooth representation of M corresponding to V', and denote by V its contragre-
dient representation, which naturally corresponds to V*. The isomorphism in the
Corollary is obtained by composing the obvious pairing indIG;V X indg(v ®dp) —
ind$6p with the quotient measure. O

As the notation suggests we will use Proposition 4.8.6 in the case of parabolic
induction, that is for G = G(Ay), P = P(Ay) and N = N(A;) where G is a
connected reductive group over Q, P a parabolic subgroup and N its unipotent
radical.

4.8.3 Stratifications of minimal compactifications of Siegel modular
varieties

For the rest of Section 4.8 we denote G = GSp,, and X denotes the G(R)-
homogeneous space introduced in Section 4.1. Maximal proper standard parabolic
subgroups of G are parametrized by integers 1 < m < n, we denote by P,
the block upper triangular subgroup of G corresponding to the partition n =
m+2(n—m)-+m. Thus standard Levi subgroups of G are parametrized by tuples
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1<m <---<n.<n,and P =P, N---NP, has standard Levi factor Mp
isomorphic to GLy, X+ -+ X GLy, —n, , X GSPy,,_,,), the inverse isomorphism being

(91, .-+ 90, h) — diag (qiv(h), ..., gov(h), b T gy Ty oo T Yo Ty )

7 YNy P TNy —Nyr—1

where (Ji);j = 0i+j—k+1. In particular we have a decomposition
Mp = MP,hn X MP,her (4-8'4)

where Mp 3, ~ GL,, X --- x GL,,_,, , and Mp ¢, = GSpQ(n_m).

We will use the description of boundary strata of minimal compactifications
explained in Section C.4.2, in terms of generalized Shimura varieties introduced
in Definitions C.1.1 and C.1.8. Boundary strata of A} , are parametrized by
maximal proper parabolic subgroups of G. For such a parabolic subgroup P =
P,, (here 1 < m < n) we have by Proposition C.4.4 an associated generalized
Shimura datum (Mp, Xp, hp) and for a neat level K = K? x G(Z,) the stratum
of A, x, = Sh(G, X, K)i  corresponding to P may be identified with

colim Sh(Mp, Xp, K (P, gK))x, ~ | | Sh(Mp, Xp, K (P, gK))r,

ISP
gHE[P(AF")nG(A; /K] PP NG AP kP

and we denote
Z.pth : Sh(Mp, Xp, K(P, K))IF,, — A:,,K,]Fp

the locally closed immersion.

More generally for a standard parabolic subgroup (not assumed to be maximal
or proper) P =P, Nn---NP,, of G we may restrict (in the sense of Proposition-
Definition C.4.5) the generalized Shimura datum (Mp, ,Xp, ,hp, ) to Mp, to
obtain a generalized Shimura datum (Mp, Xp, hp). As explained in Section C.4.3
the double coset

P(APNG(AP)/K? ~ P(As)\G(Af)/K

parametrizes sequences of boundary strata corresponding to the parabolic sub-
groups P, , P,, NP,,, ..., P. In particular for g € G(A}p)) x G(Z,) we have a
morphism

TP,gK : Sh(MP, XP, K(P, gK))Fp — Sh(G, X, K)E:-p.

If r = 1 this map coincides with the locally closed immersion ip 4x but in general
Tp 4k is only finite étale over the boundary stratum corresponding to P, and [g] €
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PnT(Agfp))\G(Agcp))/Kp. If n, <n (resp. n, = n) then hp : Xp — Hom(S, Mpg) is
injective (resp. two-to-one) and hp(Xp) is the Mp(R)-orbit of

2= (]n17 o 7Inr—n,«_1hn—m,0(z))

where iy, 0 S = GSPpy(,_p,) 18 as described around (4.1.3). In any case we are
in the situation of Section C.3: Mp i, (R) acts trivially on Xp and (Mp per, Xp, hp)
is a Shimura datum, so each Sh(Mp, Ap, K) is isomorphic to a finite disjoint union
of A,_ k' for certain neat levels K’. For ¢ # p prime and V a bounded com-

plex of (finite-dimensional) algebraic representations of Mp o, we also have (see
Proposition-Definition C.2.1) objects AF*V of D*(Sh(Mp, Xp, K)r,, Q) and co-
homological correspondences between them (Definition C.2.7), yielding objects

H'(Sh(Mp, Xp, ?)5 , AF'V)

of Repaim’cont(Mp(Agcp ) x Galg). As explained in Section C.3 the corresponding

Euler characteristic in K O(Repgim’com(l\/[p(A;p ) % Galg)) factorizes as follows when

V' is concentrated in degree zero and decomposes as = Vi, ® Vier
e(Sh(Mp, Xp, ?)z AFV) = e(Mp jin, Vi) X e(A, . 27, F Vaer)-

4.8.4 Weight truncation of correspondences

Morel | , §3.3] associated to the stratification of (A}, x)r, = Sh(G, X, K)i
recalled in the previous section and a tuple a € (Z U {+o0})"*! a t-structure on
the triangulated category of mixed complexes in D°(Sh(G, X, K )]}p, Qr). We will
use the same notation, e.g. w<, denotes truncation for this t-structure.

PI‘OpOSitiOH 4.8.8. Letg € (ZU{:EOO})WH Let ((LK>K607 (U(KQ, g, Kl, Kl))Kg,g,Kl,K’)
be an object of PreH( n2iy O Q¢) (Definition 4.4.2) such that each L is bounded
and mized. Then

((wégLK)Keca (WSQU<K27 g, Kl; K/)>K2797K17K/)
and <<w>gLK)KEC’7 (w>gU(K2; g, K1, Kl))Kg,g,[ﬁ,K’)

are also objects of PreH(A; , 5 , C, Q).

Proof. We only treat the first case (w<,) as the other case (ws,) is entirely sim-
ilar. The proof of the first two axioms in Definition 4.4.2 is straightforward and
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we omit it. For the third and fourth axioms it is enough to check compatibil-
ity of weight truncation with composition of correspondences and pushforward of
correspondences.

For composition, we need to prove the following: assume that we have mor-
phisms

X & X2 X, & X B X,

between schemes separated of finite type over F, and endowed with stratifications
compatible with these morphisms. Let L; € D (X;, Q) for i = 1,2,3, u: ¢ Ly —
cyLy and v : df Ly — dyLs. Then we have an equality of correspondences between
w<,Ly and w<, L3 supported on (¢y7',dor”), where ' @ X' xx, X" — X' and
X xx, X" — X"

W<a(vou) = (weev) © (Weqt). (4.8.5)
In the diagram

(m)"u

(7")*et Ly » (7')*ch Lo y (") dt Ly

| | [

1 * 1m\!
() ciwea Ly — = (1) chweg Ly ———— (") djwey Ly — = (2"

(7)o (7'{'

the left (resp. right) square is commutative by application of (7')* (resp. (7”)') to
the commutative square characterizing w<,u (resp. w<,v), and the middle square
is commutative because it is obtained from the morphism of functors (7')*ch, —
(7")'d; applied to the morphism w<,Ls — Lo. So the outer square is commutative,
implying (4.8.5).

For pushforward we need to prove the following: suppose we have a diagram

X/
|#
— X

of separated schemes of finite type over I, endowed with stratifications compatible
with these morphisms, L; € D (X;, Q) for i = 1,2 and u : f*ciL; — f'c,Ls.
Assume that f is proper. Then we have an equality of correspondences from

Cc2
Xl < > X2

c

w<oLy to w<, Lo supported on (cq, ¢2):
cort- f, (w<,u) = w<,(corr-fou). (4.8.6)
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In the diagram

adj fru 11 adj |
Ly > fof Ly > fofcylo > cy Lo
T adj T Jrw<au 11 adj !
CTWSng _— f*f*CTngLl f*f'C'QU)SQLQ _— C'QwSQLQ

the left and right square are commutative because they arise from a morphism of
functors (id — f.f* resp. fif' — id) applied to a morphism w<,L; — L;, and
the middle square is commutative by application of f, to the commutative square
characterizing w<,u. So the outer square is commutative, implying (4.8.6). O

Corollary 4.8.9. Let a™), ... a") € (ZU{£oo})"*!. For each 1 <i <r let 7; be
either we i) or ws .. Then the pair

(Tr . T F SV )k, (... Tlcorr—l'*u(Kg, 9, K1, K8, ) Kp,g.51 K

1s an object of PreH(A;?,Fp, C,Qy), where corr-j  denotes the pushforward of cor-
respondences (Definition A.4.1) for the open immersions j : An kr, = A i, -

Proof. This will follow from r applications of Proposition 4.8.8 once we prove that

(]*]:K(v))Ka (Corr'i*u<K27 g, K1, Kl)IIFS)K%g,KLK’

is an object of PreH( ;,?,Fp’ C,Qy). This is proved exactly as for Proposition 4.4.4,
using (repeatedly) the first point of Lemma A.5.1 instead of the second one. [

4.8.5 Intersection cohomology from ordinary cohomology

Definition 4.8.10. Let P =P, Nn--- NP, be a standard parabolic subgroup of

G. Letty,,...,t,, € 7Z. Let V be an algebraic (finite-dimensional) representation
of Mp >~ GL,, X GLp,—p, X -+ X GLy,—n, , X GSpy(,_,). We have a canonical

decomposition
V= P Vi

S1y--esSrEZ

where Vs, . is the eigenspace for Z(GL,,) X --- x Z(GL,, _,, ,) such that for
each 1 < i <r and A\ € GLq,

Y SNUNDY S SN S
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acts by A on Vi, .. Denote

Ve = V<tn1,---7<tnr = @ Vii,sr

51<tn1,...,sr<tnT

and similarly for V<4, V= and V>,. Being functorial, these truncations extend to
complezes of algebraic representations of Mp.

Remark 4.8.11. This definition of truncation differs from the one in [ ,
§4.2]. More precisely if the center of GSp,, acts by t — t™ on V then Vi, 5, is
the largest subspace of V' on which

diag(A\*In,, Mogn—nyy, In,) € Z(Mp)

acts by N5 for each 1 < i < r. So our Vo4 is Morel’s Voy where t; = t; + m.
We translated Morel’s conditions so that they become invariant under twisting by
characters of G.

Note that there seems to be a typographical error (certainly related to Remark
C.4.2) in [ , §4.2] for the case n; = n (corresponding to zero-dimensional

strata,).

Theorem 4.8.12 (Morel). Let ¢ # p be prime numbers, V' an algebraic representa-
tion of Gq, (or a bounded complex of such representations). In Ko(RepEm’Com(G(Agcp)) X
Gal(F,/F,))) we have
" 2 R G(A;p)) 2 .
e(A* - ICH(V)) = Z(_l) PlndP(A(p))e(Sh(Mp, Xp, )5, AF RT(LieNp,V)<)
PR P f

where the sum ranges over standard parabolic subgroups P = P,, N--- NP, of
G, rp=r=dimAp —dimAg andt,, = (n—n;))(n—n;+1)/2—n(n+1)/2 for
1< <r.

Proof. This is a reformulation of | , Théoréme 5.2.2| (see also the dual version
| , Proposition 1.5.3]), after taking cohomology. Since we have adopted a
different formulation in order to make the appearance of parabolic induction more
obvious, let us briefly explain how this theorem follows from Morel’s results. We
use the set C' of compact open subgroups K? of G(Agcp)) such that K? x G(Z,)
is neat. We have an object ((j.F"V)g, (corr-j u(Ka, g, K1, K')r,) k9.5, 57) 0f
PreH(A;"Z,?JFp, C, Q). By decomposing V' we may assume that V' is irreducible,
and so we may and do assume that V' is pure of some weight m € Z. Let a =
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—m + n(n + 1)/2, so that the perverse sheaves IC*(V)[n(n + 1)/2] are pure of
weight a. Denoting a = (a,...,a) € Z"™' we have by | , Théoreme 3.1.4,
Lemme 3.3.3, Lemme 5.1.3| an isomorphism in PreH( n2 e O Q)

((ICK(V))K7 (U(K27 g9, K, K/)IIE‘C)KQ,%KLK’)

P

~ (w<afuF* V)i, (wegeorr-j u(Ks, g, K1, K' ), ) iy.g.50.K7)-

Recall from Section C.4.3 (originating from | , Proposition 1.1.3|, see also
the end of the proof of | , Proposition 4.2.3|) that for a standard parabolic
subgroup P = P,, N--- NP, of G and K = K? x G(Z,) neat, sequences of
boundary strata (Si,...,S,), where S; is a boundary stratum of Sh(G, X,K)I’;p
and for 1 < j <r Sji1 is a boundary stratum of S} corresponding to the image
of Pp,M---NPy,,, in Mp, n.np,,, are in bijection with P(A;p))\G(A;p))/K, and
for g € G(A;p)) x G(Z,) we have a map

TP,gK . Sh(MP? XP? K(P7 gK))]Fp —> ( :,,K)Fp'
Asin | | we denote by i, the locally closed immersion of

colim Sh(Mp,,, Xp,,, K(P.,, gK))r,
gKPEPr (AP NG/ KP]

in (A, x)r, obtained by collecting the immersions ip,, gx. We need a slightly

more complicated Grothendieck group than in | , §5.1] and we work with the
Grothendieck group of PreH(A;"L’mp, C, Q) instead, i.e. the group generated by iso-

morphism classes of objects (Lx )i, (W(K2, g, K1, K')) k59,501, 5 of PreH(A; 55 . C, Qy),
with relations

(Lr)k, (W(K2, g, K1, K')) k9,500,560 + (L) ks (W' (K2, 9, K1, K')) kg 9,560 7))
= [(L/K)Ka (ul(K27 g, K17 K/))K2,Q,K17K']

whenever there exists a family (Lx — L% — L% L)k of exact triangles such
that every diagram

Ty Ly, — Ty Ly, — Ty Ly, — T, Ly, [1]
lU(K%Q,Kl,K/) lu/(K%!LKhK,) lu”(th%Kl,K/) lu(K27g7KlyKl)[1]

TV Ly, — T\ Ly, —— T1 LY, —— Ty Lg,[1]
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commutes. The proof of | , Proposition 5.1.5] works just as well in this
context thanks to Corollary 4.8.9, and so in Ko(PreH (A}, , 5 , C,Qr)) the class of

(ICE(V)), (u(Ks, g, K1, K')g)))

is equal to the sum, over standard parabolic subgroups P =P,, N---NP,, of G,
of (—1)" times

(s gnr - - .w>g<n1)j*.7:K(V))K, (Ws g(nr) - - .w>g<n1>corr—l'*u(K2, 9. K1, K')g,))

where

a('z):{a I 7 n n

J +00  otherwise.

Recall from Proposition 3.3.4 (ii) loc. cit. that each truncation functor w e, is

*
ng?

(canonically) isomorphic to ip.ws,i’ , and from Lemme 5.1.4 loc. cit. that (via

this identification) we have

. !/
W ynr) - - - w>g(n1)corr—2*u(K2, g, K1, K')

. - . C ok /
= COIT-lp, W>qCOIT~lp," ... In; Waln, l*u(KQ,g, Ky, K')

(pushforward and pullback of correspondences as defined in Section A.4). Now by
Proposition 4.2.3 loc. cit.

s Wsaly, - Gy xWsaly, JoF V.
is identified with?°

(Tp g1 ) AFE®RORD (Lie Np, V) o4

(nlePAPNGAP)/K

where
- (n—mn;)(n—n; +1) e
’ 2
i.e. t as in the theorem (here we are using our convention for truncation in Defini-
tion 4.8.10, see Remark 4.8.11). Translating | , Proposition 1.5.3], we obtain

that via these identifications each correspondence

COIT-lp, W»qCOIT-ly," ... COIT=in, WqCOIT-ip, *COTT~] u(K2, g, K1, K')

20 As usual this direct sum is really a colimit over the groupoid [P(Agcp )~ G(A;p ))/KP].
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is equal to the matrix (uf; ) 1) iha o] Where ufy | o 1 is the sum over [h'] € P(A;p))\G(Agcp))/K’
satisfying h'g € P(A}p))thl (say, h'g € pihiK; where p; € P(A;p))) and h' €
P(Agcp))thg (say, I/ € paho Ky where py € P(ASZ’))), of

Iha Koyt O Np (AP /WK (1)~ (1 Np (AD)]

times the pushforward along

Sh(Mp, Xp, K (P, 1 K1) — Sh(Mp, Xp, K (P, N'K')) —2+ Sh(Mp, Xp, K (P, hyK))
P1

lTP,thl lTP,h'K’ lTP,hgkz

> ATL,KZ

* , *
n, K1 O e n, K’
g

of the correspondence au(K (P, hoK3), D2, p1, K(P,h K;), K(P,h'K")) (Definition
C.2.7). Taking cohomology (see Proposition A.4.3), we recognize (see Definition

4.84
| G(AT) :
indP(A(fP)) G(Sh(MP, Xp, ?)Fp, AJ—" RF(LIG Np, V)<§).
f

]

In order to formulate the analogous result with [F,, replaced by Q@ we need a
weaker notion of Grothendieck group of admissible representations.

Definition 4.8.13. For a characteristic zero field F' and a connected reductive
group G over Q, denote by K& (Repi™(G(A}))) the quotient of the Grothendieck
group of admissible representations of G(Ay) over F' by the following equivalence
relation: two wvirtual admissible representations V' and W are equivalent if for
every compact open subgroup K of G(Ay), VE = WX in the Grothendieck group
of finite-dimensional representations of H(G(Af)//K).

Let Kgr(Repaim’cont(G(Af) x Galg)) be the quotient of the Grothendieck group
of admissible representations of G(Ay) with commuting continuous action of Galg
(meaning that for any compact open K C G(Ay), the finite-dimensional represen-
tation of Galg on K -invariant vectors is continuous) by the analogous equivalence
relation with H(G(Ay)//K) replaced by H(G(Ay)//K) x Galg.

By the Brauer-Nesbitt theorem, the equivalence relations in the definition
amount to equality of traces (and in the second case one can restrict to a dense
invariant subset of Galg). The equivalence relation occurring in Definition 4.8.13
is equivalent to the one in | , §1.2|, although we will not need this fact. In
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the setting of Definition 4.8.13, if P is a parabolic subgroup of G with unipotent
radical Np and reductive quotient Mp = P/Np then (non-normalized) parabolic
induction defines a morphism

. 1G(Ay) r dm,con r dm,con
indp, ) : K (Repg,™ ™ (Mp(Ay) x Galg)) — K (Repg, ™™ (G(Ay) x Galg)),
essentially because parabolic induction is an exact functor preserving admissibility.

Corollary 4.8.14. Let ¢ be a prime number and V an algebraic representation of
Gg,. In Kgr(Repaim’com(G(Af) x Galg)) we have

. rp G ” ’ .
(A, 5, 1C(V)) = > (-1 mdP(A(fm)e(Sh(Mp, Xp,?)g. AF RI(LicNp, V)).

P

where t is as in Theorem 4.8.12.

Proof. 1t is enough to show that for f € H(G(A)) and o € Galg the traces of
f x o on both sides are equal, but for a given Hecke operator f we can apply
Theorem 4.8.12 for almost all p, so we conclude using Propositions 4.5.1 and 4.5.2
and the Cebotarev density theorem. O]

4.8.6 Intersection cohomology from compactly supported cohomology

To state the dual version for compactly supported cohomology we first need to
recall Kostant’s theorem | , Theorem 5.14] on Lie algebra cohomology. Recall
that we have fixed a maximal split torus T = Tgsp, in GSp,, = G, and that
we consider the order on the root system corresponding to the upper triangular
Borel subgroup of G. As usual p denotes half the sum of the positive roots of
T in G. Assume that V is an irreducible algebraic representation of G over Qy,
corresponding to the highest weight A € X*(T). Then we have

H'(LieNp,V) ~ @B V¥
weWP
l(w)=t

where

e WP C W(Q) is the set of Kostant representatives for W (Mp)\W (G), i.e.
the set of w € W(G) satisfying w™'a > 0 for all simple roots occurring in
MP7

o | :W(G) — Zx is the length function,
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e w-A:=wA+p)—p, and
. VAIYIP is the irreducible representation of Mp admitting highest weight \’.

Moreover we have a canonical decomposition
dim Np
RI(LieNp,V) ~ P H'(LieNp,V)[—i]
i=0

because each pr occurs with multiplicity one in the Chevalley-Eilenberg com-
plex. We will denote V)'® = VMP "RV, Mporeraccording to the decomposition
(4.8.4). For t = (to,...,tn) € Z"“ndenote b;fchft()\) the set of w € WP satisfying
(VMP) ., = VP (see Definition 4.8.10), and similarly for > ¢.

Corollary 4.8.15. Let V' be an irreducible algebraic representation of Ggq,, with
highest weight \. For p # { we have an equality in KO(Rep(a@dm CO“(G(ASX’)) X
Gal(F,/Fy)))

e(A 5 JICT (V)

w A(p)) M in MP,liIl (ZP) M er
— Z Z l( lnd P(A p)) (60 (MP,liIU ‘/(w.l/:\’jllin> X €c (An—nr,?,Fp F Vw i\, 2er>
f

P wvet
for the same t € Z™ as in Theorem 4.8.12.

Proof. The proof is very similar to the proof of | , Corollary 1.4.6]. We apply
Theorem 4.8.12 to V* before taking contragredients. The dual of the intersection
complex IC* (V*) is identified with IC* (V) (d)[2d] where d = dim A,, = n(n+1)/2,
and via this identification the dual of the correspondences u(Ks, g, K1, K’ )[F are
equal to u(Kiy,g7 !, Ky, g~ 1K’g)]Fp (d)[2d]. So the contragredient of the left-hand
side in Theorem 4.8.12 is

(A -5, IC(V))(d).

In order to rewrite the contragredient of the right-hand side we first use Corol-
lary 4.8.7 to express, for algebraic representations Wi, of Mp jin and Wher of Mp per
(over Qy), the contragredient of
GaP)

ind ( (P))

(e(MP,nn, Win) M ®) © e(A, _, 5 ]-“?(Wher)))

as

. ) N . .
llldP A(p)) < (MP lin s M/vlln) MP lm(Zp) ® 6<An7nr,?,Fp7 .F?(Wher>) ® 5P(A(fp))) .
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We have 5P( ) = |0p|s where 0p is the (algebraic) character by which Mp acts

A;p)
on /\dimNP LieNp. The character dp is easily computed (in the decomposition
(4.8.4)): on each GL,,_,, , it is equal to det® ™ ™ "1 and on GSpy(yp,) it is
equal to v¥ 9 where d,, = dimA,_, = (n —n,)(n —n, +1)/2. By Example
4.8.1 and the observation 2n+1—n; —n,_1 =n; —n,_; — 1 mod 2 we obtain

e(MP,lina I/Vlin)ﬂ(’l\/IP'lin(Zp)(gdP(Af) |MP,1in(Af) = (_1)2q1in(P)eC(MP,lin7 ma;n®5§,llin)MP’1i“(Zp)

where g, (P) is short for ¢(Mp jin der(R)) and 0p jin denotes the restriction of dp to
Mp jin. Using Remark 4.3.7 we also compute

6(./4 f?Wher) - eC(A

n—ng,?,Fpo n—nr,?,Fp

F W) () © Op000) s, 09
= eC(AnfnT,?,va F?(W}Ter ® 5;,1her))(d)

=3)
D Op (40 g e (42

where p per denotes the restriction of dp to Mp pe,. We conclude

*

. G(A;p)) Mp 1in (Zp) 2
lndP (p) <6(MP:UH7 VVHH) PAnt) Q@ e('Anfnr ?2.F  F (Wher))>
(A7) T

G(A;p))

2q1in (P);
—(—1)%ain( )mdp(A}”))

(ec(MP,lina I/Vl)fn ® 51;,11in)MP’hn(Zp) ® e(An—nr,?,Fzﬂ F?<Wl>fer ® (51;,1her>)> :

By duality for Lie algebra cohomology | | we have
dlm Np
H'(LieNp, V*)* ~ H"™Ne~(LieNp,V) @ /\ LieNp.
We deduce from the above computation of dp that

dlag()‘ln“ IZ(n—ni)7 A_llnl) S Z(MP,lin>

acts by A2d=dn) on A™NP 1ie Np. Denoting s,, = —tn, — 2(d — d,,,) we obtain

dim Np

(H(LieNp, V"))  ~ H¥™Ne~i(LieNp, V)., ® /\ LieNp.

Note that for ¢,,, = d,,, — d we have s,, =1,,.
Write a decomposition into irreducible pieces

H'(LieNp, V*) o4 =~ EB Wi itin @ Wi jher

J

so that we have

!
,7,lin ® Wi,j,her

H'(LieNp, V)., ~ W/
J
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with W/, ~ Wi Np iz @ 0py for 7 € {lin,her}. Putting together the above
computations we get

.G . o
1ndP(A§;)) e(Sh(Mep, Xp, )5, AF'RI(LieNp, V*) )
- Z< 1) lnd A(p) (e(MP’hr“ Wl,j,hn) 7MP711H(ZP) ® e(AnfnT;)?FP’ f?Wz,g,her> ® 6P(A5€p))>
%,J

i A(P)) . .
- Z<_1) (P lnd (P)) <€C<Mp,lin7 VV@ ,J,lin ® 5P hn)MP’hn(Zp) ® eC(Anfnr,?,Fpﬂ ‘F?<le her ® 5P her))

i+2qi (P)+dim Np: GAF)
= Z(_l) +2qlm(P)+d Np lndP(A;’;)) (ec(MP’hI” Wi’JJin) ® €C<An—nr,?fp’ .F (WZ/] her))) (d)

.3
We conclude by simplifying signs using the equality

2q1in(P) +7rp + anT + dim NP = 2d.

This equality can be checked directly, or deduced from the Iwasawa decomposition
which allows us to see X' as a homogeneous space under P(R) and comparing
dimensions. 0

Corollary 4.8.16. Let V = V) be an irreducible algebraic representation of Gy,
characterized by its highest weight X. We have an equality in K tl”(Repadm “M(G(Af)x
Galg))

(A:; Xk ICE(V»

. 1G(Ay) MPp lin MPp her
= Z Z p(Af) <ec <MP,1ina V(w.i)lnn> ® ec <A’n7nr,?7@7 f vw §)29r>) :

P wGWP7

Proof. This follows from taking traces in Corollary 4.8.15 and using Proposition
4.5.2. O

4.8.7 Crystallineness of intersection cohomology

Recall the following corollary to a result of Faltings-Chai.

Theorem 4.8.17. For anyn > 1, M > 3, V an irreducible algebraic representa-
tion of GSp,,, over Q; andi > 0 the Galois representation H((Anum)g, FeK(M)(V))
is crystalline if £ does not divide M.
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Proof. The dual statement (for ordinary cohomology) follows from | , Theo-
rem 6.2 (ii)] (using also (i) in this theorem and Theorem 5.5 to compare dimen-
sions). O

Corollary 4.8.18. Fiz an isomorphism v between the algebraic closures of Q in
C and Q. For anyn > 1, 7 € ZC(Spy,), ¥ € V5T (Spy,) the semisimple Galois
representation agi introduced in Theorem 4.7.2 is crystalline at £.

Proof. Let V' be the algebraic representation of GSp,,, corresponding to 7. By
Corollary 4.8.16 and Theorem 4.8.17 (choosing an auxiliary level M > 3 not di-
visible by ¢) we know that in the Grothendieck group of continuous ¢-adic repre-
sentations of Galg, e( A}, 1C,(V)) is represented by an alternate sum of crystalline
representations. As was already used in the proof of Theorem 4.7.2, by purity any

irreducible representation of Galgp occurs as a subquotient in at most one degree
in H*(A:,1C(V)). O

5 0Odd spin Galois representations

5.1 Existence and uniqueness of a lifting in conductor one

Proposition 5.1.1. Let f : H — H be a surjective morphism between reductive
groups over Qg such that ker f is a central torus C' in H'. Let p : Galgp — H(Qy)
be a continuous Galois representation which is unramified away from £ and such
that p|Ga1@£ is crystalline. Let T : GL;g, — H be the Hodge-Tate I-parameter
subgroup for p (well-defined up to H(Qy)-conjugation). Assume that there ezists
1 GLyg, — H' lifting 7. Then there exists a unique continuous Galois rep-
resentation p' @ Galg — H'(Qy) unramified away from {, crystalline at ¢ with
Hodge-Tate cocharacter 7', and such that p = fop'.

Proof. By [PPat, Proposition 2.8.2] there exists a geometric lift p : Galg — H'(Qy)
of p with Hodge-Tate 1-parameter subgroup 7’ (up to H'(Qy)-conjugation). In
fact this proposition is stated for isogenies GSpin,,,; — SOg,41, but the proof
obviously applies to the general case.

Now we need to twist pj by a finite order character Galg — C(Qy) to obtain
p of conductor one. First we note that for any prime p # ¢, the representation
Po|Galg, 18 unramified up to a twist by a character x, : Galg, — C (Qy), and we may
and do assume that this character has finite order. Similarly, 06|Ga1Qé is crystalline
up to a twist by finite order character y, : Galg, — C(Q). This case (p = ¢) is
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not quite as straightforward: it follows from the existence of a crystalline lift of
p\Gale having Hodge-Tate 1-parameter subgroup 7’ (|Con, Proposition 6.5, which
relies on | , §2]).

Denote by I, the inertia subgroup of Galg,. Since pj, is unramified at almost
all primes, for almost all primes p we have that y,, is unramified, i.e. x,|;, = 1. We
claim that there exists a unique continuous finite order character x : Galg — C(Qy)
such that for all primes p, x|z, = X;|7,- This claim follows from the local Kronecker-
Weber theorem, which identifies the image of I, in Galai with Z: for any n > 1
and any finite set of primes S, letting N = Hpe ¢ ", the Galois group of the abelian
extension Q((n)/Q decomposes as a product of inertia subgroups [[,c¢(Z/p"Z)*.

Uniqueness follows from Minkowski’s theorem (or the global Kronecker-Weber
theorem). O

Proposition 5.1.2. Let p; : Galg — GL(V3) and ps : Galg — GL(V2) be semi-
simple continuous representations, where Vi, Vs are finite-dimensional Qg-vector
spaces having equal dimensions. Assume that py and ps have conductor one, i.e.
are unramified away from € and crystalline at £. Assume also that there exists an
integer n > 1 such that for all primes p > n, there exists an n-th root of unity
¢ such that the characteristic polynomials of p1(Frob,) and (pa(Frob,) are equal.
Then py and py are isomorphic.

Proof. Choose an open subgroup U C Q" such that U ~ {1} does not contain
any n-th root of unity. There exists a finite Galois extension K/Q such that for
any o € Galg, the eigenvalues of p;(0) and those of ps(c) belong to U. Then for
almost all primes p of K, we have that p;(Frob,) and ps(Frob,) have the same
characteristic polynomial, and so by the Cebotarev density theorem the semi-
simple representations pi|Gal, and p2|cal, are isomorphic. Choose an isomorphism
f Vi = V; intertwining these restrictions. Then f € Homg,(V4, V,)GAK/Q) " and
this is a sub-Galg-representation of Hom@(vl, V), therefore it is also a geometric
representation of conductor one. Since any finite image crystalline representation
of Galg, is in fact unramified, we obtain using Minkowski’s theorem that Gal(K/Q)
acts trivially on Hom@(Vl, Vz)Gal(K/ @ and we conclude that f intertwines p; and

P2- L

5.2 0Odd spin Galois representations

In the following theorem we recall what is already known about the existence of
Galois representations valued in orthogonal groups in our case.
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Theorem 5.2.1. Fiz a prime number ¢ and an isomorphism ¢ : C ~ Q. Let
n > 1. Let 7 € IC(Spy,). For any ¢ € Wi (Sp,,), there exists a continu-
ous semisimple representation pfﬁ . Galg — SO2,:1(Qy) unramified away from
l and. crystalline at ¢ and such that for any p # ¢, pig(Frobp)ss 1s conjugated
to t(Y-(cp(v))). The Hodge-Tate cocharacter of p?ﬁ](;al@[, a conjugacy class of
morphisms GL; — SOs,41, has differential equal to 7.

If p: Galg — SO9y41(Qy) is any continuous semisimple morphism such that

for almost all primes p, p is unramified at p and p(Frob,)® is conjugated to
V(W (cp(¥))), then p is conjugated to pj,.

Proof. Write 1 = @;m;[d;] where m; is a self-dual automorphic representation for
GL,, of conductor one, satisfying 2n +1 = ) .n,d;. The eigenvalues of the
infinitesimal character of 7; o, are distinct and belong to % +7Z, so it follows from
[ , Theorem 4.2] that there exists a continuous semisimple representation p;, :
Galg — GL,,(Q) which is unramified away from ¢ and crystalline at ¢ and such
that for any prime number p # ¢ the characteristic polynomial of p; ,(Frob,) is equal
to that of p®~/2¢,(m;). We have py, ~ '~ ®p;, because ; is self-dual. Define a
2n-+1-dimensional linear representation o of Galg as @, pi@(1Dx,®- - @x3 ). Tt
is clearly self-dual, and for any index i such that d; is odd we know thanks to | ,
Corollary 1.3] that the self-dual representation p; , ® Xédi_l)/ ?is of orthogonal type,
i.e. it factors through the standard representation of the orthogonal group O,,,(Qy).
It actually factors through SO, (Q;) because it is unramified away from ¢ and
crystalline at £, so its determinant is everywhere unramified. It follows that o is also
of orthogonal type, i.e. it is isomorphic to pfb?b : Galg — SO(Qy) composed with the
standard representation Stdso,, ,, 0of SO2,41. The representation Stdso,,,, induces
an injective map on semi-simple conjugacy classes, so we deduce from local-global
compatibility at non-¢-adic finite places in | , Theorem 4.2] that for all primes
p # { the conjugacy class of pi(i(Frobp)SS is equal to that of ¢(¢-(c,(¥))). Similarly
the Hodge-Tate weights of Stdso,, ., © pig\cal(@e are given in | , Theorem 4.2],
and so the Hodge-Tate cocharacter of piﬁ is conjugated under SOs,,1(Qy) to 7.
If p/ : Galg — SO9,11(Qy) is another continuous semisimple morphism satis-
fying the same condition at almost all primes p # ¢, then Cebotarev’s theorem
implies that the traces of p’ and pfﬁ are equal, and as they are both semisimple it is
well-known that this implies that p’ is conjugated to p?ﬁ by some g € GLa,41(Qy).

It then follows from | , Theorem 2.3] (see also | , Proposition 2.3|) that
we may take ¢ in Og,11(Qy). We have Ogy,p1 = p1y X SOg,41 and so we may even
take g in SOgn_H(@). ]
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Theorem 5.2.2. Fiz a prime number ¢ and an isomorphism ¢ : C ~ Q. Let
n > 1. Let 7 € ZC(Spy,). For any ¢ € W7 (Sp,,), there exists a continuous

disc,ne
GSpln

semisimple morphism p, : Galg — GSpiny, +1(@) unramified away from ¢

and crystalline at { and such that for any p # £, pGSpm(Frob )* is conjugated to
L(p" ”“)/41#7 sc(Cpse(1)))-

Moreover the conjugacy class of pGSpm

admits the following characterizations.

1. If p : Galg — GSpiny,,,(Qr) is any continuous semisimple morphism such
that for almost all primes p, p is unramified at p and p(Frob, )% is conjugated
to 1(p" D/ (cpse(V0))), then p is conjugated to pGSpm.

2. If p : Galg — GSpiny,,,,(Qr) is a continuous morphism which lifts ,0 O (up
to conjugacy by SOu,41(Qy)), is unramified away from ¢ and crystallme at
¢, and satisfies v o p = X_n("H/Q then p is conjugated to pGSpm.
Proof. Write 7 = (wy,...,w,) with wy > --- > w, > 0 integers. Since ), w; =
n(n+1)/2 mod 2, 7" = (wy,...,w,, (O, w;)/2,n(n + 1)/4) defines a conjugacy
class of cocharacters GL; — GSpin,, ; above 7. By Proposition 5.1.1, there
GSpin . Galg — GSpiny,;(Qy) lifting pyo and which
is unramified away from ¢ and crystalline at ¢ with Hodge-Tate cocharacter 7'.

exists a unique continuous Py

We also have the representation O'Spm from Corollary 4.7.3. For all p # ¢,
afbpin(FEbp)SS is conjugated to spin(pi’%pm(f‘robp)) or spm(pgsbpm(Frobp))
GL2n (Qy). Applying Proposition 5.1.2 to afpp;n and spmopw P (which is semisimple
by | , Corollaire 4.3]), we obtain that these two representations coincide, and
thus pGSp satisfies all desired conditions.

Gspm follows from uniqueness in Proposition

The second characterization of p,;
5.1.1 and the fact that the surjective morphisrn GSpiny,, 1 — SO2;,41 X GLy, where
the second component is v, is a central isogeny (with kernel ps).

We are left to prove the first characterization. If p : Galg — GSpiny,,(Qy)

GSpln

is continuous semisimple and satisfies the same property as 2 at almost all

primes p, then spinop is also continuous semisimple and so by Cebotarev s theorem

GSpm In particular spinop is also unramified away from ¢

it is conjugated to spinop,
and crystalline at ¢. Since the representation spin : GSpin,,, ,; — GLa» is faithful,
this implies that p enjoys the same property. By uniqueness in Proposition 5.1.1
we have p = ngsjpm for some continuous character x : Galg — Q," which is
unramified away from ¢ and crystalline at ¢, and so y = x}’ for some integer N.
By composing p with v and evaluating at Frob, for any p # ¢ we see that we have

N =0. [l
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5.3 Non-tempered case

In the setting of Theorem 5.2.2; we consider the non-tempered case, i.e. the case
where ¢ = 7[2d + 1] with d > 0. We have 7[1] € V™" (Sp,,) for a unique

disc,ne

7' € ZC(Spy,,) where the integer m is determined by the relation 2n + 1 = (2m +
1)(2d 4+ 1). Similarly to Definition 4.7.5 we have a morphism ( : SO, 11 X SLy —
SOz, 41 such that Stdgo,, , o 8 ~ Stdso,,.,, ® Sym2d Stdgy,,, and this morphism is

unique up to conjugation by SOs,1(Q). Up to conjugacy we may assume that it
restricts to

7§02m+1 X ’TSLQ — ’EOQn+1

(1, Tm) t) — (22, 2yt 72t a2 a2 P 2472 12,
It lifts uniquely to 3 : Spin,,,, .1 X SLy — Spin,, . ;, which restricts to

7—Spin2m+1 X 7—SL2 — 7'Spin2n+1
((xla ce s Ty 3)7 t) — (ﬁ((l’l, . ,:Cm)’ t), S2d+1td(d+1)/2)'

The group Spin,,,,; X SLy naturally embeds in the group
G := {(g1,92) € GSpiny,, .1 x GLy | v(g1) = (det gg)m(m+1)/2}
and we have a short exact sequence
1 — pg — Sping,,.; X SLy x GL; = G — 1
where the first map is

Mo — Z(Spin2m+1) X Z(SLQ) X GL1

m(m+1)/27 z, Z)

z2— (z
and the second map is (hy, kg, A) = (A™™FV/2h; Ahy). The morphism

SpianH X SLQ X GLl — GSpinQnH
(hl, hg, )\) — /\71(7L—~_1)/2B(h17 hg)

induces an extension G — GSpiny, , of § because m(m + 1)/2 + d(d + 1)/2 +
n(n+1)/2 is even. We still denote it by /3.

Proposition 5.3.1. As above assume 1 = 7[2d + 1] with d > 0.
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1. For any prime ¢ and any v : C ~ Q, the GSpinQnH(@)—conjugacy classes of

pifpi“ and (o (Pfﬁiin, 1@ ;") are equal.

2. For all primes p we have cpse(1) = B(cpse(n[1]), diag(p'/?, p~/2)).

Proof. Note that we already know that for all primes p we have ¢, () = B(c,(r[1]), diag(p'/2, p~1/2))
by the very definition of ¢,(v).

1. The composition of the continuous morphism

pi=Bolpl) 1@ x;") : Galg — GSping,,, (@)
with the projection GSpin,,,.;(Q¢) — SO2,41(Qy) is conjugated to ,018/2, by
uniqueness in Theorem 5.2.1. The composition of p with v is equal to

X;n(nﬂ)/ ? again using Cebotarev’s theorem. Using the second character-

ization in Theorem 5.2.2 we conclude that p is conjugated to piipin.
2. For a prime p we choose ¢ # p and ¢ arbitrarily and apply the first point at
Frob,.

]

Remark 5.3.2. As for Proposition 4.7.6 and Remark 4.7.7, one could perhaps
prove the second point in Proposition 5.3.1 directly using Eisenstein series.

6 Even spin Galois representations

6.1 Local-global compatibility for SOy, yields GSpin-valued
Galois representations

Theorem 6.1.1. Fiz a prime { and a field isomorphism ¢ : C ~ Q,. Let n > 1.
For # € ZC(SOy,) and ¢ € U7 (SOy,) there exists a continuous semisimple
morphism p& : Galg — S04, (Qy) unramified away from £, crystalline at ¢ and
such that for any prime number p # { the Oy, (Qy)-conjugacy class of p%L(Frobp)SS
is equal to ¢,(10). The O4,(Qy)-conjugacy class of the Hodge-Tate cocharacter of
pgyL (recall that this is a SOy, (Qy)-conjugacy class of morphisms GL, g, = SO,,5;)

is equal to 7. Any another continuous semisimple morphism Galg — SOy, (Qy)
satisfying the same condition at almost all primes p # { is conjugated by O4,(Qy)

to p&.
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Proof. Identical to that of Theorem 5.2.1, except that for even dimensions con-
jugacy under the orthogonal group does not imply conjugacy under the special
orthogonal group. O]

We will refine this theorem in most cases in Theorem 6.1.5 below, which will
be proved in the next sections.

Corollary 6.1.2. Letn > 1, 7 € ZC(SO4,) and ¢ € U4 (SOu,). The set of

primes p such that ¢,(v) consists of two conjugacy classes in SO4,(C) (swapped
by 0) has (natural) density 1, in particular it is infinite.

Proof. Choose any prime ¢ and ¢ : C ~ Q,. By assumption on 7 and Theorem
6.1.1 the Hodge-Tate cocharacter of PS,L is not fixed by the outer autvomorphism
group. The corollary thus follows from Sen’s theorem | | and Cebotarev’s
density theorem. O]

Corollary 6.1.3. Letn > 1,7 € ZC(SOy,) and ) € \TJS?SYC’F(SOM). For any prime
¢ and any v : C ~ Qy the Oy4,(Qy)-conjugacy class of pijb in Theorem 6.1.1 consists
of two conjugacy classes under SOy, (Qy), distinguished by the conjugacy class of
the semisimple part of the image of Frob, for any p # { such that ¢,(v) consists

of two conjugacy classes in SOy, (C).

Definition 6.1.4. Let n > 1 and 7 € ZC(SOy,). There are (uniquely determined)
integers wy > -+ > wa, > 0 such that T is represented by (wy, ..., ws,) using the
parametrization (2.2.2). We say that 7 is bad if n is odd and for all 1 <i <n we
have we;—1 = wy; + 1.

Theorem 6.1.5. Letn > 1, T € fC(SO4n) and 1 € @3&2’26(80471). Assume
either n = 1, n even, ¢ = 7[2d] or that T is not bad (Definition 6.1.4). Then
there exists a continuous semisimple morphism piﬁ : Galg — M (Qp) which is
unramified away from ¢ and crystalline at ¢ and such that for any prime number
p # L we have py(Frob,)® € u(c,(¥)). Moreover pS) is unique in the following
sense: any continuous semisimple p : Galg — My (Qy) such that for almost all
primes p, p is unmﬁiﬁed at p with p(Frob,)® € u(c,(v)), is conjugated to pi? by
an element of My (Qy).

We will prove existence in Proposition 6.2.1 (n = 1), Proposition 6.3.2 (1) =
m[2d]), Corollary 6.5.4 (n even) and Proposition 6.6.2 (n > 1 odd and 7 not bad).

Proof of uniqueness. Uniqueness follows from uniqueness of pg’L up to conjugation
by O4,(Q¢) in Theorem 6.1.1 and Corollary 6.1.3. O

115



Theorem 6.1.6. Let n > 1, 7 € ZC(SOy,) and 1 € @322;6(804,1). If Theorem
6.1.5 holds for 1 then there exists a continuous semisimple morphism pgfpin :
Galg — GMy(Qp) unramified away from {, crystalline at ¢ and such that for

any p # £ we have pispin(l*ﬂrobp)SS € 1(pcpsc(¥)).

N2

1. If p: Galg — GMy(Qy) is a continuous semisimple morphism also satis-
fying this property at almost all primes p then p is conjugated to pgipin.

2. If p: Galg — GMy«(Qy) is a continuous lift of pi(z (up to conjugacy) which
is unramified away from £, crystalline at £ and satisfying vop = x," then p
is conjugated to pgipm.

Proof. The proof is very similar to that of Theorem 5.2.2. Note that Theorem

6.1.5 does not state that the Hodge-Tate cocharacter gt of P33|Ga1<@z is equal to

7y (as would be expected), so we only know from Theorem 6.1.1 that 7yt is con-

jugated to 7, under the outer automorphism group of (My)g,;. There are two
natural SOy, (Q)-conjugacy classes of identifications My, >~ SOy, and we fix one

(arbitrarily) for this proof. This also gives an identification GM s > GSpin,,, (see

Section 2.2). Under the parametrization (2.2.2) there is a unique representative

(w1, ..., wa,) of Tyr where wy > -+ > wg,_1 > |ws,| > 0 are integers. Thus 7 is

the conjugacy class of (wy, ..., wa,_1, Fws,). Using the parametrization (2.2.4) of

the maximal torus TGspi,, of GSpiny,, define a lift 7/ = (w1, ..., wan, 3 >, w;, 1/2)

of Tir. This defines a conjugacy class of cocharacters GL, 5, — (GMy ), be-

cause n — y . w; is even (see Lemma 3.4.3). By Proposition 5.1.1 there exists a

unique geometric lift piipin : Galg — GMyo(Qr) of pfQ which is unramified away

from /¢, crystalline at ¢ and having Hodge-Tate cocharacter 7. The composition

Vo pg’fpin is a continuous character unramified away from ¢ and crystalline at ¢

with Hodge-Tate weight n and so it is equal to x,". Thus for any p # ¢ we have

pgfpin(Frobp)ss € +u(p™2c,4(1)). Applying Proposition 5.1.2 to sping, o pi’ipin

and szin’e for € as in the second part of Corollary 4.7.3 allows us to conclude

pgipin(Frobp)ss € 1(p™2cy (1)) for all p # L.

The first characterization of pi’fpin is proved essentially as in Theorem 5.2.2.
Let p: Galg = G My 5.(Qr) be another continuous morphism satisfying the same
condition at almost all primes p. Composing p with the faithful representation
sping, ®Std of G M, . we obtain a representation isomorphic to afﬁin’e@Stdop& and
we deduce that p is also unramified away from ¢ and crystalline at ¢. Composing
with the projection GMy . — My we deduce from Theorem 6.1.5 (uniqueness

part) that up to conjugation by My (Qy), p is also a lift of p?ﬁ. We deduce as
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in the proof of Theorem 5.2.2 that up to conjugation by GMy .(Q,) we have
p = XY py, for some integer N, and then that we have N = 0 by composing with
v GMy s — GL; (see Definition 4.7.4) and considering the image of a Frobenius
element at any prime p # (.

The second characterization of pgipin follows from uniqueness in Proposition

5.1.1. O

6.2 Local-global compatibility for SO,

We first handle the case n = 1 (i.e. the case of SO,) directly. The adjoint group
PGSO, of SOy is isomorphic to PGL,; x PGL,, say with the first simple root a;
(see labelling after (2.2.2)) corresponding to the second factor PGLy. The dual
morphism SLy x SLy — SOy restricts to

7éL2 X 7éL2 — 7iSO4
(t1,t2) — (tito, t1/t2)

and we recognize the morphism «;; of Definition 4.7.5. Note that &;; : G(SLg x
SL;) — GSpiny is an isomorphism.

Recall that for an integer k£ > 1, discrete level one automorphic representations
7 for PGL, such that 7, has infinitesimal character k — 1/2 € Lie Tgr,, are either
trivial (if £ = 1) or are in bijection with eigenforms in Sy (SL2(Z)), the latter
ones being cuspidal. In both cases we know the existence of continuous semi-
simple (irreducible in the latter case) Galois representations, for any prime ¢ and
any ¢ : C ~ Q, pr. - Galg — GLy(Qy) unramified away from ¢, crystalline at
¢ and such that for any p # ¢ we have p,,(Frob,)* € «(p'/%c,(r)), unique up to
conjugation. In the first case we simply have p;, = 1@ Xe_l, in the second case p,,
is up to a twist the Galois representation associated by Deligne to m and ¢. Note
that we have det p,, = Xgl.

Proposition 6.2.1. Let 7 € ZC(SO,), say represented by T = (w1, ws) with wy >
(SO4) = 0 unless wy + wo is
odd, so we make this assumption and write wy = k1 + ko — 1, wy = k1 — ko where

unr,7
disc,ne

wy > 0 integers. By Lemma 3.4.3 we have ¥

ki > ko > 1 are integers.

1. Elements of U™ (SOy) are either of the form [1] or 7[2], the latter be-

disc,ne

ing possible only if ko = 1. The set U

unr,7
disc,ne

(SOy) is in bijection with pairs
(1, m9) of level one discrete automorphic representations for PGLy having

respective infinitesimal characters at the real place ky —1/2 and ko —1/2, the
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bijection being characterized by the relation c,s(V) = auy(cp(m1), cp(m2)) for
all primes p. In particular a pair (my, ) where my is the trivial representa-
tion corresponds to m[2], and other pairs (both 7;’s are cuspidal) correspond
to level one self-dual cuspidal automorphic representations for GL4 having
infinitesimal character T (these are automatically of orthogonal type).

2. Theorem 6.1.5 holds for all 1 € U™ (SQy), and the representation pGSpm :

disc,ne

Galg — GSpin,(Qy) of Theorem 6.1.6 is equal to Gy © (P, Pro)-

Proof. The classification of elements of qugl;jle(so4) (m[1] or w[2]) is straightfor-
ward. For f, a pseudo-coefficient for the unique discrete series representation
of PGLy(R)? having infinitesimal character ay1(7) = (ki — 1/2,ks — 1/2) and

I1, f» € Hy™(PGL3)c we have

ot foonp > I satecrs, (eo(m). cp(m2)

1,72 P

—0n=1y [ [ Sateaz, (cp(m), diag(p!/?,p7/%)) (6.2.1)

where 7y, o range over level one cuspidal automorphic representations for PGLs
having respective infinitesimal characters k; —1/2 and ko —1/2 at the real place. We
compare this expansion with the spectral expansion (3.4.3) obtained in Corollary
3.4.8 for G = PGSO, ~ PGL; x PGLs. As recalled in Remark 3.2.1 the results
of | | imply that there are no cancellations in either of these expansions, and
so we have a bijection between families of Satake parameters contributing non-
trivially to each expansion. It is clear that for ks = 1 the term in the second sum
in (6.2.1) corresponding to m corresponds to the parameter m[2] € Wi (SO,)
n (3.4.3). We deduce ¢, se(m[2]) = d,pg(cp(m), diag(p'/2, p~1/?)) for all primes
p. Considering the remaining terms, we obtain a bijection between level one self-
dual cuspidal automorphic representations 7 for PGLy4 and pairs (m, m2) as above,
satisfying ¢, SC( [1]) = a(ep(m1), ¢p(me)) for all primes p.

Defining ,0 9 as the composition of ay0(pr, ., Pry..) With the prOJeCtIOH g/\@ «(Qe) —
My(Qy), we obtam existence in Theorem 6.1.5. The formula pw ~ Gy ©
(Pry.0» Pry.) follows from uniqueness in Theorem 6.1.6 (either characterization can
be used here). O

Remark 6.2.2. The map (m,m5) — 1 in Proposition 6.2.1 is a special case of
functoriality (automorphic tensor product) from GLg X GLo to GLy, see [ ,
Theorem M].
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Corollary 6.2.3. Let ¢ = w[d] be a parameter for SOy as in Proposition 6.2.1,
associated to a pair (mwi,m) of discrete automorphic representations for PGLy.
We have

. GSpin
Spln;z o pimp &~ Py
and
so— GSpin Prae Zf Uy 18 cuspida,l,
sp1n¢ o p¢ . ~ 1 . ' o
’ 1D x, if mo is trivial.
Proof. Compare images of Frobenius elements. []

6.3 Local-global compatibility for parameters 7[2d]

Let n > 1, 7 € ZC(SOy,) and ¢ € @322;6(804,1). Assume that we are in the
situation of Proposition 4.7.6, i.e. ©» = w[2d] where 7 is a self-dual automorphic
cuspidal representation for GLs,, (necessarily of symplectic type and with n =
md). In this case it turns out that we can prove Theorem 6.1.5 using Galois-

theoretic arguments, essentially as in the case m[2] of Proposition 6.2.1.

Theorem 6.3.1. Let . : C ~ Qy be a field isomorphism. There exists a continuous
semisimple morphism pfffp : Galg — GSp,,, (Qy), which is unramified away from ¢,
crystalline at £ and such that for all p # ¢ we have pSSP(Frob,)™ € p'/2¢,(w) (here

L
cp(m) is considered as a conjugacy class in Spy,,(C) ), unique up to conjugation.

Proof. This follows from | , Theorem 4.2] and | , Corollary 1.3] as in the
proof of Theorem 6.1.1, uniqueness follows from | , Lemma 6.1]. n

Proposition 6.3.2. Recall the morphism &y, @ G(Spy, X SLa) — GMy s from
Definition 4.7.5.

1. For all primes p we have ¢,s.(¥) = y(cp(m), diag(p'/?,p~4/?)).

2. Let 1 : C ~ Qq be a field isomorphism. Theorem 6.1.5 holds for ¢ = w[2d)

and pgipin (defined in Theorem 6.1.6) is conjugated to dyy o (pS5P, 1@ X, ).

Proof. Thanks to Proposition 4.7.6 we already know c¢,(1) = ay(c,(7), diag(p/2, p=/2))
for all primes p. It follows that the composition p§% of dy 0 (pS5P, 1@y, ') : Galg —
G My sc(Qp) with the projection GMy o (Qr) — My (Qy) satisfies the conditions
in Theorem 6.1.5. The morphism dy o (p$5,1 & x; ') is a continuous lift of pij
which is unramified away from /¢, crystalline at ¢ and whose composition with v is
Xy ", so the second characterization of pgfpin in Theorem 6.1.6 implies that they
are conjugated. O]
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6.4 The other half spin Galois representation for SOy,

Let n > 1 be an integer. Let (L,q) be an even unimodular lattice of rank 8n
and G the corresponding special orthogonal group SO(L, ¢). In particular G is
a semi-simple connected reductive group over Z, G(R) is compact and connected
and for any prime p the group Gz, is split. The choice of (L, ¢) will be irrelevant
in the applications below. We may realize Gg as a pure inner form of SOg, g
by choosing a basis of Q ®z L splitting ¢, giving identifications G ~ SOg, and
G ~ Sping,, (see Section 2.2). Changing the realization of Gg as a pure inner
form of SOyg,, g yields the same identifications up to SOg, (Q) x {1, 5}

For each prime ¢ we choose a Borel pair (By, T,) of the split group G, .qa. Let
A C X*(Ty) be the set of simple roots of Ty in G, .a With respect to B,. The
maximal compact subgroup Ty of T(Qy) is isomorphic to (Z;)* ~ (Z,)*". The
weight space # is the rigid analytic space over Q, parametrizing locally analytic
(equivalently, continuous) characters of Tp. It is isomorphic to the product of
an open polydisc of dimension 4n and a rigid space finite over Q,. We will be
particularly interested in the subset of #'(Qy) consisting of algebraic and dominant
characters, i.e. characters Ty — Q/ induced by elements of X*(T,) which are
dominant with respect to By.

Definition 6.4.1. Let ¢ be a prime, ¢ : C ~ Q, a field isomorphism and E a
finite subextension of Qu/Q. A simple (-adic family of level one automorphic
representations for G.q is a smooth rigid analytic curve®* € over E endowed with

1. a morphism w : € — W such that € is finite over an open affinoid of W,

2. a point xg € € (F) and a subset Z of the set of points of €, accumulating at
xo (i.e. any neighborhood of xog contains a point of Z different from x),

3. a morphism of Og-algebras Z : H™) — O(€) where H(>>H = ®;#'H(Gad7zp, Og)
is the unramified Hecke algebra away from { over Og,

such that for any finite subextension E' of Q;/E and any x € € (E') taking values
in {xo} U Z, the character w(z) : Ty — Of, is algebraic dominant and there exists
a level one automorphic representation m ~ Ty Q M ® 70 such that ma is
isomorphic to the restriction to G,q(R) of the irreducible algebraic representation
of Gaac corresponding to w(x), and the action of H©D on the one-dimensional

21Since we will only be interested in local properties around a point x¢ of € (E), one could
take for € the open unit disk.
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(W(W’E))H’”# Gaal) 4 by the character =,. We will denote it by

Qy-vector space 1*
(€, x0, Z,w, =), or simply (€,x0,7Z). If T corresponds to the point xo € € (E) we
will also say that the simply (-adic family (€, xo, Z,w, =) interpolates 7 (for the
given field isomorphism t).

For a point x € €(Qq) and p # £ a prime number we denote by c,(Z,) the
semi-simple conjugacy class in GSC(@) corresponding to the restriction of the spe-
cialization =, : H* — Qy to the unramified Hecke algebra H(Gad,zp,@).

Let © € € (E') taking values in Z be such that w(x) is not invariant under
0. Let (B, T) be a Borel pair in ésc, in particular T is naturally isomorphic to
'i‘\g. Similarly to Definition 4.7.1, we distinguish the two half-spin representations
of G as follows. The (algebraic dominant) weight w(x) may be seen as a God-
orbit of cocharacters taking values in CA}SC, and there is a unique tuple of integers
ky > -+ > kygn > 0 such that in the standard representation of (A}SC, w(x) becomes
a direct sum of the 8n characters £k; of GLy (as usual we identify characters of
GLy with Z). The integer 3.+, k; is even. We denote by spint (resp. sping ) the
half-spin representation of (ESC such that the representation spint o w(x) (resp.
spin~ o w(zx)) of GLy is the direct sum, over all (&); € {1} such that the
cardinality of {i € {1,...,4n}|e; = +1} is even (resp. odd), of the character

5 2 Ciki.

Proposition 6.4.2. Let ¢ be a prime, ¢ : C ~ Qy, a field isomorphism, E a fi-
nite subextension of Q,/Q, and (€, 9, Z,w,Z) a simple (-adic family of level one
automorphic representations for G,q, interpolating an automorphic representation
w. Let r be an algebraic representation of ésc,@ of dimension d. Assume that
for any x € € (Qy) taking values in Z there exists a continuous semisimple rep-
resentation p, : Galg — GL4(Qg) which is unramified away from ¢ and such that
for any prime number p # { the semi-simplification p,(Frob,)® belongs to the im-
age of ¢,(Z2;) under r. Then there exists a continuous semisimple representation
Py - Galg — GL4(Qy) satisfying the same properties at xy.

Proof. This follows from | , Proposition 7.1.1] as explained in §7.4 loc. cit. [

Definition 6.4.3. Let H be a split semisimple algebraic group over Qp, I' a profi-
nite topological group, and p : T — H(Qy) a continuous morphism. Then Lie (p(I))
is a finite-dimensional sub-Qq-vector space of Q; ®q, Lie(H). We say that p has
maximal infinitesimal image if Lie (p(T")) spans the Qg-vector space Qy ®q, Lie(H).

Theorem 6.4.4. Let w be a level one automorphic representation for G.q, whose
infinitesimal character is not invariant under 0*. Let E/Q, be a finite subextension
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of Q¢/Qy containing the image by ¢ of a number field C C over which ¢ 15 defined.
Let v be one of the two half-spin representations of Ge.
There exist

e a simple (-adic family (€, xy, Z) interpolating w,

e for each x1 € Z, a simple (-adic family (€, ,x}, Zy, ) interpolating the rep-
resentation m corresponding to x1,

e for each x1 € Z and each x4 € Z,,, a simple {-adic family (Cry zys Ty iy 2y)
interpolating the representation wo corresponding to xs,

such that

o for any x € Z (resp. x+1 € Z and x € Z,,, resp. 11 € Z, xo € Z,, and
T € Z,, ), w(x) is not invariant under 0* and we have spin ~ r (recall that
spin} was introduced in Definition 6.4.1),

o foranyx, € Z, x9 € Zy, and x3 € Zy, 4,, the Galois representation pgw at-
tached to the level one automorphic representation w3 for G.q corresponding
to x3 has maximal infinitesimal image.

Proof. The proof is almost identical to that of | , Corollary 4.0.2], which itself
is a simpler version of the proof of Theorem 3.2.2 and Corollary 3.2.3 loc. cit. so
we simply highlight the differences.

In §4 loc. cit. we worked over a totally real number field of even degree. This as-
sumption was made only to guarantee the existence of a non-degenerate quadratic
form in dimension 4 which is anisotropic at all real places and split at all finite
places, but everything works the same over Q in dimension divisible by 8.

In loc. cit. we worked with the group G, working with G,q only gives us more
Hecke operators.

In loc. cit. we worked with eigenvarieties over the whole weight space #, now
we restrict to (i.e. take the fiber product over # with) certain curves in # to
simplify our families. More precisely, using the parametrization (2.2.2), for Z we
restrict to weights of the form

t=(t1,. . tam) = w(zo)( HX YA

for some (uniquely determined) character x of Z;, and similarly for the other
families. Note that this does define a weight for G,q, despite being described as a
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an

weight for G, because the integer ) ;" 4n+1—1i = 2n(4n+1) is even. In the proof

of Corollary 4.0.2 loc. cit. the arguments only require classical weights (k1, .. ., k4p)
such that k; — ko, ..., k4n_1 — k4, and ky, are bigger than some constant, and it
is clear that weights of the form above satisfying this condition abound. ]

Corollary 6.4.5. Let m = ®! m, be a level one automorphic representation for G,q,
and let v+ G — GLy1n-1(C) be any of the two half-spin representations. Then
for any prime number ¢, and any ¢ : C ~ Q, there exists a unique continuous
semisimple representation oy, : Galg — GLgan—1(Qg) which is unramified away
from € and such that for any prime p # { we have o7, (Frob,)* € t(p"r(cy(my))).

Proof. Note that in Theorem 6.4.4, for any x; € Z, 29 € Z,, and x3 € Zy 4,,
unr,7

the parameter in \i/disc (SOg,) attached to the automorphic representation 7%

corresponding to xz (here 7 = w(x3)+ p) is a single automorphic cuspidal self-dual

Std

level one representation for GLs,, since the associated Galois representation o3 |

is irreducible.

For any @y € Z, 23 € Z,,, and x3 € Z,, 5, we have spin;, ~ r, so that the
existence of oy, as in the Corollary follows from the second point of Corollary
4.7.3 (we are in the first case with d = 0 and so ¢ = (—1)?" = 1). Thanks to
Proposition 6.4.2 these Galois representations interpolate and we obtain in turn

3 3 T T T
the existence of the representations o7, , o7 , and finally o7 . ]

Corollary 6.4.6. Let 7 € ZC(SOg,) and ) € Us" (SOs,). For any prime {, any

disc,ne )
v: C=Qy, and any € € {+, -}, there is a unique continuous semisimple o),

Galg — GLaun—1(Qy) which is crystalline at £ and unramified away from ¢ and such
that for any prime number p # { we have afﬁin’e(Frobp)ss € 1(p"sping (cpsc()))-

Proof. Since Sy, = 1, so if we choose 7 € ZC(SOg,) mapping to 7 the multiplicity
formula for G,q (see*? Example 3.4.9) provides us with a unique automorphic level
one representation 7w for G,q such that 7, has infinitesimal character 7 and for
any prime p we have ¢(m,) = ¥r(c,(1)). The previous corollary provides us
with two continuous semisimple representations afﬁn’g unramified away from ¢ and
with Frobenius elements at all p # ¢ having characteristic polynomial as stated.
We are left to check that both these representations are crystalline at ¢. Thanks
to Theorem 4.7.2 we already know that one is, and their tensor product can be
written as a sum of Schur functors applied to Ulspf?, which we already know to be

crystalline at ¢ (see Theorem 6.1.1). O

22Using a realization of G,q as an inner form of PGSOy, as explained at the beginning of
Section 6.4.
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6.5 Local-global compatibility for SOyg,

n > 1 is still fixed, and G = SOy, (definite).
Can now lift the whole spin. when big image, get local-global compatibility.
Deform this.

Lemma 6.5.1. Let m > 2 be an integer.

1. Let ¢ be a semisimple conjugacy class in SOgy,(C). Recall from [ , §19/
that the representation N\" Std of SOa,, decomposes as the sum of two in-
equivalent irreducible representations permuted by 0, say 61 and do. If ¢ does
not admit £1 as an eigenvalue in the standard representation then the traces
of 01(c) and dy(c) are distinct.

2. Let r1,ry be the two half-spin representations of Spin,,,. Let ¢ be a semisim-
ple conjugacy class in Spin,,, (C). Assume that ¢ does not admit £1 as an
ergenvalue in the standard representation. Then we have

tr (r1(c))* # tr (ra())”

Proof. 1. Also recall from | , §19] that for 1 < j < m—1 the representation
N\ Std of SO,,, is irreducible and invariant under . Moreover the analysis
loc. cit. shows that any irreducible representation of SO,,, occurs in a tensor
product of representations /\j Std for 1 < 7 < m—1, d; and d5. This implies
(see | , §6]) that the C-algebra of conjugation-invariant functions on
SOgp,.c is generated by the traces in the representations /\j Std for 1 < j <
m — 1 and the representations §; and d,. Also recall from Corollary 6.6 loc.
cit. that the traces in these representations determine semi-simple elements
in SO,,,(C) up to conjugacy. The assumption on the eigenvalues of ¢ is
equivalent to 0(c) # ¢, and the first point follows.

2. The representations r{’* factor through Spin,,,(C) — SOs,(C). A simple
calculation with dominant weights shows that, up to swapping d; and 0o,
, Be(i,j)
each tensor square r> decomposes as §; ® €p, <j<m—1 (/\] Std) where
e(i,7) € Zsp. So this point follows from the previous one.

]
Lemma 6.5.2. Let « : C ~ Q, be a field isomorphism. Let m be a level one
automorphic representation for Gua, and (6,0, Z,w,Z) a simple (-adic family
interpolating @ (for v). Assume that for any finite subextension E' of Q;/E and
any x € € (E') taking values in Z the following conditions are satisfied:
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e the weight w(x) is not invariant under 0, and

e there exists a continuous semisimple morphism p, : Galg — G(Qq) which is
unramified away from ¢ and such that for any p # ¢ we have p,(Frob,)* €
pr(c,(Z2:)), where pr: Ggc — G is the natural projection.

Then there exists a continuous semisimple morphism p,, : Galg — CA}(@) which
1s unramified away from ¢ and such that for any p # ¢ we have

P (Froby)™ € pr(¢y(Ey,)) = pr (¢(c(mp))) -

Std
w(z),e
tation 7(x) for G,q corresponds to x (using ¢) as in Definition 6.4.1. By | ,

Proof. For any x € Z we have o ~ Std o p, where the automorphic represen-
Proposition 7.1.1] there is a unique continuous pseudocharacter 7" : Galg — O(%)
of dimension 8n interpolating the traces of these representations. By normaliz-
ing and restricting to a connected component we can assume that % is smooth
and connected. By | , Theorem 1.2] there exists a finite extension K of
Frac O(%) and a representation of Galgy over K having trace 7. Up to replacing
K by a finite extension we can assume that this representation decomposes as a
direct sum of absolutely irreducible representations. Using (the proof of) | ,
Lemma 7.8.11] we obtain that, up to replacing € by a finite curve over €, we
can assume that we have a decomposition 7" = ). T; where each T; is a generi-
cally irreducible pseudocharacter and that there are finite projective Og-modules
L; and continuous representations p; : Galg — GLo#)(L;) such that tr(p;) = T;.
Normalizing again, we can still assume that % is smooth and connected. Using
Burnside’s theorem we obtain that, up to restricting to a neighbourhood of x,
for any ¢ the specialization of p; at any point of ¢ different from z( is absolutely
irreducible. Since generically the eigenvalues of the Sen polynomial of @, ﬁi|Ga1Qe
are distinct thanks to the hypothesis that w(z) is not invariant under 6 for x € Z,
the pseudocharacters T;’s are (generically) distinct. Moreover T is self-dual, so
for any index i, either 7; is self-dual or its dual is isomorphic to 7j for a uniquely
determined index j # i. In the latter case we denote i¥ = j. By | , Corol-
lary 1.3] any self-dual T; is generically of orthogonal type, i.e. the (unique up to
scalar) non-degenerate p;(Galg)-invariant bilinear form (-,-); on Frac (O(%)) ® L;
is symmetric. Up to multiplying it by a non-zero element of O(%’) and restricting
%, we can assume that (-,-); takes values in O(%) on L; x L; and is residually
non-degenerate away from xy. For an index i such that 7T; is not self-dual, we can

\Y
7

bilinear form ((vy,vy), (v, vy)) = vy (va) + vy (v1).

replace L;v by LY, and we endow L; & L;,v with the non-degenerate symmetric
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Let L := @, L;, endowed with p = @, p; : Galg = GLo)(L) and (-, -). Let
A = Og 4, a discrete valuation ring, and let @ be a uniformizer. Let n > 1
be minimal and such that @w"LY C L. If n > 1, let L' = L + =" 'LV, which
properly contains L, is such that (-,-) is still A-valued on L’ x L', and is stable
under p(Galg). Replacing L by L’ and iterating this procedure, we can assume
that we have n =1, i.e.
wL Cc wl' C L.

Let 71 = /w and A’ = A[r]. Replacing A by A’ (thereby replacing € by a
finite flat cover) and L by A'L 4+ wA’LY, we can finally assume that the p(Galg)-
stable lattice L is self-dual, i.e. LY = L. Up to restricting % we can assume that
L is free over Oy, and after replacing € by a finite étale cover we can assume
that the form (-,-) on L is split, i.e. that there exists a basis of L such that the
Gram matrix of (-,-) is equal to Jy,. Choosing such a basis identifies p with a
morphism Galg — SOs,,(O(%’)). We can specialize p at o to obtain a continuous
morphism p,, : Galg — SOs, (Q¢), and we have Std o p,, ~ aStd. In this proof it
is convenient to define the split connected reductive group G over Q, instead of Q
as in Section 2.2. We have (see Section 2.2 and the begmmng of Section 6.4) two
natural Gad((@) orbits of isomorphisms « : SOg, o ~ G swapped by 8 and we
need to show that choosing « suitably yields p,, := a0 p,, satisfying the condition
of the lemma. We will also denote p = a0 p: Galg — G(O(%€)), again leaving
implicit.

We know that for any prime number p # ¢ and any x € Z the characteristic
polynomial of p,(Frob,) (in the standard representation of SQOsg,) is given by the
image via the standard representation of G of the Satake parameter corresponding
to the restriction of =, to H(Gg,). Any isomorphism o : SOg, g =~ G in one the
two éad((@)-orbits recalled above induces an isomorphism of Q-algebras

(9(6‘,)@‘7—>(9(SO8 )0ne

for the conjugation actions of G and Os,,0, and this isomorphism does not depend
on the choice of a. Moreover the Satake isomorphism Satg, : H(Gz,) ~ O(é)é,
which is defined over Q because the sum of the positive roots for SOy, is divisible
by 2, induces an isomorphism

H(Gy,)" ~ OGS
It is classical that the morphism of Q-algebras
O(GLsg,,0) "% — O(SOg,,g) @
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induced by the standard representation of QOyg, is surjective. It follows that the
above compatibility at * € Z and p # ¢ may be reformulated as saying that for
any f € H(Ggz,)" we have

Sata,, (f)(px(Froby)) = Z.(f).

By Zariski density of Z in the reduced curve ¥ we have, for any p # ¢ and any
f e H(Gz,)"”, the equality in O(%):

Sata,, (/)(p(Frob,)) = Z(f). (6.5.1)

Specializing at o we see in particular that, for any choice of o as above, we have

P (Frob,)™ € (c(mp)) or py,(Frob,)™ € o(0(c(mp))). R

If for all p # ¢ the semi-simple conjugacy class ¢(m,) is invariant under 6 then
clearly any choice of a works. So we may assume that there exists a prime number
p # £ such that ¢(m,) is not invariant under 5, and we fix such a prime number
p. This determines a choice of isomorphism o (up to composing with Gq(Q))
mapping the conjugacy class of p,, (Frob,)* to ¢(m,), and we use this isomorphism
to form p := a o p. Recall from | , §19] that the algebraic representation
/\4" Q%" of SOg,. g (exterior power of the standard representation) decomposes as
r1 @ r9, where r; and ry are absolutely irreducible. For ¢ a prime distinct from
0 let T,1,Ty2 € H(Ggz,) be the Hecke operators corresponding, via the Satake

1

isomorphism, to the traces of rja™! and ra™!. As a special case of (6.5.1) we

have

2

> E(Ty:) = tr (rip(Frob,)) and H E(Tya) = [ tr (rip(Froby))

=1 =1 =1

because Ty 1+1; 2 and Ty 115 2 are both invariant under §. Up to swapping ry and 7,
at p we have Z(7},;)z, = tr (rips, (Frob,)), and tr (r1 gy, (Frob,)) # tr (1204, (Frob,))
by the first point in Lemma 6.5.1. Since % is integral this implies the equalities
E(T,:) = tr (rip(Frob,)) in O(¥). As recalled in the proof of Lemma 6.5.1, the Q-
algebra H(Gg,) is generated by H(Gz,)" and T},1, and so the equality (6.5.1) holds
for all f € H(Gz,). By continuity, up to removing finitely many points from Z we
can assume that for all x € ¢ (E’) taking values in Z we have tr (r;p,(Frob,)) #
tr (rop,(Frob,)). This implies that p, is, up to conjugation by é(@), the unique
morphism Galg — G(Q) satisfying both Std o p, ~ oo, and tr (r1p,(Frob,)) =
E(T,1),- By assumption this then holds with p replace by any prime number
distinct from £. It follows that for any « € Z, any prime ¢ # ¢ and any f € H(Gg,)
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we have Satg, (f)(ps(Froby)) = Z.(f). By Zariski density of Z in the reduced
curve ¢ we deduce the equality Satg, (f)(p(Froby)) =E(f)in O(¥). Specializing
at z( yields the result. O]

Proposition 6.5.3. Let w be a level one automorphic representation for G.q, £
a prime number and o : C ~ Q,. Then there exists a continuous semisimple
morphism p,srcf : Galg — é(@) which is unramified away from € and such that for
any prime number p # £ we have p3? (Frob,)™ € pr (1(cy(my,))), where pr : G.. — G
1s the natural projection. If the infinitesimal character of T s not invariant under
0 then ,0783 s crystalline at {.

Proof. First we assume that the infinitesimal character 7 of 7., is not invariant
under 5, and that the representation p% (see Theorem 6.1.1) has maximal in-
finitesimal image. Thanks to the multiplicity formula (see Example 3.4.9) we
know that 7 corresponds to a parameter ¢ € \If‘m”(G): for all primes p we

disc
have ¢(m,) = Ursc(Cpsc(1)). The composition o35

of pQ, with the standard rep-
resentation of Oy, (Qy) is irreducible and so 1 is non-endoscopic. Fix a prime
p # ¢ such that ¢,(¢) is not fixed by ) (see Corollary 6.1.2). By the first point
of Lemma 6.5.1 we have 8(pr(c(rn »))) # pr(c(m,)). There exists a unique mor-
phism p : Galyg — G(Qg) such that Std o p ~ ¢3'0 and p(Frob,)* € pr(c(c(my))),
uniquely determined up to conjugation by G(@g). We are left to show that for
any ¢ € {p, (} we also have p(Frob,)* € pr(t(c,(m,))), i.e. that p does not depend
on the choice of p as above. By Proposition 5.1.1, there exists a unique geometric
lift p : Galg — GSC(@) of p of conductor one. We can see 1 @ p?b as a mor-
phism Galg — SOgp11(Qy), well-defined up to conjugation. The composition of j
with the natural embedding GSC(@g) < Sping,,;(Qy) is the unique geometric lift
of 1 & pm of conductor one. Denote by r*,r~ the two half-spin representations
of Gbc, distinguished using the infinitesimal character 7 of 7, by the condition
r oz/JT sc = spiny,. The composition of G-SC — Sping,, ,; with the spin representation
of Sping,,,; is isomorphic to r* @ r~. Applying Proposition 5.1.2 as in the proof
of Theorem 5.2.2, we obtain

spin,+

(rrop)®(rop) =op " @0

spm -

The representations on the right hand side are those defined in Corollary 6.4.6.
Since by assumption p has maximal inﬁnitesimal image, both r* o p and r~ o p are
irreducible, and so r* o § is isomorphic to 077, " or Ty " We will show that the
latter is impossible. By construction we have p(Frob,)* € Z (é\‘rsc)L@T,S(:(c],,S(c(zp)))7
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and so
tr ((r+ o ,5)(Frobp))2 = (tr (sping (cp,sc(w))))2 = tr <O’f£in’+(Fl“Obp))2 )

By the second point in Lemma 6.5.1 applied to ¢, (1)), this is not equal to

m- 2 spin,— 2
L (tr (Splnw(cp,sc(@/))))) =tr <0¢I; ' (Frobp)>
which implies 7 o p g affi“’_, and so 7" o p =~ Ofppin’J”. Now consider a prime
q & {¢,p}. The equality

tr ((rJr o ﬁ)(Flrobq))2 = tr <az%in’+(Frobq)>2 =1 (tr (Spinfg(c%sc(zﬁ))))z

implies p(Frob,)® € 1(¢-(cy(¥))) = t(cy(m,)), again using Lemma 6.5.1. This con-
cludes the proof of the existence of ,07579 under the assumptions that the infinitesimal
character of ., is not invariant under 6 and p% has maximal infinitesimal image.

Existence in the general case now follows from Lemma 6.5.2 and Theorem 6.4.4.

Now assume that the infinitesimal character of 7., is not invariant under 6. As
above the multiplicity formula (Example 3.4.9) tells us that = corresponds to a
(G), and Theorem 6.1.1 implies that p7< is crystalline. [

unr,7
disc

Corollary 6.5.4. Let n > 1, 7 € ZC(SOs,) and ¢ € \IIS?SZ;(SOM). Theorem
6.1.5 holds for b (for any ¢ : C ~ Q).

parameter ¢ € ¥

Proof. Recall from Definition 3.1.6 that we may take M, = G. Thanks to the
multiplicity formula (Example 3.4.9) there exists a (unique) level one automorphic
representation 7 for G,q corresponding to v, i.e. such that m,, has infinitesimal
character 7, and for any prime number p we have ¢(m,) = ¢, (%). The corollary
thus follows from Proposition 6.5.3. m

6.6 SOg, 4: using endoscopy

We would like to extend Corollary 6.5.4 to the case of SOg, 4, for any n > 1.
Unfortunately we do not know how to f-adically deform an arbitrary element
of @3;2;6(808,1_4) as in Theorem 6.4.4. We circumvent this problem by using
endoscopic parameters for SQOg,. This is only possible in “almost all” cases.

For f € S5 (SLy(Z)) an eigenform, denote by a,(f) the corresponding (real)
cigenvalue for the Hecke operator T}, and let a,(f) = a,(f)/p*""/%. In particular

the corresponding level one cuspidal automorphic representation = for PGLsy (as
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in Section 6.2) is such that the semisimple conjugacy class ¢(m,) in SLy(C) has
characteristic polynomial X* — a/(f)X 4 1. The Ramanujan conjecture (proved
by Deligne) implies |a,(f)] < 2.

Lemma 6.6.1. Let n > 1, 7 € IC(SOs,—4), and ¢y € Vi T (SOs,—q). We
consider a definite inner form G of SOsg, as in Section 6.4. Assume that 1, =
m1[d1] with dy odd, and that 7y is not bad (Definition 6.1.4). Let S be a finite set of
prime numbers. Then there exists 75 € TC(SQy) and 1), € \113;2’;26(804) of shape

mo[1] satisfying
1. for all primes in S the conjugacy class c,(1) is not fizved by 5,

2. we have T{ BTy € fC(SOgn) and there exists an automorphic level one repre-
sentation m for G,q with corresponding parameter 1@y (for the multiplicity
formula in Example 3.4.9).

Proof. We may assume that 7y is the class of (wy, ..., ws,—2) where wy > -+ >
Wy4,_o are integers. Since 71 is not bad, there exists 1 < ¢ < 2n — 1 satisfying
wyi—1 > wy; + 1. Let wh = wy; + 1. We are looking for level one eigenforms f, fo
of respective weights 2(k 4 wj), 2k such that the associated (by Proposition 6.2.1)
Py € @32226(804), for 7» the class of (2k +w) — 1, w}), satisfies the first condition
in the lemma for all p € S. In terms of the Hecke eigenvalues, this condition can
be restated as a},(f1)* # a,(f2)*. Let N = |S|. Using | , Corollaire 1, p. 80| we
see that there exists a family (/;)1<;<ny+1 of closed intervals included in [0, 4] and
covering [0, 4], and ky > 8 such that for all k > ko, p € S and 1 < j < N + 1, the
proportion of eigenforms f € So,(SLy(Z)) satisfying a;(f)? € I is less than 1/N.
Fix k > ko satisfying 2k + w) — 1 > wy, and an eigenform fy € S (SLo(Z)). For
any p € S, there exists j such that a,( f2)? € I; and so the proportion of eigenforms
[ € Sa(hyuy) (SLa(Z)) satistying ar,(f)? = ay,(f2)? is less than 1/N. Therefore the
proportion of f satisfying a)(f)* # a;,(f2)* for all p € S is positive, and we let
f1 be such an eigenform and v be the parameter corresponding to (fi, f2) by
Proposition 6.2.1.

We are left to check that the level one representation of G,q4(A) associated to
1 = 1 ® 19 and any choice of 7 € ZC(G) mapping to 7 := 7, @ 7 is automorphic,
i.e. that we have (-, )]s, = €y, by Example 3.4.9. Let vy > -+ > v, > —0p, >
.-+ > —vy be the eigenvalues of the infinitesimal character of (1), so that

( ) +d1_1 +1—d1 +d1—1 +1—d1
Wi, ..., Wyp—2) = |V ooy U R - sy Um .
Lye ooy Wan—2 1 9 1 9 5 9
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We have wq; = vj + (dy —1)/2 for some 1 < j < m, and we have 2i = d;(j — 1) +1
with d; odd so j is even. So the indices corresponding to 2k + wy — 1 and w4 in
T = (w) > - >wjf,) are 1 and 2+ d;(j — 1), which are both odd. It follows
from the recipe in Example 3.4.9 that the character (-, m) of the group (with two
elements) Sy, is trivial. By Lemma 3.1.7, more precisely the second formula in the
last point, we have €,(s) = 1 because d; and 1 are odd. O

Proposition 6.6.2. Let n > 2, 7 € ZC(SOg,_4) and ) € U7 (SOg,). Assume

disc,ne

that T is not bad. Then Theorem 6.1.5 holds for v (for any 1 : C ~ Q).

Proof. Fix a prime p # ¢ such that ¢,(¢) is not fixed by ) (see Corollary 6.1.2).
By Corollary 6.1.3 there is up to conjugation by M, (Q,) a unique morphism
p: Galg — My (Qy) such that « o p is conjugated by Og,_4(Q;) to the morphism
pY., of Theorem 6.1.1 and p(Frob, )™ is conjugated to ¢(c,(¢)). We are left to show
that for any ¢ # ¢ the conjugacy class of p(Frob,)* is also equal to ¢,(¢). Fix
q # (. Apply Lemma 6.6.1 to ¢ and S = {p,q} to obtain 7" € ZC(SOs,), a
parameter 1) = 1) @ 1y € \TISEZ’T/(SO%) and a level automorphic representation 7
for G,q such that 7, has infinitesimal character 7" and for any prime ¢ we have
c(my) = zﬁ;/’SC(cq,sc(zﬂ’ )). By Proposition 6.5.3 there exists a continuous semisim-
ple morphism p’ : Galg — SOg,(Q;) unramified away from ¢ and such that for
any prime r # £ we have p/(Frob,) € 1/ (c,(¢")). So p' belongs to one of the two
SOg,, (Q¢)-conjugacy classes making up the Oy, (Q,)-conjugacy class of ng,L of The-
orem 6.1.1. We claim that p’ is conjugated to ¢’ o (p, pigb), where pigb is defined
by Proposition 6.2.1. By Corollary 6.1.3 it is enough to check that p’(Frob,)* and
Y (p(Frob,), Py, (Frob,))® are conjugated in SOg,(Q¢) and that this conjugacy
class is not invariant under 8. The first property follows from the definition of
p, while the second follows from the fact that neither ¢,(¢) (by choice of p) nor
cp(12) (because p € S) is invariant under §. We obtain that ! (cq(1), cq(12))

and ¢/ (p(Frob,)®, t(c,(12))) are conjugated in SOg,(Qy), and since ¢, (1) is not

invariant under 6 (because ¢ € ) this implies that ¢(c,(¢2)) and p(Frob,)* are
conjugated in M., (Qy). O

6.7 Non-tempered parameters w[2d + 1]

Similarly to Section 5.3, in the case of parameters ¢ € (173;;2;(804”) of the form
m[2d + 1] with d > 0 (other non-tempered parameters were treated in Section 6.3)
we would like to relate the lifted Satake parameters (c,s.()), of ¢ to those of
7[1] € U (SOyy,) where n = m(2d+1). Similarly to Definition 4.7.5 we have a
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morphism 5 : M ;; X SLy — My, such that Std, o f =~ Sthﬂl] ® Sym? Stdsr,
and whose differential maps (7,p15, 1/2) to 7, unique up to conjugation by My (Q).
We may take M p) = SOup, With 7, = (w1, ..., wap) With wy > -+ > wy,, > 0
integers and My, = SOy, with 7, = (7y,...,7,) with 74 > -+ > 7, > 0 integers.

Then up to conjugacy we may assume that [ restricts to

7;04m X 7%L2 — 7§O4n

(w1, ..., Do), ) —> (212, 2 2472wt 720wt Dt 2.
It lifts uniquely to B My se X SLa — My, o, which restricts to

7épin4m X 7'SL2 — 7—Spin4n

(21, .., Tom, 8), 1) — (B((z1, ..., 2om), ), $2T1).

In particular B is trivial on the center of SLy and so it induces B t Mapyse XPGLy —
My sc. The morphism

GL1 X Mﬂ—[l},sc X PGL2 — gM"/fHSC
(A, h, ) — N3 (h, )

induces an extension GM s X PGLy — GMy o of B, that we still denote by B

Proposition 6.7.1. Assume that n is even or that T is not bad. FEzxactly one of
the following holds true.

e 1. For any prime ¢ and any ¢ : C ~ Q, the M¢(@)—conjugacy classes of

P and § o (pi" 1@ x;") are equal,

2. For all primes p we have ¢, () = B(cpﬁc(w[l]), diag(p'/?,p~1/?)).

e 1. For any prime ¢ and any ¢ : C ~ Q, the Mﬂ@)—conjugacy classes of

fo piipin and B o (PS[Sﬁ),iLn? 1@ x, ") are equal.

2. For all primes p we have é\(cpvsc(@/z)) = B(cpsc(m[1]), diag(p'/?, p~1/2)).

Proof. The proof is similar to that of Proposition 5.3.1. We already know that
for all primes p the conjugacy class of 8(c,(n[1]), diag(p'/2, p~/2)) is equal either
to ¢,(¢) or to @\(cp(zb)). Note that m is even or 7’ is not bad. By Theorem 6.1.1
the representation pig obtained using Theorem 6.1.5 is conjugated under Mw(@)
to either 3 o (pf’ﬁ],u 1@ x; ") or 08 o (piﬁ]w 1o, (piﬁh is also obtained using
Theorem 6.1.5), the two being exclusive by Corollary 6.1.3. Distinguishing these
two cases, the rest of the proof is identical to that of 5.3.1. n
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Remark 6.7.2. Similarly to Remarks 4.7.7 and 5.3.2, this could perhaps be proved
using Eisenstein series, yielding a stronger result that does not require T to not be
bad and without ambiguity under 6.

7 Applications

7.1 Tensor product decomposition in intersection cohomol-
ogy

Definition 7.1.1. Let ¢ be a prime number and o : C ~ Qp. Letn > 1, T €
IC(SOy,) and 1 € \Ilgii’ze(804n). Assume either n = 1, n even, ¢ = w[2d] or
that T is not bad (Definition 6.1.4). For e € {+,—} let crz)p,i“‘ be the continuous
semisimple representation of Galg over Qq of dimension 22"~ which is obtained
by composing the morphism pi’fpin : Galg — GMy.(Qp) of Theorem 6.1.6 with

the representation sping, (Definition 4.7.4).

Remark 7.1.2. This extends the definition in the second part of Corollary 4.7.3,
which included only one possible value for the sign € for a given parameter ). Thus

Jfﬁin’e is defined in all cases except when the following conditions are simultaneously

satisfied: n > 1 is odd, T is bad, b = w|d] with d odd and ¢ = +1. If these

conditions are satisfied we will say that the pair (1, €) is unreachable.

Theorem 7.1.3. In the setting of Theorem 4.7.2, for any ¥ = 1y ® --- B Y, we
have

1. for any 1 < i < the pair (1;,u;(¢)) is not unreachable,

2. a decomposition

=1

UQI/)I?L ~ O_zsp%i:(go_z}zi’r:,ul(w)@. . .®O.Z)I’)in,uT(w) (TLOdO (nodo + 1)/4 + Z nle/S — n(n + 1)/4)

where the expression in the Tate twist is an integer.

Proof. The second point immediately follows from the first point, the Cebotarev
density theorem, (4.7.7), Theorem 5.2.2, Theorem 6.1.6 and the second part of
Corollary 4.7.3.

Let us prove the first point. For 1 <14 < r it follows from the definition (4.7.3)
of u;(v) that if ¢; € unsT (SO,,,4,) with d; odd, n; =4 mod 8 and 7; bad then
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u; (1) = —€y(s;). We can compute €,(s;) using Lemma 3.1.7:
ep(si) = [ [ e(1/2,m x ;)
J

where the product is over indices 1 < j < r such that d; is even and d; > d;.

We have m; € Oo(ws, ..., wy,/2) where the integers wy > -+ > wy,,» > 0 satisfy
Wok—1 = wek+d; for all 1 < k < n;/4. For j as above we have m; € S(wj, ... ,w;j/Q)
where wy, € 1/2 + Z satisfy w} > --- > w; , > 0. We have (sce | , §3.9])

6(1/2,7Ti « 7Tj) _ H (_1)1+2max(wa,w’b)
1<a<n;/2
1<b<n;/2
and since for any 1 < k < n;/4 and 1 < b < n;/2 we have way_1 > wo, and either
wy, < Way, OF Wy, > wWai—1 by badness of 7; and disjointness of 7; and 7;, we obtain
€(1/2,m x ;) = 1 and w;(¢p) = —1. Thus (¢;, u;(¢)) is not unreachable. O

7.2 Siegel modular forms

Let n > 1. We recall a few facts about the translation between (level one) genus n
vector-valued Siegel modular forms and automorphic representations for PGSp,,,
from | , §5.2|. For a tuple k = (k; > --- > k,) of integers, that we interpret as
a highest weight for the complex Lie group GL,(C), we have a finite-dimensional
complex vector space Sk(Sp,,(Z)) of vector-valued Siegel cusp forms which has
an action of the Hecke algebra H}"(GSp,,). There are several competing nor-
malizations for this action (see the two normalizations in | , Definition 8|),
and we find it convenient to use yet another normalization, the unitary normal-
ization: add a factor n(y)2:*/2 in | , Definition 8|. In level one the action of
H " (GSpy,) then factors through H}™ (PGSp,, ), in particular to an eigenform f
is associated a family (ci™*(f)), of Satake parameters which are semi-simple conju-
gacy classes in Spin,,,;(C). The relation with the notation introduced in Section
1.1 is ith(f) = p2iki/2mntD/Acmit (1) et g = C ®p Lie PGSp,,(R) and K a
maximal compact subgroup of PGSp,,(R). By a celebrated theorem of Gelfand,
Graev and Piatetski-Shapiro the space of cuspidal automorphic forms for PGSp,,,
decomposes discretely, in particular we have a (g, K') x H}{" (PGSp,, )-equivariant
isomorphism

> 77\ &m(m)
Acusp (PGSP, (Q)\PGSP,, (4))75 @ = () (e 7y 959 3)

T ™ oo ®7'rf
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where the sum is over isomorphism classes of irreducible unitary (g, K)-modules 7.,
(resp. admissible representations 7 of PGSp,,(Af)) and m(7) are integers (only
countably many of them are non-zero). Of course we may restrict to irreducible
admissible representations 7y of PGSp,, (Af) which are everywhere unramified,

PGSan (Z)

i.e. such that the space 7 is non-zero, in which case it has dimension one.

This gives a H}"" (PGSp,,, )-equivariant isomorphism

Si(Spy,(2)) = @) (5@

Tf

m(moo (k)@ 5)

where 7, (k) is a certain explicit irreducible (g, K')-module associated to k (essen-
tially a generalized Verma module). It may fail to be unitarizable, in which case
by convention we set m(7m (k) ® m¢) = 0 for all 7¢. For k, > n+ 1 the irreducible
(g, K)-module 7. (k) is unitarizable, in fact it is the holomorphic discrete series
(g, K')-module having infinitesimal character (k; —1,...,k, —n). Under this con-
dition m (7 (k) ® 7s) is also the multiplicity of 7. (k) ® 7y in the larger space
A%(PGSp,,,(Q)\PGSp,,(A)) of square-integrable automorphic forms.

Theorem 7.2.1. Let n > 1 and ky > --- > k, > n + 1 be integers. Denote
7= (ki —1,....k, — n) € ZC(Spy,). We have a decomposition in eigenspaces
(lines) under H3* (PGSpy,)

Sk(SPan(Z)) ~ B x
¥

where the sum is over ) =g @ -+ B, € W7 (Spy,) satisfying

disc
e the odd-dimensional factor 1o is tempered, i.e. of the form my[1],
e the holomorphic discrete series (g, X)-module mo (k) satisfies (-, Too(k)) = €y,
and the character X, of Hi""(PGSp,,) was introduced in Theorem 4.7.2.

Proof. This decomposition is already known for the action of the (smaller) Hecke
algebra H}™(Sp,,) thanks to Arthur’s endoscopic classification | | and the
comparison | | of Arthur packets for Spy, r with the more explicit Adams-
Johnson packets when the infinitesimal character is regular algebraic, see | ,

§5.2] or | , 89]. More precisely this analysis shows that the eigenspace in
A%(PGSp,, (Q)\PGSp,, (A))fGSpZ”(Z) for the character of H}™(Sp,,) correspond-
ing to (cy(¥))p
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e cither does not contain the (g, K°)-module 7, (k) if any one of the two
conditions in Theorem 7.2.1 is not satisfied, or

e is isomorphic to 7« (k) @ P,, ., otherwise, where the last sum ranges over
a finite set of irreducible (g, K')-modules 7/ in which the trace of a pseudo-
coefficient for 7 (k) vanishes (see Proposition 3.3.2).

Thus Corollary 3.4.8 completely describes the H}" (PGSp,,,)-module

Homg i (moo (k), A (PGSp,, (Q)\PGSp,, (A))PESP2n (@),
[

Corollary 7.2.2. Letn > 1 and ky > --- > k, > n + 1 be integers. Let
f € Sk(Spy,(Z)) be an eigenform for the action of Hy*™(PGSp,,). Let ( be

a prime number and v : C ~ Q. Then there exists a continuous semisim-
ple morphism pifpm : Galg — GSpiny,,,(Q,) which is crystalline at £, unram-
ified away from € and such that for any prime p # ( the conjugacy class of
GSpin arith

pr," " (Frob, )™ is equal to u(c

p : Galg — GSpin,, +1(@) satisfying this property at almost all primes p is conju-

gated to pibspin.

(f)). Any other continuous semisimple morphism

Proof. Denoting 7 = (k; — 1,...,k, —n) € ZC(Sp,,), the eigenspace Cf corre-
sponds to a unique
b=y @ DY € Uy " (SPy,)

satisfying the two conditions in Theorem 7.2.1. We claim that for 1 < ¢ < r
the parameter v; € W, "

disc,ne
More precisely we show that the condition (-, 7 (k))|s, = €, implies that 7; is

(SO,,,4,) satisfies the assumption in Theorem 6.1.5.

not bad. As in Section 4.7 up to conjugacy we may assume that 1, o py_|cx
takes values in Tso,,,,(C) and is dominant for Bso,,,,, i.e. the holomorphic part

of 1y 0y _|ex : CF = Ts0m,,, (C) is 2+ (2F71 ... 2F»="). Now the character
(-, Too(k)) is known to be (see | , Lemma 9.1] and | , §5.1])
{(z1,...,2n,8) € Tsping, 11 |22 =1,8"=2...2,=1} — {&1}
[n/2]
(21, Zn, S) — H 29
j=1
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Note the similarity?® with the character occurring in Example 3.4.9 for the case
of definite special orthogonal groups. The claim follows from essentially the same
computations as in the proof of Theorem 7.1.3.

Thus we have GSpin-valued Galois representations for all constituents ¢; (The-
orem 5.2.2 for ¢ = 0, Theorem 6.1.6 for 1 <14 <r). As usual (see Definition 4.7.5)
we extend 1/.1775(: . [, My, sc = Spin,,,; to obtain @/}7750 11, G My, sc = GSping,, 4
induced by

[T GL: x My, oo — GSpiny, .,
(Zi, hi)i — H Zi X ¢T,sc((hi)i)-

Define p]CciLSpin as g O (pgffin)i twisted by x7 where

nodo(nodo +1) i nid; D1 ki L n(n+1)

N = 1 R 1

1=

is an integer (as proved in Theorem 7.1.3, because Y ks even). This clearly sat-
isfies the conditions of the theorem. Uniqueness is proved exactly as for Theorem
5.2.2. O

8 Explicit formulas for compactly supported Euler
characteristics

The first goal of this section is to deduce from Corollary 4.8.16 a simpler expression
(Theorem 8.2.4) for e( A 5, 1IC,(V)) (in Ko(Repg,(GSp,, (Af) x Galg))) in terms of

n, 7
ec(A, 25, Fe(V')) (for n” < n and certain algebraic representations V' of GSp,,,)
and L2-cohomology of arithmetic locally symmetric spaces for the groups GL;
and GL,, again via parabolic induction. To prove it we first recall in Section
8.1 Franke’s formula expressing, for V' an irreducible algebraic representation of a
reductive group G over Q, the Euler characteristic e(G, V) (in Ko(Repg(G(Ay))),
notation as in Section 4.8.1) in terms of e)(L, V') (see (1.4.1)) for R-cuspidal Levi
subgroups L of G. Since R-cuspidal Levi subgroups of GL are products of GL;’s
and GLy’s, Franke’s formula plugged in Corollary 4.8.16 gives a new formula for
(A 5

is a combinatorial matter.

IC,(V)), now with a double sum. Simplifying this to obtain a single sum

23This is no coincidence since the two are related by the theta correspondence.
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In Section 8.3 we invert this formula to obtain an explicit formula (Theorem
8.3.1) expressing compactly supported cohomology of local systems on An,?,@ in
terms of intersection cohomology (and again e)(GLy, V') for N € {1,2}). This
is again a combinatorial matter. Specializing to level one, together with Theorem
7.1.3 this gives an explicit (and, we believe, as simple as possible) description
of e.(A, g, F(V)) in terms of formal Arthur-Langlands parameters ¢ and their
associated Galois representations. The case n = 3 (forgetting the Hecke action)
verifies the main conjecture of Bergstrom, Faber and van der Geer in | |.

8.1 Franke’s formula

In this section we consider an arbitrary connected reductive group G over Q. Fix
an open subgroup K, of a maximal compact subgroup K2** of G(R) and denote
X = G(R)/KAg(R)?. Let V be an irreducible algebraic representation®* of
G, that we will consider as a representation of G(R) or G(Q). Franke’s spectral
sequence (Iin | , Theorem 19|) implies a formula for the Euler characteristic
e(G, K, V) of the admissible graded representation of G(Ay)

ling H*(G(Q\(X x G(Ay)/EKy), F*(V),

already considered in Section 4.8, in terms of ([, K 1,)-cohomology of the discrete
automorphic spectrum for L with respect to certain finite-dimensional representa-
tions of L(R), as L varies among the Levi subgroups of G (over Q, up to conju-
gacy) which are R-cuspidal. We found it clearer to reformulate Franke’s filtration
for the space of automorphic forms (Theorem 8.1.16) and to deduce the formula
for the Euler characteristic (thanks to Borel’s conjecture, also proved by Franke,
see Theorem 8.1.1 below) following | , §7.4]. The final result for the Euler
characteristic is Corollary 8.1.25.

In fact we will only require the case where G = GLy and K, is maximal in
later sections, but it would also be natural to take G = GSp,,, and K, connected
to compare Franke’s formula in this case (or rather its dual for compactly supported
cohomology) to Theorem 8.3.1 via Zucker’s conjecture (| |, | |, | -
We give the explicit formula for G = GLy in Corollary 8.1.27.

24More generally we may consider an irreducible finite-dimensional (g, K22%)-module, see Ap-
pendix B.
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8.1.1 Borel’s conjecture

We recall Borel’s conjecture (proved by Franke in | , §7.4]). Recall from the
beginning of Section 4.8 that any representation V' of G(Q) over C gives rise
to local systems F%/V on the manifolds G(Q)\(X x G(A;)/K;) for any neat
compact open subgroup Ky of G(Af). Taking cohomology and the colimit over
all such levels yields admissible representations of G(Ay)

H(G, Koo, V) 1= lim H(G(Q\(X x G(&))/K,), FXV).

Now assume that V is the restriction of an irreducible (g, K2*)-module (by
Lemma B.0.2 this is equivalent to an irreducible finite-dimensional representation
of G(R)). Translating the de Rham comparison isomorphism gives

Hi(G,KOO,V) ~ }["((g/ac‘”[(oo)7 (COO<G(@)\G(A)) ® V)AG(R)O)

where

C*(G(Q\G(A)) := lim CF(G(QN\G(A)/ Ky).

Denote by A(G) the space of automorphic forms on G(Q)\G(A). The following
theorem is | , Theorem 18|.

Theorem 8.1.1 (Franke). The inclusion A(G) — C*(G(Q)\G(A)) induces an

isomorphism of admissible representations of G(Ay)

H*((8/0a, Kxo), (A(G)@V)2e®®) ~ H*((g/ag, Ka), (CF(G(Q)\G(A))@V)Ac®?),

8.1.2 Euler characteristic of the discrete automorphic spectrum

Let us first precise our notation for the cohomology of the discrete automorphic
spectrum, and make precise the dependence on the finite-dimensional representa-
tion of a Lie group that occurs. As above let V' be an irreducible finite-dimensional
(g, K2*)-module.

Denote by wy the central character of V and let ! its restriction to Ag(R)°.
Denote by A?(G, ) the space of automorphic forms on G(Q)\G(A) transforming
under Ag(R)? by £ and square-integrable modulo Ag(R)°. Note that this makes
sense because Ag(R)? is canonically a direct factor of G(A) (with complement
G(A)!, the subgroup of g such that |x(g)| = 1 for all y € X*(G)%2), and that
there is a canonical isomorphism A%(G,¢) ~ A*(G,1) ® £ as (g, Kw) X G(Aj)-
modules, where on the right-hand side ¢ is considered as a character of G(A)
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(trivial on G(A)'). These modules are semisimple, with finitely many constituents
having given infinitesimal character and level. Consider for a level K; C G(Ay)
the cohomology groups

Hiy(G, Koo, V)1 = Hi((8/a6, Kx), A(G, )" @ V)

endowed with the action of H(G(Af)//Ks). By Wigner’s lemma | , Corol-
lary 1.4.2] one can replace A%(G, &)X by the direct sum of its constituents (for
the action of g) having infinitesimal character opposite to that of V', so that
H gz)(G, Koo, V)%7 has finite dimension over C. Of course by varying K; we obtain
an admissible graded object of Hecke(G(Af), C), which justifies the notation. If
G(R)/Ag(R) admits discrete series representations these cohomology groups can
be identified to L2-cohomology groups (see | |), and in the Hermitian case
to intersection cohomology groups as in Section 4.4 by Zucker’s conjecture (see
[ I, 1 I, [ ]). For y € C® X*(G)%e there is a canonical isomorphism
H(iQ)(G,KOO,V ® |x|) =~ ng)(G,KOO,V) ® |X|}717 where for x = s ® xo we denote
X7 ((9p)p) = I1, Ix(9p); (compare with Remarks 4.3.7 and 4.8.3).

Definition 8.1.2. In the setting above we denote e(2)(G, Koo, V') the Euler charac-
teristic of H('Q)(G, Ko, V) in the Grothendieck group of admissible representations
Of G(Af) .

We know that this Euler characteristic vanishes if G is not R-cuspidal (see
[ , bottom of p. 266|). Recall that G is said to be R-cuspidal if (G/Ag)(R) has
discrete series, or equivalently if there exists a Langlands parameter ¢ : Wy — £G
such that Cent(¢, i) /Z (i)Gal‘@ is finite. Note that this notion depends on the Q-
structure of G, not just on Gg. For example GLy g is R-cuspidal if and only if
N < 2.

Proposition-Definition 8.1.3. Let H be a connected reductive group over R and
let K be a mazximal compact subgroup of H(R). Let V' be an irreducible finite-
dimensional (b, K)-module and denote by 1 its infinitesimal character and by wy
its central character. Assume that H(R) admits essentially discrete series repre-
sentations (equivalently, that modulo its center it admits an anisotropic maximal
torus). There exists a unique (up to conjugation by ﬁ(C)) essentially discrete
Langlands parameter oy : Wg — YH(C) such that the L-packet of oy is the set
of essentially discrete (h, K)-modules with infinitesimal character —1y and central
character wy,'.
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Proof. Up to a reduction using a z-extension this follows from the definition of
discrete L-packets in | | and the description of irreducible finite-dimensional
(h, K)-modules in Appendix B. ]

Now assume that G is R-cuspidal. Denote by 7 the infinitesimal character of
V. In general V is not determined by 7, and so H(.Q)(G7 K, V) really depends
on V. However, it turns out (Corollary 8.1.5 below) that the Euler characteristic
e2)(G, K, V) only depends on the discrete Langlands parameter ¢y : Wg —
LG(C). This is remarkable since it is not true that the individual cohomology
groups only depend on ¢y, nor is it true that Euler characteristics for ordinary
or compactly supported cohomology only depend on ¢y . Let us now prove this
independence statement for ew)(G, K, V). The question is clearly local at the
real place, i.e. it is enough to show that e((g/a, Kx ), T ®@V) = e((g/a, K ), Too ®
V") for any finite-dimensional irreducible continuous representations V' and V' of
G(R) having equal infinitesimal characters and central characters and any finite
length admissible (g, K2*)-module 7., with opposite central character. Of course
both Euler characteristics only depends on the image of 7., in the Grothendieck
group, and so they may be computed in the basis of standard modules. The
argument on p. 214 of | | also applies to show that for 7., a standard module
corresponding to a proper Levi subgroup of G we have e((g/ag, K2), oo @ V) =
0 as a representation of the finite 2-torsion group K™*/K? = G(R)/G(R)°.
Wigner’s lemma implies that cohomology (and thus Euler characteristic) vanishes
for tempered representations which are not part of the discrete series (modulo Ag)
L-packet corresponding to ¢y. We are thus reduced to the case of discrete series
Too, Tor which cohomology is completely computed in | , 8IL.5]. We recall (a
slight variation of) this result in the following theorem.

Theorem 8.1.4. Let G be a connected reductive group over R, Zg its center and
A its maximal split central torus. Fix a maximal compact subgroup K™ of

G(R), and let q(G) = 1 dim G(R)/K™*A¢(R)°. Denote by Kz ) the mazimal
compact subgroup of the center Zg(R) of G(R). Let V be a finite-dimensional
(g, K™**)-module and let wy be its central character, a character of Zg(R). Let
K be an open subgroup of K™, and K' = KKz w), also an open subgroup of
K™ Let 7 be a discrete series (g, K™*)-module with central character w, which

coincides with wy,' on Ag(R)?. We have

J KmaXK, f 1= G d s :1 d7|—:_
dimH’((g/aG,K)ﬂT@v):{l) [K'| ifi=q(G) and wrwy|zem)nk and T. TV

otherwise.
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Proof. This follows from | , Theorem I1.5.3] and the proof of Proposition
I1.5.7 loc. cit., using the precise description of discrete series (from the case where
G is semisimple and simply connected studied by Harish-Chandra) in | , Pp-
134-135]. Let us give the details. First note that V' is irreducible as a g-module. If
G er is simply connected this was already observed in the proof of Lemma B.0.2,
and the general case follows by taking a z-extension of G. Let Ky = K"Kz ®).
/

The restriction of 7 to K has r := \K max [ K'| irreducible constituents 77, ..., 7.
)-modules. We have

(g,
Hom (/\(g/(ag o e)) ) @HomK (/\ g/(0g &%), 7 ® v)
~ @HomKQKO (/\(g/(ag D)), M, ® V)

where 7 ; is any of the constituents of the restriction of 77 to K N Ky, so that

which are distinct discrete series

T o Indfx, (m.;)- Let K. be the preimage of K™ in the connected semisimple
Lie group Gy (R) (note that K. is connected, so it is also the preimage of KY).
Then (KN Koy)/(K N Kzqw)) = K°/(K°N Kzgr)) is naturally a quotient of K.
Taking cohomology, we obtain

H'((g/ag, K), 7@ V)~ P H' ((8/ac, K N Ko), ;@ V)

j=1
=@ H' ((8/36. (K N Ko)/(K N Zg(R))), (mp; © V) 7e)
j=1
_ @ o ((‘gsC7 Ksc)7 (71_(/)7]‘ Q V)Kﬂzg(R))
j=1
where | , Corollary 1.6.6] is used for the second line. The last expression is
computed by | , Theorem I1.5.3].

]

We can finally deduce the independence result.

Corollary 8.1.5. Let G be a connected reductive group over Q. Assume that G
is R-cuspidal. Let V and V' be finite-dimensional continuous irreducible repre-
sentations of G(R) such that @y and @y are conjugated by G. Let K be an
open subgroup of a maximal compact subgroup of G(R). Then e (G, Ky, V) =

e (G, Koo, V') in Ko(Repc(G(Ay))).
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Using a z-extension and following the proof of Lemma B.0.2 it is easy to see
that any discrete Langlands parameter ¢ : Wi — G can be written as ¢y
for some V' as above. Together with Corollary 8.1.5 this justifies the following
definition /notation: e (G, Koo, ¢) = €2)(G, Ko, V) for any V such that oy ~ ¢.

Example 8.1.6. For G = GL; this provides no simplification. For a € 7 we
denote
e(GLy,a) = e@2)(GLy, {£1},2 — 2") = Z X7 (8.1.1)
x:Q*\AX—=CX*

X|gx =z—=a=®

Note that all other characters of R* are obtained by twisting by x — |x|* for some
s € C. Note also that e(GLl,a)GLl(Z) =0 ifa is odd.

For G = GLy (over Q) the center of G(R) is included in its identity component
and so oy ~ @y if and only if iy = 1. In the sequel we will only need to consider
V' with real infinitesimal character, which can then be written (a + 1/2,b — 1/2)
with a,b € R and a —b € Zsy (i.e. V ~ Sym®*Std ® |det | or Sym*’Std ®
det | det |*™*), and we will simply denote e)(GLa,a,b) for e@)(GLa, Ko, V) with
Ko maximal. This can be easily described in terms of modular cusp forms. First
note that for (a,b) as above and s € C we have

e2)(GLy,a + 5,0+ 5) = e@2)(GLg, a,b) ® | det .

Denote Sy = limy, Sk(T') where I' ranges over congruence subgroups of SLa(Z), with
the usual action of GLy(Ay). Then for k € Zso we have

— Sk if k> 2,

_ (8.1.2)
—Ss +e(GLy,0) odet if k = 2.

6(2)(GL2, k— 2,0) = {

In particular e)(GLs, a, b)GLQ(Z) =0ifa—0bis odd.

8.1.3 Franke’s filtration of the space of automorphic forms

We recall in Theorem 8.1.16 below Franke’s filtration of the space of automorphic
forms, and his description of the associated graduated pieces. This description
uses the Langlands positivity condition on characters of parabolic subgroups (see
[ , §5.4.1] in the real case, | , p-233 1.-4] for the case at hand), indeed
Franke’s filtration may be interpreted as the global analogue of Langlands’ classi-
fication of irreducible (g, K)-modules as Langlands quotients of standard modules
[ |. This positivity condition is usually expressed using relative root systems.
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We favor formulating this condition using Langlands dual groups (and thus ab-
solute root systems), which require some preparation. Although we give proofs
for this reformulation in the general case, we will ultimately only use the case
of GL,, g for which the following lemmas are essentially trivial. The reader only
interested in this case may safely skip the proofs and focus on the examples.

In this section G is a connected reductive group over Q. Following | ,
§1| we consider the Langlands dual group of G as an extension G- Lg - Wao
of Wy by G together with a @(@)—conjugacy class of splittings, i.e. quadruples
(B, T,(Xa)aca(T,p),s) where (B, T, (Xa)a) is a pinning of G and s : Wo — LG is
a section such that each s(o) stabilizes this pinning. We will call such quadruples
distinguished splittings. Recall from | , §1.3] the notion of parabolic and Levi
subgroups of G, and the fact that there is a natural injective map

{parabolic subgroups of G}/G(Q)—conj — {parabolic subgroups of “G}/G—conj.
(8.1.3)
This injection is a bijection if G is quasi-split. If P is a parabolic subgroup of G
with reductive quotient L, choosing distinguished splittings (g and (;, for *G and
LL yields an embedding
P, (g, () - "L — G

with image the standard (for (g) Levi subgroup of G, and denoting by B the
Borel subgroup of G occurring in (g we have that «[P, (g, (1](*L)B is the standard

parabolic subgroup of “G corresponding to P in (8.1.3). For ¢ € G(Q) and
I € L(Q) we have

([P, Ad(g)¢a, Ad(1)¢L] = Ad(g) 0 1[P, ¢a, Cu] o Ad(D) .

We can slightly change the point of view: if P and P are parabolic subgroups of
G and LG corresponding to each other in (8.1.3), and if we choose a Levi factor
L of P, then we have an embedding

P, P, L] : 'L — G

well-defined up to composing with Ad(l) for some [ € i(@) and satisfying ([P, P, L](*L) =
L (choose any distinguished splitting (g, for “L and a distinguished splitting (g

for G for which (P, £) is standard). It is clear that the a(@)—conjugacy class of

[P, P, L] does not depend on the choice of (P, L).

Lemma 8.1.7. Let L be a Levi subgroup of G.
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1. Let P and P’ be parabolic subgroups of G admitting L as a Levi factor. Then
[P, P, L] and [P, P, L] are conjugated under G(Q). In particular we have
a well-defined conjugacy class E(L, G) of embeddings 'L — LG.

2. For i1, € E(L,G) we have a bijection P +— LP, compatible with (8.1.3),
between the set of parabolic subgroups of G having L as a Levi factor and
the set of parabolic subgroups of *G having L = 1r,(*L) as a Levi factor,
compatible with (8.1.3). The bijection is determined by the property that iy,
belongs to the L(Q)-orbit of [P, P, L].

Proof. The first statement is | , Lemma 2.5]. In order to prove the second
statement we briefly recall the construction. Fix a Borel pair (By, T) in Lg. This
defines a Borel subgroup B (resp. B’) of Pg (resp. Pf@) by the relation BNLg = By,
(resp. B'NLg = By). Let (¢ = (B,T,(Xa)a,s) be a distinguished splitting
for G. The pairs (B, T) and (B, T) yield identifications X*(7) ~ X,(T) and
W(T, Gg) ~ W(T, G). Theie is a unique/\x € W(T, Gg) satistying Ad(z)B = B/,
and denoting by n : W(T,G) — N(T,G) the set-theoretic section induced by
(B, T,(Xa)a) (see | , §9.3.3|) we have

Ad(n(z)) o [P’ (e, CL] = ¢[P, (. CL-

We now turn to the second point. Fix i, € E(L,G). It is straightforward
to define a map P — LP such that i1, belongs to the L(Q)-orbit of ¢[P, P, £]:
starting from any parabolic subgroup P of ‘G corresponding to P via (8.1.3)
we can choose a Levi factor £ of P and [P, P, Lo] in the corresponding L(Q)-
orbit, and there exists g € G(Q) satisfying Ad(g) o t[P, P, Lo] = v, and we define
LP = Ad(g)P, which does not depend on the choice of P, Ly and g (g is unique
up to left multiplication by Z(£) N L"). We now define the inverse map. We
may assume 1, = ([P,(g, (L] and as above we fix a Borel pair (By,T) in Lg
and denote by B the corresponding Borel subgroup of Pg. Let P’ be a parabolic
subgroup of G admitting £ := (L) as a Levi factor. There is a unique g €
W (T, G) such that Ad(g~")P’ is a standard (for (g) parabolic subgroup of G
and Ad(g~") (BN L) C B. Let x € W(T,Gg) corresponding to g. We now
check that Ad(z)B contains By, and that the simple roots for (Byg,T) are also
simple for (Ad(x)B,T) (this means that Lz is standard for (Ad(x)B,T) and so
the corresponding (Ad(x)B, T)-standard parabolic subgroup P’ of G admits Lg
as a Levi factor). Because Ad(g~")L" is (B, T)-standard and Ad(g~")(BNL%) C B
we know

Ad(g7") (AY(T,BN L) C AY(T,BNAd(g~")L)
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(where A denotes the set of simple coroots). Thus Ad(z)* : & — « o Ad(z) maps
A(T,Byr,) to A(T,B). Since Ad(x)* induces a bijection A(T, Ad(z)B) ~ A(T, B)
we deduce A(T,Byr) C A(T, Ad(x)B). We thus have a parabolic subgroup P’ of
Gg admitting Lg as a Levi factor and Ad(x)B as a Borel subgroup, and we
now check that it is defined over Q. For this we use the fact that W(T, Gg) ~
WA(T, é) is Galg-equivariant in the following sense. For o € Galg write 0(B, T) =
Ad(g,)~'(B, T) where g, € L(Q) because P is defined over Q. Then g,0(x)g;! €
W(T, Gg) corresponds to s(a)gs(o)~" € W(T, é) Now o(P’) contains

o(Ad(z)B) = Ad(o(x)g,")B = Ad(g, 'g,0(z)g,")B.

We have s(0) € £ (because £ = 1,(FL) is formed using (g) and s(c) € Ad(g~ 1)L
(because Ad(g~'L) is standard for (g) and so we have

s(o)gs(o) gt e L

which translates to
goo(x)g, 'z~ € N(T,L(Q))

and so o(P’) contains Ad(nz)B for some n € L(Q), which implies o(P’') = P’ and
so P’ is defined over Q. Comparing with the proof of the first point we see that

we have just defined the inverse of P’ s LP’. ]

Example 8.1.8. Let us describe in simpler terms the content of Lemma 8.1.7 in
the case G = GL,. A Levi subgroup L of G corresponds to a family (V;)er of
non-zero subspaces of Q" satisfying Q" = @,.; Vi, with L equal to the intersection
of the stabilizers of the V;’s. A parabolic subgroup P of G corresponds to a total
order on the index set I, with P equal to the intersection of the stabilizers of the
D.<; Vi (as j € I varies). In other words using the identification of Ay, with
GL!, where for a commutative Q-algebra R we let A = (X\;); € (R*)! act by \; on
R ®q Vi, the set of roots of Ay, in the unipotent radical of P is (A Ni/A;)i<;.

There is a natural identification of "L with ,c; GL, g x Wq where n; =
dimg V;, and for any distinguished splitting (B, T, (Xa)a,s) the section s : Wy —
LL is the obvious one. This also applies to G instead of L, and the parabolic
subgroups of LG are simply the ones of the form P° x Wqo where P° is a parabolic
subgroup of GL,, 5. With these identifications the orbit (L, G) is the obvious one:
if I ={i1,..., i} it contains

I, s tag

((9:)i, w) — (diag(gi, - - -, gi,)> w).
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In particular for 1, € E(L,G) the set of parabolic subgroups of *G admitting
L = 11,(*L) as a Levi factor is also parametrized by total orders on I, and with
these parametrizations the bijection in the second part of Lemma 8.1.7 is simply
the identity map (on total orders on I).

Levi subgroups of “G of the form «,(*L) (for some Levi subgroup L of G and
some (1, € (L, G)) are called relevant.

Lemma 8.1.9. Let L be a Levi subgroup of G. Let v, € E(L, G) and denote
L= LL(LL).

1. For a Levi subgroup M of G containing L and t,m € E(L, M) there exists
i € EM, G) satisfying tv o tLm = i, and u is unique up to composing
with Ad(g) for some g € Z(L)NG(Q). The class {ipgo Ad(m) |m € /1\/\[(@)}
does not depend on the choice of tr,m, in particular ity (*M) does not depend
on this choice.

2. For a Levi subgroup M of 'G containing L there exists a unique Levi sub-
group M of G containing L satisfying ip(FM) = M.

Proof. 1. Choose a parabolic subgroup Q of G admitting Levi factor M and a
parabolic subgroup Pyg of M admitting Levi factor L. Then there is a unique
parabolic subgroup P of Q satisfying PNM = Py, and it admits Levi factor
L. Fix a distinguished splitting (g, for “L. There exists a distinguished
splitting (y for “M (resp. (g for *G) satisfying .y = [P N M, Cu, (o]
(resp. 11, = t[P, (g, (]). Checking that the composition

Ly, L[P0M7<M7CL}> LM [Q.¢a M| L

is equal to ([P, (g, (] is a formality. This proves the existence of ipy. The
uniqueness statements are easily checked and we leave the details to the
reader.

2. Let M D L be a Levi subgroup of “G. Recall from | , Lemma 3.5
that £ may be recovered as the centralizer of the torus Z(£)? in *G, and
similarly for M. Choose 20 € R ® X,.(Z(M)) generic, i.e. such that the
eigenvalues of xp on g/ Lie M (which are real) are all non-zero. Choose
zr € R® X.(Z(L)) similarly. Let N be the unipotent subgroup of G such
that Lie N is the direct sum of the eigenspaces corresponding to positive
eigenvalues for the adjoint action of xy, on g. Then MM is a parabolic
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subgroup of “G admitting Levi factor M. Let I be the unipotent subgroup
of G such that Liel/ is the direct sum of the eigenspaces corresponding
to positive eigenvalues for the adjoint action of xr + ez, on g, for small
enough € > 0. Then LU is a parabolic subgroup of *G admitting Levi factor
L, and LU is contained in MN. By the second part of Lemma 8.1.7 LU
corresponds to a parabolic subgroup P of G admitting Levi factor L, more
precisely we have 11, = ([P, (g, (1] for some splitting (¢ = (B, T, (Xa)a, S)
for LG satisfying B C £%U. It is now easy to check that M°A/ corresponds
to a parabolic subgroup Q of G containing P (and defined over Q), and that
its Levi factor M containing L. maps to M.

For uniqueness we observe that if we choose a maximal torus T in Lg and a
maximal torus 7 in £° then we have an identification 7 ~ T which is well-
defined up to W(T,Lg) and fixing such an identification the set of coroots
for T C Mg corresponds to the set of roots for 7" C MO,

m

Example 8.1.10. Again for G = GL,, this lemma is almost a tautology. Reusing
the notation of Example 8.1.8 if L corresponds to (V;)ier (satisfying Q" = @,c; Vi)
then Levi subgroups of G containing L are parametrized by partitions of I: if P is
such a partition then M D L corresponds to (®icsV;)sep-

Definition 8.1.11. Let 7 be a semi-simple conjugacy class in gc = Lie éc. The
Harish-Chandra isomorphism (see e.g. [ , §3.2]) Z(U(g)) ~ (’)(@c)é‘c allows
us to see T as a morphism of C-algebras Z(U(g)) — C. We have a natural map
fromag = C®X,.(Ag) = CogrLie Ag(R) to Z(U(g)), so T induces an element T4
of ag = Home(ag, C). Let Cg be the largest quotient of G which is a split torus,
i.e. X*(Cg) = Hom(G, GL;) = X*(G)%e. The restriction map C @ X*(Cg) —
C® X*(Ag) is an isomorphism so we also see T4 as an element of C® X*(Cg).

This can also be interpreted dually: we have a natural map G — KE and it is
easy to check on the definition of the Harish-Chandra isomorphism that

ri€ay ~C®X*(Ag) ~C® X.(Ag) ~ Lie Agc

1s the image of T under the differential of this map. We also have an identification

Cg ~ Z(G)Gal@’o and we may also see T4 as an element of Lie Z(é)gal@. We thus
~ al@

. . . G .
has a canonical decomposition T = T4 + 1o where T4 € Lie Z(G)g © and 19 is @

—_

semi-simple G(C)—conjugacy class in to the kernel of Lie é(c — Lie Agc.
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Definition 8.1.12. Let L be a Levi subgroup of G and 11, a semi-simple conjugacy
class in T@ = Lie f@. Choose 11, € E(L,G) and denote L = 11,(*L). Let 104 €
Lie Z(Lc)® be the image of 11,4 (Definition 8.1.11) under the differential of iy, c.
Let M be the centralizer of R7..4 € R® X,(Z(L)°) in 'G, a Levi subgroup of *G
(essentially by [ . Lemma 3.5]). Let N be the unipotent subgroup of G such
that Lie N¢ is the direct sum of the eigenspaces for positive eigenvalues for the
adjoint action of R7z 4. Then MN is a parabolic subgroup of *G. Let II(L, 7z) be
the set of parabolic subgroups P of LG admitting L as a Levi factor and which are
contained in MN . Let TI(L, 1) be the set of parabolic subgroups of G admitting L
as a Levi factor which corresponds by the second part of Lemma 8.1.7 to 11(L, 7).
As the notation suggests II(L, 1,) does not depend on the choice of ty,.

Remark 8.1.13. In the setting of Definition 8.1.12 we have a bijection P >
P N M between I1(L, 72) and the set of parabolic subgroups of M admitting L as
a Levi factor. We have a Levi subgroup M D L of G corresponding to M by the
second part of Lemma 8.1.9, and a parabolic subgroup Q = MN corresponding to
MN by the second part of Lemma 8.1.7. Then II(L, 1) is the set of parabolic
subgroups P of Q admitting L as a Levi factor.

We may also give an equivalent definition of II(L, 1,) which does not use dual
groups: if we choose a mazimal torus T of Lg then a parabolic subgroup P of G
admitting L as a Levi factor belongs to I1(L, 1y,) if and only if for any root a of T
in Pg we have

R(a” resct r,4) > 0

Example 8.1.14. Let us work out these definitions in the case where G = GL,,.
Consider as in Example 8.1.8 a Levi subgroup L corresponding to (V;);e;. The
semi-simple conjugacy class 11, in C ®@/I\ ~ [l 06, (C) is given by the family
([Ti1,- . Tin;])ier of multisets of eigenvalues. The factor T, 4 equals

( [Za1 Lia Za:1 xi,a} >
. .
T n; iel

The parabolic subgroups in 11(L, 1) are the ones corresponding to the total orders
on I satisfying i < j whenever R(Y_, xia)/mi > RO, zjp)/1;-

In Lemma 8.1.15 below we compare this definition with a notion that is more
commonly used to express the Langlands classification. First we need to recall a
few facts about relative root systems. Let Py be a minimal parabolic subgroup of
G, and let Ay be a maximal split torus in Py. Let R(Ayg, G) be the set of roots of
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Ay in G. By | , Exposé XXVI Théoréme 7.4]*° there is a unique root datum
(possibly non-reduced)

(X"(A0), R(Ao, G), X.(Ag), RV (Ao, G))

such that the associated Weyl group, seen as a group of automorphisms of Ay,
is equal to the image of the normalizer of Ay in G(Q). The parabolic subgroup
Py yields an order on the underlying root system and we denote by A(Ag, Pg) C
R(Ay,Py) the set of simple roots. Now consider a parabolic subgroup P of G
which contains Py. There is a unique Levi factor L of P which contains A, and
Ay is the centralizer of L in Ay. As in Definition 8.1.11 let Cy, be the largest
quotient of L which is a split torus. For v € A(Ag, Py) not occurring in L (i.e.
occurring in R, (P)) with corresponding coroot ¥ € RY(Ay, G) C X.(Ag) we
denote by ap its image in X,(Cp).

Lemma 8.1.15. Let P be a parabolic subgroup of G. Let L be a Levi factor of P.
Let 11, be a semi-simple conjugacy class in C ®@A[. By Definition 8.1.11 it yields
TL,A € C X X*(CL)

Let Po be a minimal parabolic subgroup of P. Let Ay be a maximal split torus
in PoNL. We have P € TI(L, 7v,) if and only if for any simple root a € A(Ag, Py)
occurring in R,(P) we have (o, Ry, 4) > 0.

Proof. See | , Lemma 3.8]. O

Fix a maximal compact subgroup K2* of G(R). Recall that G(A)' denotes
the subgroup of ¢ € G(A) satisfying |x(g)| = 1 for all x € X*(G)%le. We have
an isomorphism mg : G(A)/G(A)! ~ Lie Ag(R) characterized by the relation

exp(x, ma(9)) = [x(9)]

for all y € X*(G)%le, We have G(A) = G(A)! x Ag(R)? and the restriction
of expaer) oma to Ag(R)? is the identity. We denote by A(G) the space of
automorphic forms for G, which are functions G(Q)\G(A) — C. We have (see
[ , §1.3.2]) an isomorphism of (g, K2*, G(A))-modules

[e.9]

P A(G)4<®’ ® C(v) ® Symag — A(G) (8.1.4)

f®a® P+ av x (Pomg) X f

258ee also | , Corollaire 5.8], although the proof seems to be incomplete in the non-reduced
case.
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where the sum ranges over v € C® X*(G)%le (seen as a character of G(A)/G(A)!
via s ® x — (g — |x(g9)]°)) and Sym ag is the space of complex polynomial func-
tions on Lie Ag(R). For a semi-simple conjugacy class 7 in C ®@§, corresponding
via Harish-Chandra’s isomorphism to a maximal ideal m, of Z(U(C®g Lie G(R))),
we denote by A(G), the subspace of automorphic forms which are killed by some
power of m.. Thus we have A(G) = @. A(G).. Note that A(G); is contained
in a single factor in (8.1.4), corresponding to the character v = 74 (Definition
8.1.11). Let A%(G) be the space of automorphic forms in A(G) whose restriction
to G(Q)\G(A)! is square-integrable. Restricting (8.1.4) we obtain an isomorphism
of (g, K2, G(Ay))-modules

P 4(G)A®" g C(v) ® Symag ~ A*(G). (8.1.5)

Note that AQ(G)AG(R)O is the space of square-integrable automorphic forms on
Ag(R)’G(Q)\G(A), in particular it is semi-simple. We also combine these two
notations: A?*(G), is the subspace of A?*(G) consisting of forms killed by some
power of m,.

For a parabolic subgroup P of G with Levi factor L we let K§% := P(R)NK ™
and we denote by ind$ the parabolic induction functor from (p, Kp%s, P(Ay))-
modules to (g, K2**, G(Ay))-modules, obtained by composing the smooth induc-
tion functor indg((ﬁ; )) and the induction functor ind?;%;;) (recalled | , p-208]).
Let 2pp € X*(Cy) be the determinant of the adjoint action of L on R,(P). We
denote IndS(—) := ind§ (— ® |pp|) for normalized induction.

Theorem 8.1.16 (Franke). Let 7 be a regular semi-simple conjugacy class in
C ®g 9. There exists a finite, separated and exhaustive filtration of A(G), by
sub-(g, K2*, G(Ay))-modules with associated graded pieces

Indg A*(L),,
where

e (L, 1) ranges over G(Q)-conjugacy classes of pairs consisting of a Levi sub-
group L of G and a semi-simple L(C)-conjugacy class 7y, in C ®g [ mapping
to T via the differential of ¢ (for any u, € E(L, G)),

e P is an arbitrary element of II(L, 1) (we recall in Remark 8.1.17 why the
choice of P is irrelevant).
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Note that we do not specify the order in which these occur as graded pieces,
as we will not require this knowledge.

Proof. This follows from | , Theorem 14]. Since our notation differs substan-
tially we explain in more detail. Franke restricts to automorphic forms invariant
under Ag(R)Y, using the decomposition (8.1.4) it is easy to reduce to this case.
Our maximal ideal m, of Z(U(C®gLie G(R))) corresponds to Franke’s J. Franke’s
result is more refined than Theorem 8.1.16 in a number of ways.

e In| , Theorem 14| a certain parameter 7 in a cone occurs, corresponding
to a certain growth condition imposed on automorphic forms (Franke’s spaces
FingS,  4iog(--.)), taking it to be very far in this cone (or taking the union
over all such parameters 7) simply yields all automorphic forms.

e We have imposed that 7 be regular in order to simplify the statement: in
general the terms occurring on the left-hand side in | , Theorem 14| are
colimits over certain groupoids, but as observed in | , Theorem 19 I| for
regular infinitesimal characters these groupoids are simply equivalent to sets.

e Franke fixes a conjugacy class of Levi subgroups of G (in the terminology of
his paper, a class of associate parabolic subgroups, denoted {P} by Franke,
see | , P-201]) and restricts to forms whose cuspidal support corresponds
to this class. We simply sum over these classes.

The groupoids M?:‘%’;}J appearing in | , Theorem 14| are defined at the
bottom of p.233, and we now translate between this definition and our formulation.
As explained above Franke’s 7 is irrelevant for us (we take 7 = o0). Franke’s
function T and integer ¢ index the filtration, we do not need to make this precise.
His parabolic subgroup R is our P. His continuous character A (of what we
denote Ar,(A)/AL(Q)Ag(R)) is given by two independent pieces: the continuous
character ), (of what we denote Ap(R)°/Ag(R)?) and the unitary character A.
We do not refine automorphic forms in A(L)YA®° by central character A, so one
has to group the terms corresponding to various Ain [ , Theorem 14| to obtain
the statement in Theorem 8.1.16. Franke’s A\; and y together correspond to our
7L, in fact his \; corresponds to our component 7y, 4 of 71, (Definition 8.1.11). His
condition “)\; € supp,, J" on p.234 (see also p.230 for the definition of supp) is
equivalent to our condition that 71, maps to 7. Finally Franke’s condition R\; € %
at the bottom of p.233 is equivalent to our condition P € II(L,7,) (Definition

8.1.12) by Lemma 8.1.15.
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Finally the (g, K2*, G(Af))-modules M (t) appearing in | , Theorem 14]
are defined on p.234 as W(w;) ® D,. The space W (u;) is defined on p.218 as (in
our notation) IndSV (us) for a certain subspace V (u;) of A*(L)Ar®)°. The space

D, is precisely C(v) ® Symaj, for v = 7, 4 in (8.1.5) (for L instead of G). O

Remark 8.1.17. In the setting of Theorem 8.1.16, for a pair (L, 1) and P, P’ €
II(L, 7,) we have an isomorphism

Indg A*(L),, ~ IndS . A*(L),,

given by the standard intertwining operator (defined by meromorphic continuation)
which is holomorphic | , Lemma 2 p.234], which is why the choice of P €
(L, 7v,) is irrelevant. This is perhaps clearer using the parabolic subgroup Q =
MN associated to my, introduced in Remark 8.1.13: denoting Py = PNM we have
IndS ~ Indg o Indll\)/IM and similarly for P, and we have i, 4 € R®@ X*(Cym) @
iR® X*(Cy,).

Remark 8.1.18. In Theorem 8.1.16 instead of considering classes of pairs (L, 11,)
we could just as well choose a Levi L in each G(Q)-conjugacy class and for each
such Levi consider orbits of L(C)-conjugacy classes T, under the normalizer of L

in G(Q).

8.1.4 Euler characteristic of (g, K, )-cohomology of automorphic forms

Following | , §7.4] we deduce from Theorem 8.1.16 a formula for the Euler-
characteristic of (g, K, )-cohomology. Let K., be an open subgroup of K2**. For
a parabolic subgroup P of G we denote Kp ., = P(R) N K, and similarly for
K2 TLet V be an irreducible finite-dimensional (g, K2**)-module. Let 7 be the
infinitesimal character of V. By Wigner’s lemma?® | , Corollary 1.4.2] the
natural map

H*((9, Kso), A(G) 7, @ V) — H*((9, K0), A(G) @ V)

is an isomorphism. The following lemma provides a further simplification of these
cohomology spaces but we defer using it until later.

Lemma 8.1.19. We have an isomorphism

H.((g’ KOO)’ A(G)—TV ® V) = H.((g/aG7 KOO)? ('A(G)—Tv 0% V)AG(R)O)-

26More precisely we use a straightforward generalization to generalized eigenspaces (instead of
eigenspaces) for the action of Z(U(C ®g Lie G(R))).
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Proof. This follows from the Hochschild-Serre spectral sequence (see | , The-
orem 1.6.5] and | , Appendix A|) associated to the ideal ag of g and the fact
(explained at the bottom of p.256 of | |) that H'(ag,Symag) vanishes for
1 > 0. Note that the Chevalley-Eilenberg complex computing these cohomology
groups may be identified with the (algebraic) de Rham complex of the complex
affine space associated to ag, so this vanishing may be interpreted as the algebraic
Poincaré lemma. O

Now Theorem 8.1.16 for 7 = —7y, implies

e((9. Kx), AG) @ V) = Y e((9, Kuo), Ind§A* (L), @ V) .

(L,

Separating parabolic induction at the real and finite places we write

H*((9, K ), Indg A* (L), @ V)

G(A . . K max
~Indg(, ! H* (9, Koo), ind(3E0 (A(L), © V @ |opc)

7Kg<‘>ax max
E;ga,Ki'-‘f‘;é)) V. Recall that for a (P,Kp,oo)‘

module M the parabolically induced (g, K2*)-module indgﬁjgg"z))]\/[ is defined as
the largest sub-U(g)-module of Homy ) (U(g), M) (where U(g) is seen as a left

U(p)-module and a right U(g)-module by multiplication) on which the action of

where V' on the second line is really res

U(ty) is locally finite and integrates into an action of K2 (it then extends to an
action of K™ because mo(Kpa) — mo(K ™) is surjective). We see that there is
an isomorphism of functors

(9,Ko0) (p.EB%)

(gvKOO)
(o]
(0:Kp00) & TS0, Kp o)

. ’Kn’lax
TS § k) oind @£

(p %) = ind

and we deduce

H*((g, Foo), ind S0 (A2(L) @V @ pp| o) = HE (g, Koo, ind (1) (A2(L), @V | pplic))

Staring at the definition also makes evident that indgg’;‘f)

,00)
(g)KOO)
(p7KP,oo

is right adjoint to

res ) which implies

H*((g, Ko), ind ™) (A2(L),, @V E|ppl)) = H* (b, K oo), AX(L)r, OV S| pplc).
(8.1.6)
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Denoting N := R,(P), we use the Hochschild-Serre spectral sequence for n C p,
but since we have a semi-direct product p ~ [xn we can be more precise. The coho-
mology groups on the right-hand side of (8.1.6) may be computed with Chevalley-
Eilenberg complexes Cg((9, Kp o), —) and a simple computation identifies (8.1.6)
with the cohomology of the total complex associated to the double complex

Cep((L Kp.), A*(L)r, @ [pp|o ® Cp(n, V).

Here we have used the identification of Ly with the Levi factor Pgr N 0(Pg) of Pg,
where 6 is the Cartan involution of Gy satisfying K™ = G(R)’. Now assume
temporarily that V' is (the restriction of) an irreducible algebraic representation
of G¢. The proof of Kostant’s theorem (already recalled before Corollary 4.8.15)
computing H*(n, V') shows that C&g(n, V) is quasi-isomorphic to a direct sum of
complexes concentrated in one degree, so we simply have

Hi((g, Kuoo), ind &5 (A2(L),, 0V lpple)) = @) H((1 Kp o) A(L)n, Sl | @ H(, V).
atb=i

It turns out that there is only one degree b for which H’(n, V') can be non-zero,

to see this we briefly recall Kostant’s theorem. Choose a Borel subgroup By, of

Lg and denote by B the Borel subgroup of Pg satistying BN Lg = Br. Let T

be a maximal torus of By. The irreducible algebraic representation V of Gg¢ is

parametrized by its dominant (for B) weight A € X*(T). As usual denote

The infinitesimal character 7, of V is represented by A + p. A Kostant rep-
resentative (for P, L and (B, T)) is w € W(T,Gg) such that w(A + p) €
%X *(T) is dominant for By. The set of Kostant representatives is in bijection
with W(T, Lg)\W (T, Gg). Kostant’s theorem says

b ~ L
H(n, V) = @ Vlrto)—
l(w)=b
where the sum ranges over Kostant representatives of length b and V% is the

irreducible algebraic representation of L¢ with highest weight \'.

Definition 8.1.20. In the situation above there is a unique Kostant representative
w satisfying —w™'(rr,) = v, that we denote wp ., . Define Wy p . as the piece
of the semi-simple (I, K o)-module H'™Pm)(n, V) ® |pp|e having infinitesimal
character —,.
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More generally it can be useful to start from an irreducible finite-dimensional
(9, Ko) module V of the form Vi€ @ y for some y € C ® X*(G)%C/R) (seen as a
character of G(R)). With the same definition we thus have

Wypm = Vi (o) @ [Pl ® X

(The general case of an arbitrary irreducible finite-dimensional (g, K )-module V'
can be reduced to this case using a z-extension and Lemma B.0.2.) Using Wigner’s
lemma and Lemma 8.1.19 (for L instead of G) we conclude

7KOO
H' (g, Koo, ind(gic) (A*(L), @V © pploc))
~ H'OPr)((1 Kp o), A2(L)r, @ Wyip,r)
~ P (ag, Kp o), (AP (L), @ Wigp 7, )A1).
Recall that the subspace of A%*(L) on which Ay,(R)? acts by the inverse of the

central character of Wy py, is semi-simple. Returning to Euler characteristics we
deduce

e((9, Kxo), Ind§ A*(L), ® V) = e(wp TL)Ind (([/aL, Kp o), (A*(L),, ® WV’P,TL>AL(R)0>
(8.1.7)
where e(w) = (=1)1®). As explained on | , P-266| the Euler characteristic

vanishes if L is not R-cuspidal, i.e. if (L/Apr)r does not admit an anisotropic
maximal torus. Using the notation introduced in Definition 8.1.2 the right-hand
side of (8.1.7) is
Indp Af) e@) (L, Kp oo, Wyp 1 ).
We state in the following corollary what we have deduced from Franke’s The-

orem 8.1.16 following | , §7.7].

Corollary 8.1.21 (Franke). Let G be a connected reductive group over Q. Let
K, be an open subgroup of a mazimal compact subgroup of G(R). Let V' be an
irreducible finite-dimensional (g, K2*)-module, and denote by 1y its infinitesimal
character. The Euler characteristic e((g, K« ), A(G) @ V') is equal to

G(A
> elwp ) Indp ey (L Kp oo, Wi )

[L,mv]

where

e the sum ranges over G(Q)-conjugacy classes of pairs (L, ) where L is an
R-cuspidal Levi subgroup of G and m, is a semi-simple conjugacy class in ¢
mapping to —Ty,
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e P is an arbitrary element of II(L, 1),
o wp . and Wyp . are defined in Definition 8.1.20,
o c)(L, Kp o, —) is defined in Definition 8.1.2.

It follows from Remark 8.1.17 and the computation above that choosing another
P € II(L, 7,) does not change the term in the sum, but this is less obvious now.
In the next section we make this more evident.

8.1.5 On coefficient systems for Levi subgroups

Example 8.1.22. Consider the case where G = GLg3, V' s the irreducible alge-
braic representation of Ge with infinitesimal character Ty = (k,0,—k) for some
integer k > 0, L is the block diagonal Levi subgroup GL; x GLs of G and
mn, = (0,k,—k). We have 7, 4 = 0, so any parabolic subgroup of G with Levi
factor L belongs to TII(L, 11,). We will use Borel subgroups of G containing the di-
agonal maximal torus T. We choose the upper triangular Borel subgroup By, of L.
For P € II(L, 11,) the upper block triangular parabolic subgroup the corresponding
Borel subgroup B of G is the upper triangular subgroup (i.e. pg = (1,0,—1)) and
we have A\ = (k—1,0,—k + 1) and

wP,L(AB + pB) — PB = (O, k‘, —]{7) — (1,0, —1) = (—1, k’, —k + 1)

and so Wyp . = V(Ijl’(kﬁkﬂ)) ® |pp|. For the lower block triangular parabolic
subgroup P’ € TI(L, 1) we have pgr = (—1,1,0) and thus \gr = (—=k + 1,k —1,0)
and we compute

wP,L(/\B’ +PB’> — pPB = (O’ k» _k) - <_17 ]-70) = (_Lk - ]-a _k)

and so
Wyprm = V8 1) @ Lol = Wyp o, @ (1, sign det).

In particular the representations Wy.p . and Wy ps - are not isomorphic. Lemma

»TL

8.1.24 below implies l(wp - ) = l(wps ). We can check directly that for any open
subgroup K1, oo of a mazimal compact subgroup of L(R) we have

H*(L, Ky, 00, Wyp ) ~ H* (L, KL oo, Wy pr 7.

because Ty, is very regular (on the factor GLy of L) and so any (I, K{¥)-module
occurring in A*(L, T, 4)-, 15 part of the discrete series, so Theorem 8.1.4 shows

that its (I, K1, ~)-cohomologies relative to Wyp - and Wyp/ -, are equall.

sTL
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Remark 8.1.23. Example 8.1.22 seems to contradict the first part of | , §7.7
Lemma 1]. The issue seems to be the statement on the first line of p.272: (g, K2*)-
modules with infinitesimal character equal to that of the trivial representation are
parametrized not just by G(R)-orbits of pairs (H,A") (where H = T(R) with (T
a mazimal torus of Gg and AT an order on R(T¢, Ge)), but by triples consisting
in addition of a character of mo(H) (see [ , Theorem 2.2.4]).

Lemma 8.1.24. Assume we are in the setting of Corollary 8.1.21: 'V is an irre-
ducible finite-dimensional (g, K2**)-module, L is an R-cuspidal Levi subgroup of G
and 1y, a semisimple conjugacy class mTC mapping to —7y. Then neither the length
[(wp -, ) mor the essentially discrete Langlands parameter oyvp ., : Wg — YL(C)
corresponding to Wyp - (i.e. with corresponding L-packet the set of discrete se-
ries representations of L(R) having infinitesimal character 11, and central character
equal to the inverse of that of Wy p . ) depend on the choice of P € II(L, 1,).

Proof. We first consider the length [(wp - ). Choose a distinguished splitting (¢ =
(B, T,(Xa)a,s) for “G and a distinguished splitting (g, for “L. This gives us an
embedding 1, := ([P,(q, (] € E(L,G) and we denote £ := 1,(*L) and P :=
LB. Let U be the unipotent radical of P. As in Definition 8.1.12 we denote by
7. the image of 71, by the differential of ¢y, and recall the parabolic subgroup
Q = MN D P of 'G. We identify 7 with an element of C ® X,(7) which is
strictly dominant for B. There is a unique representative 7, € C ® X.(T) (in
its £°(C)-conjugacy class) which is stricly anti-dominant for BN £. Using (B, T)
and (B, T) to identify based root data we obtain an identification of the Weyl
group of T in G¢ with the Weyl group of 7 in é, and our Kostant representative
w = wp - is determined by w(7y) = —7¢. The length [(w) is equal to the number
of roots a € R(T, B) satisfying (w(7y), ) < 0. Recall from Definition 8.1.11 the
decomposition 7, = 74 + 7£0. For any o € R(T, é) the (a priori complex)
pairings (77 4, «) and (770, ) are both real. Let wp . be the longest element of
the Weyl group W (T, £°) (for BN L°). Let j € Wx be any element of Wg \ W¢
satisfying j2 = —1. Then conjugation by z := wq £5(j) is an involution of 7 which
leaves R(T,U) invariant. It maps 7. to —7.¢ because L is R-cuspidal. So for

a € R(T, G) we have

(T, ) = (T4, ) + (T2 0, @)
(Tc,2(a)) = (7,4, ) — (70, )
By regularity of 7, we have |(7z.,a)| # [(Tz0,@)|. For a € R(T,U), which

satisfies (7.4, a) > 0, we distinguish two cases:

158



o if (7.4, ) < |(7z,0, )| then in particular (70, a) # 0 and so z(a) # a. Up
to swapping « and x(«) we have (72,a) > 0 and (72, z(a)) < 0.

o if (72 4,0) > (720, )| then (1, a) > 0.
We conclude

dim G — dim £° EHQGRU,G)\R(T,EO) [{7z.0, 2 !<|Tﬁ07 H

Hw) = 2 "1

which clearly does not depend on the choice of P.

We now consider the Langlands parameter ¢y p . Using a z-extension of Gg
we can reduce to the case where V' = V) is (the restriction of) an irreducible
algebraic representation of G¢. The infinitesimal character of pyp - is clearly 7,
so we are left to check that the restriction of*” (w(A+p)—p)®|pp| to ZL (R) does not
depend on this choice. The restriction to Zg(R)" is imposed by the infinitesimal
character, and the finite 2-torsion group of torsion elements in Ap,(R) ~ (R*)dimAc
surjects onto mo(ZY(R)), so it is enough to check that the image of w(\ + p) — p
in X*(Ayr)/2X*(Ayr) does not depend on the choice of P. We have in X*(Ay)

(w(A+p) = p)lay, = (=7 — pp)|aL

so we are left to show that the image of pp in $X*(Ar)/2X*(AL) does not depend
on the choice of P € II(L, 7). This is similar to the previous proof, but for a
change we do not argue on the dual side. Let T,, be a maximal torus of Ly
such that T,,/Ar is anisotropic. Denoting {1,0} = Gal(C/R) the action of & on
R(Tanc, Ge) (which corresponds to the action of z on the dual side considered
above) preserves R(T,, ¢, Uc) where U is the unipotent radical of P, in particular
for « € R(Tanc, Ge) ~ R(Tanc, Lc) we have o(a) # —a. For @ € R(Tanc, Ug)
we distinguish two cases.

e If o(a) # « then since o(a)|a, = a|a,the contribution of o and o(«) to the

1
PP:§ Z B

ﬂeR(Tan,C 7UC)

restriction of

is simply «|a,, which is equal mod 2X*(Ay) to its opposite.

e If o(a) = a then we have (a",1,0) = 0 and thus (", ) = (a", m4) > 0.

2TUnfortunately we have to mix additive and multiplicative notation here, we hope no confusion
will arise.
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So if we partition the {+id} x Gal(C/R)-orbits in R(Tanc, Gc) \ R(Tanc, Lc) as
O; U Oy where O, is the set of orbits [« satisfying o(a) # « (i.e. orbits with 4
elements, so O, is the set of orbits with two elements {£a}) then we have

1 *
ppla, = Z ala, +§ Z ala, mod 2X*(Ay) (8.1.9)
[a]eOy [a]eO2
(aV,m)>0
which clearly does not depend on the choice of P. O

The lemma allows us to unambiguously define a sign e, := e(wp ) and an
essentially discrete Langlands parameter (up to conjugation by i(@)) OVLm =
Yyp,m, Where P is any element of II(L, 7,). Note that the proof of Lemma 8.1.24
gives us a relatively simple way of computing these two objects.

We require two small remarks before reformulating Corollary 8.1.21.

e For K, an open subgroup of a maximal compact subgroup K2** of G(R),
P a parabolic subgroup of G and L a Levi factor of P, denote by Ky, o the
image of Ko NP(R) in L(R) (realized as a quotient of P(R)). This subgroup
of L(R) actually depends on the choice of P, but its L(R)-conjugacy class
does not: there exists g € G(R) = P(R) K™% such that g K™*¢~! contains a
maximal compact subgroup of L(R), and we deduce that the L(R)-conjugacy
class of K 1, only depends on the G(R)-conjugacy class of K, and on L

(not on P).

e For a Levi subgroup L of G and M € K (Rep™(L(A;))) (see Definition
4.8.13) the element Indg((ﬁ;))M of Ki(Rep®™(G(Ay))) does not depend on
the choice of a parabolic subgroup P of G admitting L as a Levi factor. We

denote this element of K!"(Repa™(G(A,))) by Indf&f))M :

Corollary 8.1.25. Let G be a connected reductive group over Q. Let K., be
an open subgroup of a mazimal compact subgroup K2** of G(R), V' an irreducible
finite-dimensional (g, K, )-module. Then we have the equality in K& (Rep2™ (G (A;))

e(G, Koo, V) = Y erIndp ) e (L, Kio0, ovin,) (8.1.10)

L,m1]

where the sum is over G(Q)-conjugacy classes of pairs (L, 1) with L an R-cuspidal

o~

Levi subgroup of G and 1, a semisimple conjugacy class in Ic mapping to —7y .
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Remark 8.1.26. The proof of Lemma 8.1.24 actually shows a bit more than what
we stated, and shows that Formula (8.1.10) is “uniform in V7 in a sense to be
made precise below. Let (B, T) be a Borel pair in G¢. For an irreducible algebraic
representation V' parametrized by a dominant (for B) weight A\ € X*(T) we let
Tv = A+ pB. Fiz a representative L of a G(Q)-conjugacy class of Levi subgroups
of G. The set of i(@)—conjugacy classes T, mapping to Ty is parametrized by

N(L, G)(C)\{g € G(C)| Ad(g)T C L¢}

where N(L, G) denotes the normalizer of L in G. We fix a class in this quotient,
and we even fix a class in

L(C)\{g € G(C)| Ad(¢)T C L¢} (8.1.11)

mapping to this class. Now fix a Borel pair (Byr, Ty) in Le. In our chosen class
in (8.1.11) there is a unique left coset Tr(C)g such that Ad(g)T = Ty and such
that

Ad(g™")": X*(T) = X*(Ty)

maps the Weyl chamber
C:={reR® X*(T)|Va e R(T,B), (o', z) >0}

to the Weyl chamber Cy, for (Br, Tr). Denote 1, = — Ad(g™')*1, which we will
see alternatively as a function of 7y € C' or a function of the dominant weight \.
For P € II(L, 71,) we then have (8.1.8)

_ dimG —dimL 1

l(wpr) = 5 —1 [{a € R(TL,Ge) ~ R(Ty, Le) | [{a”, mL.4)| < [(@¥1L0)|}]

and this set of roots does not depend on the choice of a dominant weight \: in fact
it makes sense for any Ty € C' and the continuous function

C — R

v (@, 1L.4)| = [{a"7L0)]

does not vanish because we have (", ) # 0 for alla € R(Ty,, Ge). Thusl(we 5),
which does not depend on the choice of P € TI(L, 1) does not depend on \ either.
We now consider the central characters of the local systems Wyp .. For P ¢
(L, 7,) we have

Wyp,m, = VE ® |ppoo-

—TL—PBy, —PP
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Define an involution o of X*(Ty) by requiring that it acts by —id on X*(Tr/ZY)
and as the complex conjugation on the quotient X*(Z2). (Note that if Ty =
Tanc where Tay is a mazimal torus of Lg which is anisotropic modulo center
then this action is the natural one.) As in the proof of Lemma 8.1.24 we have a
decomposition O1UO0, of the set of {£id} x{1, o }-orbits of R(Ty, G¢)\R(Ty, Lc).
By (8.1.9) we have

ppla, = Z CX|AL+% Z ala, mod 2X*(Ayp).
[0 [a]€0s
(a¥,m,)>0

and the index sets, which we argued do not depend on the choice of P in the proof
of Lemma 8.1.24, do not depend on the choice of a dominant weight \ either.
Let 6 € $X*(AL) be any representative of this class (e.g. obtained by choosing
a representative in each orbit in Oy). Then varphiy. : Wg — FL(C) is the
discrete Langlands parameter with infinitesimal character 1, such that composing
with 'L — Ay, yields the parameter of the character (1p|a;, +0) ®15|7 of AL(R)
(note that Ti,|a, + 0 belongs to X*(Ayr)).

8.1.6 Example: GL,

Let us make the formula in Corollary 8.1.25 more explicit for G = GL, o. We
actually deduce it from the earlier Corollary 8.1.21, but the formula exemplifies
the irrelevance of P proved for Corollary 8.1.25; as well as the “uniformity in V”
explained in Remark 8.1.26.

Corollary 8.1.27. Let n > 1. For a,b € Z>o such that a + 2b = n denote by
L., ~ GL} x GLS the corresponding standard Levi subgroup of GL,, and let
S(a,b) be the subset of S, consisting of o such that

2.0 a+1) <o a+2),...,07a+2b—-1) <o (a+2b),
3. U_l(a—i— 1) < O'_l(a—|—3) < e & O'_I(CI—FQb— 1)
Consider a dominant weight A = (A > --- > \,)) for GL,, and let

T=(Mm>>7)=A+p
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so that 7, = N\ + "TH —i. For o € &, denote 0(T); = T,~1; and (0 - N); =
Ao-1(ty — 0 (1) + 1, i.e. 0 - X = o(T) — p. Using notation introduced in Ezample

8.1.6 we have

e(GL,, V3) = Y (=1)"@ D2 3" (o)
a+2b=n 0€6(a,b)

a

GLn(Af) o Nitatl—o(r);
IndLa,b(Aff) <®6(GL1, (- Ni+a+1)- |§C )i+at+1—o(r)

i=1
b

® R ¢ (GLa, 0(Tarzi 1 = 1/2,0(7)asan +1/2)).
i=1

Proof. Conjugacy classes of Levi subgroups of GL,, are parametrized by unordered
partitions of n, n = ny + --- +n, (n; € Z>1) corresponding to Levi subgroups
isomorphic to GL,, X -+ x GL,, (see Example 8.1.8). Such a Levi subgroup is
R-cuspidal if and only if n; € {1,2} for all 7. So in (8.1.10) GL,(Q)-conjugacy
classes of pairs (L, 71,) are parametrized by partitions n = a + 2b together with an
unordered partition of 7 (equivalently, of {1,...,n}) into a singletons and b pairs.
Note that &(a,b) parametrizes unordered partitions of {1,...,n} into a singletons
and b pairs. Fix a pair (L,7) as in (8.1.10), and let ¢ € &(a,b) be the unique
element such that L can be conjugated to L, identifying 7, to

(_T0*1(1)7 <oy T To1(a)s {_Tafl(a%»l)a _Tofl(a+2)}7 SRR {_Tofl(nfl)v _Tafl(n)}) .

It remains to compute €., and ¢y, - in (8.1.10). By Example 8.1.6 on GL, factors
of L the parameter @y, - is determined by 7, so we only need to consider GL;
factors.

Choose a parabolic subgroup P as explained before Lemma 8.1.24. Up to
conjugation by GL,(Q), we may assume that P and L are standard (with L # L,
in general). There is a unique enumeration

{2,...,0,}={{o'(D},.... {e7 )}, {o  (a+1), 07 (a+2)},...,. {o " (n—1),07 ' (n)}}

such that, denoting ¢, = |zx| and 7, = {7;|i € x}, we have that L is the block
diagonal GL, x---xGL,, and 7, = (=74, ..., — 74, ). By definition of P, denoting

)= {< t7)f2 =i g} with i £ )

we have —s(1,,) > -+ > —s(7,,). Let w € &,, be the Kostant representative
for the pair (P,L) mapping 7 to —7,. Then w = wowio where w; stabilizes
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{1,...,a} and satisfies wy(a +2i) = wy(a+2i—1)+1 for 1 <4 < b (in particular
wy permutes the pairs (a + 1,a +2), ..., (n — 1,n)), and ws moves some pairs
between the singletons, i.e. wo(1l) < -+ < wa(a), wa(a + 2i) = wala +2i — 1) + 1
for 1 <i <band we(a+2i) < wy(a+2i+1) for 1 <i < b. By definition of P we
have wy(i) = a+1—1i for 1 <i < a, and so the first a entries of wyo - A are

(Ao=1(at1-i) — o Ha+1—-1)+ i)icica = (0 N)ar1i —a—1+ 2i>1§i§a

Now the set of indices corresponding to the GL; factors of L is wo({1,...,a}) and
we have py,) — pi € 27 for any 1 < i < a, so that (w - N)u,u) — (w10 - X); € 27Z for
any 1 < i < a. Finally it is easy to see that e(w;) = (—1)**V/2 and e(wy) = 1. O

Example 8.1.28. Forn < 7 the dimension of all cohomology groups H'(GL,(Z), Q)
are known [ 1/ | (except for n = 4 for which only H'(SL4(Z),Q) is
explicitly computed in [LS78]). Let us check that our formula specialized at A = 0
agrees with these computations. The Euler characteristic e(GL,, VO)GL"@ belongs
to the Grothendieck group of finite-dimensional representations of the unramified
Hecke algebra H;HT(GLn), and we compute the multiplicity e, of the “trivial” char-
acter (the one corresponding to the trivial representation of GL,,(Ay)) in this Euler
characteristic. Thanks to [ | this corresponds to retaining only the power of
| - |f in the formula (8.1.1) for e(GLy,—) and discarding Sy from the formula
(8.1.2) for e)(GLy,—). For n < 12 we have Sy, =0 for all k < n and we deduce
e(GL,(Z),C) = e,. We see that the only terms (corresponding to ¢ € S(a,b))
contributing in Corollary 8.1.27 are the ones satisfying o(T)qr2i-1 = 0(T)aroi + 1,
1.€.
o a+2i)=0ca+2i—1)+1 foralll <i<h. (8.1.12)

This implies () = +1 and i — o~ 1(i) even for all 1 < i < a. We have (o - \); +
a+l=i—o0'i)+a+1=n+1 mod 2.

First consider the case where n is even. The contribution of o wvanishes if
a > 0, so we have in fact a single contribution corresponding to a = 0 and o =
id. We conclude e, = 1. For n even we may also consider the multiplicity €,
of the trivial character of Hi™(GL,) to e(GLy,, @)GL”@ where C is C endowed
with the character sign(det) of GL,(R). By Shapiro’s lemma we have e, + €, =
e(SL,(Z),C). Taking e.g. A = (1,...,1) allows us to compute €, using Corollary
8.1.27. We still have the condition (8.1.12) but now (o - A); +a+1 =0 mod 2
forany 1 <1 < a and so we find

Go= Y (1)) 1

a+2b=n
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where the sum is over all 0 € &(a,b) satisfying (8.1.12). The number of such
permutations is easily computed, and equal to (" b) Define for an integer m > 0
(with the usual convention (5) =0 fory<0)

o = X",

b>0

We have f(0) = f(1) =1 and for m >0

s =20 (7)) + (52)) = s sy

and we deduce
(1 ifm=0 mod 6

1 ifm=1 mod6
0 ifm=2 mod 6
-1 ifm=3 mod6
-1 ¢m=4 mod6
0 ifm=>5 mod 6

and for even n > 0

(1 ifm=0 mod 12
0 ifm=2 mod 12
-1 ifm=4 mod 12
-1 ifm=6 mod 12
0 ifm=8 mod 12
1 if m=10 mod 12.

= (1) () =

This is consistent with

Q ifi=0,

H'(GLy(Z),Q) = H'(SLy(Z),Q) ~ {0 ifi>0

with the computation in [

H(SLy(Z if i € {9,3}
otherwise.
and with the computation of H*(GLg(Z),Q) and H*(SLe¢(Z),Q) in [ :

§7.3]. We also deduce that GL4(Z)/SL4(Z) acts by —id on the line H3(SL4(Z), Q).
Presumably the method in [L.575] could be used to compute H*(GL4(Z), Q) as well.
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Now consider the case where n is odd. For any pair (a,b) satisfying a+2b=n
and any o € &(a,b) satisfying (8.1.12) we have (o-\);+a+1 even for all1 <i < a,
so we find

(1 ifm=1 mod 12

1 ifm=3 mod 12
0 ifm=>5 mod 12

n = —1)ala=1)/2 1 = (_1)(n=1/2 _

en= >, (-1) Z O (O RE SA

-1 ifm=9 mod 12

0 ifm=11 mod 12.

This is consistent with [ /

| o
HZ(SLs(Z),@)Z{E)Q Zﬁjw

and with the computation of H*(SL,(Z),Q) forn € {5,7} in [ , §7.5].

Corollary 8.1.29. Forn > 1 and A = (A\y > -+ > \,), using notation as in
Corollary 8.1.27 we have

ec(GL,, Vi) = (—1)" 027t 3= ()2 N (o)

a+2b=n c€B(a,b)

GLn(Ay) . o-A);—o(T)q
1dabAff)(<®6<GL1,(U.A>Z~>1-|; ) “)

i=1
® ® GL27 a+21 1 ]-/27 0-<7—)a+2i + 1/2)>

Proof. This follows from the preceding Corollary using Example 4.8.1, writing the
character sign(det)” ! of GL,(R) as det" " /| det |"~!, using Remark 4.8.3 and the
duality between Inds:“:(Af)) and IndGL"( ) 7V for any admissible representation

7 of La,b(Af). ]

8.2 Intersection in terms of compactly supported cohomol-
ogy

In this section we essentially plug Corollary 8.1.29 into Corollary 4.8.16 and sim-
plify the resulting expansion, ultimately obtaining Theorem 8.2.4. For calcula-
tions we need to choose a basis of X*(Tgsp,, ), our convention consists of writing

166



A= (A1,..., A, m) when X\ maps (ti,...,%,,s) € Tgsp,, (notation as in Section

2.2) to
s™ H N,
i=1
The character A is dominant if and only if we have A; > --- > \,, > 0. Composing

A with the cocharacter

v €GL = xly, = (71, ... ,;U_l,az2) € Tasp,,

gives 2m — Y | A;. The Weyl group W(GSp,,,) of Tgsp,, in GSp,, is identified
as usual with {£1}" x &,

o forw=0€6,and A= (A,..., \,,m) € X*(Tgsp,,) we have
w()\) = ()\0—1(1), ceey )\U—l(n), m),

o for w = (€)i1<i<n € {£1}" we have

w) = | ead, . adnm— Y\

1<i<n
e=—1

We will also identify W (GSps,,, ) with the group of permutations w of {+1,...,£n}
satisfying w(—i) = —w(i) (elements of the subgroup &,, of W (GSp,,,) are the ones
preserving {1,...,n}). Finally for 0 < h < n the isomorphism

GL}f X TGSp2(n7h) — TGSp2n
((tl, R ,th), (tthl, RS 8)) — (tl, vy b, S)

identifies A with ((A1,..., An), (Ant1,. .., An,m)), which will also be denoted by

()\lin7 )‘her) .
For the rest of this section we fix a dominant weight A for GSp,, and let V)
be an irreducible algebraic representation with highest weight . Let

T =A+p=N+n,....,, +FL,m+n(n+1)/4).

Our first step consists of grouping terms in Corollary 4.8.16 corresponding to the
same value for n,. To this end we introduce some notation. For a positive integer h
we take the diagonal torus and upper triangular Borel subgroup to define standard
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parabolic and Levi subgroups of GLj,, and as usual we identify the Weyl group of
GL,, with the symmetric group &;,. For an integer r > 1 and integers 0 < n; <

- < ny_1 < h, denoting n, = h and n = (n,...,n,), let L,, be the standard
Levi subgroup GL,,, x --- x GL,,_,, , of GL;, and let Q,, be the corresponding
standard parabolic subgroup of GLj. For 7 € R" let &,(n,7") C &, be the
set of Kostant representatives o for the standard Levi subgroup L,, of GL; which
satisfy >°17, o(7"); > 0 for all 1 < j <r. For X' € Z" a dominant weight for GLy,
and 77 € R" define C(X,7") € K{"(Repy™(GLy(Ay))) by

o,y =Y S co)indgr it (ee(Ln,a - V). (8.21)

1<r<h a€6(n,7")
0<ni<--<np_1<h

where the dot action o - X is for GLj. For h = 0 we define C(XN,7") = 1 €
K& (Repa™(GLo(Ay))) ~ Ko(Q) ~ Z.

Lemma 8.2.1. The Euler characteristic

(A, 5,1C(Va)) € K (Repg, ™™ (G(Af) x Galg))

n,2,Q’
15 equal to

2, GSpyr,_
S elwn)indpg ™ (Cl(ws - N w2(Thin) © el FE (Vi ™))

0<h<n woeWPh

(8.2.2)

Proof. Of course we start from the formula in Corollary 4.8.16. First we make the
positivity condition (Definition 4.8.10) appearing in the indexing set W; (A\) more
explicit. Denoting d,,, = (n — m)(n —m + 1)/2 this condition reads

w-A); >d, —dyforall 1 <j<r.
> (w-)) ; j

i=1

We have (w - \); = w(7); — (n+ 1 — 1), and so these inequalities are equivalent to
n
Zw(T)i >0foralll1 <j<r.
i=1

We rewrite the double sum Corollary 4.8.16 by first summing over 0 < h < n,
then summing over standard parabolic subgroups P =P, N--- NP, of GSp,,
satisfying n, = h (the case where P = GSp,,, corresponding to h = 0). Kostant
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representatives in W¥ decompose uniquely as cwy where wo, € WP and o is a
Kostant representative for L, C GLj, and we have (0ws-A)per = (w2 A)per. Finally
the dot action for Mp, coincides with the restriction of the dot action of GSp,,
because p — PMp, 18 fixed by the Weyl group of Mp, . ]

We now aim to simplify the expression (8.2.1) for C'(X,7") using Corollary
8.1.29. It will be more convenient to use the more symmetric normalized parabolic
induction: we start from the equality in K& (Repi™(GLy(A})))

CN,7") = Z Z e(a)IndSﬂI&%ﬂ (%(Lm o-N)® |5Q@|;1/2>
1<r<h €6, (n,m")
0<ny<--<np_1<h

(8.2.3)
where dq, is the determinant of the adjoint action of L, on the unipotent radical of
Q... Note that for normalized parabolic induction we only indicate the Levi factor
of the parabolic subgroup, since the semi-simplification of this induced representa-
tion does not depend on the choice of parabolic. As usual working with normalized
induction compromises on algebraicity, although it should be clear that all com-
putations below could be done over Q. In any case the Brauer-Nesbitt theorem
implies that the natural map

Ky (Repg™ (GLy(Ay))) — Ky (Repi™ (GLy(Ay)))

is injective. We need to introduce more notation. For (a,b) € ZQZO such that
h := a+2b is positive let P, be the set of triples (r, (aj,b;)1<j<r, ) where r € Zsy,
a;,b; € Z>p and § € &), satisfy:

° azzjaj,bzzjbj and for any 1 < j <r we have a; + 2b; > 0,

e denoting ng = 0 and n; —n;j_; = a; + 2b;, so that 0 <ny <--- <n, = h,
we have for any 1 < j <r:

5_1(71]‘_1 + 1) < <K< 5_1(7’Lj_1 + Cl,j) < a,

a+1< 571(713;1 +&j + 1) < < 571(7@71 +Clj + 2b] - 1),

and for any 1 <17 < b;:
5_1(nj_1 + aj + 21 — 1) ca-+ 1 + QZZO and

5_1(le_1 + Q; + 22) = 5_1(77,]'_1 +a+ 2t — 1) + 1.
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Note that such triples simply parametrize ordered partitions {1,...,h} = U---U
I, such that for any 1 <7 <b, a+ 27 — 1 and a + 2 belong to the same subset [},
by taking

L ={67"(i) |nj_1 <i<my}. (8.2.4)

For 7" € R" we also define
Pa,b(Tﬂ) = {(T’, (CLj, bj)lgjgraé) S Pa,b Vj S {1, cen ,T}, ZTSL1(2) > 0} .
i=1
Lemma 8.2.2. Let h be a positive integer. Let N = (N} > -+ > \,) € Z"

be a dominant weight for GLj, and 7" € R". Denote 7/ = N + pgr,, i.e. 7| =
N+ (h+1)/2—1i for 1 <i<h. Then C(N,7") is equal to

YooY em=nr 3 (—1)"e(5)

opah, e @h) (b1 7 D)EPa (1)
GLx(A . . . N)i+8(@)—i—n(r");
125 (@) e(GLy. (- N+ (3) — 1) -0
=1
b
© R € (GLa (T )asaios — 1/2.9(7 )ass + 1 /2)). (8.2.5)
=1

Recall that &(a,b) was defined in Corollary 8.1.27.

Proof. We start from the expression (8.2.3) for C'(X,7"). For0 <n; < --- <n, =
h, a permutation o € &), is a Kostant representative for L,, if and only if for every
1<j<m,

o (nj1+1) < <o Hny)

where by convention ng = 0. We observe that such Kostant representatives corre-
spond bijectively to ordered partitions {1, ..., h} = I1U- - -Ul, with |[;| = n;—n;_1:
set I; = {o71(i)|nj_1 <i<n,;}

For such an ordered partition of {1,...,h} we will be led to consider families
(aj, bj,vi)1<j<r Where a;,b; € Z>q satisty a; +2b; = |I;| and ~; € &(a;, b;), which
we can think of as a partition of each I; into a; singletons and b; pairs. In this
situation we define v € &), by v *(n;_1 +14) = nj_1 + 7;1(2') for 1 < j <rand
1 <i<n;—nj . Weapply Corollary 8.1.29 for each GLy, ,, ,, and observing
that the restriction of dq, to the diagonal maximal torus of GLj is equal (in
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additive notation) to 2pgr, — 2pr, we obtain that C'(X,7”) equals the sum over
r>1, (nj)i<j<r, 0 € Gp(n, ") and (a;, bj,v;)1<j<r as above of

e(o) <H(_1)(nj—nj1)(nj—n3'1+1)/2—1+aj(aj—1)/2€(,yj)) %

J
aj

GLj(A (yo X )n; _q+i=v0 (T )ny g 4i
In dl‘[ fﬁ(m«)(@ (®6(GL1,(W Nyl 1 i1t ok

j i=1
®®e (GL,, yo (7 )njfﬁaﬁ%,l—1/2,70(7')nj,1+aj+%+1/2))). (8.2.6)

Let us simplify the first line. We clearly have [[;_, €(v;) = €(7), and we claim

H(_1)(njfnj71)(nrnj—1+1)/2*1+aj(arl)/Q — (-1)““’”. (8.2.7)
j=1

This follows from the congruence

a(a —1) N (@' 4 2V)(a" + 20 + 1)

5 5 a +b mod 2

which holds for any pair (a/,b) of non-negative integers and is easily proved by
induction on ¥, applied to each pair (a;,b;).

Consider r > 1,0 <ny < --- <n, = h, 0 € 8y(n,7") and (a;,b;,7j)1<j<r as
above, with v € &, defined as above. We can associate to this datum a = ) ;aj,
b=>_,;b; and n € &(a,b) characterized by the relations

i) 1<i<a) = oy o +9)[1<j<r 1<i<ay)

{7 Y a+2i— 1), (a+2))|1<i<b}=
{7 ey +2i=1). 07"y njma +ay+2i— 1) LS j < 1< i< by}

and then ¢ := von™! is such that P := (r, (a;,b;);,0) belongs to Pus(7"). In fact
this yields a bijection

(7, (nj)1<j<rs 0, (aj, b5, v h<j<r) ¥ (a, 0,1, P)

with the set of quadruples satisfying a +2b = h, n € S(a,b) and P € P,,(n(7")).
It is rather tedious to check this formally, but note that we are simply reordering
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choices here: instead of choosing first an ordered partition {1,... , h} = LU---UI,
and then a partition of each /; into singletons and pairs, we can first choose a
partition of {1,..., h} into singletons and pairs and then choose how to distribute
these singletons and pairs in r packets; the conditions involving 7" are equivalent
because we have yo = dn. This bijection allows us to reindex the sum of (8.2.6)
over r > 1, (n;)i<j<r, 0 € Gp(n, ") and (a;, bj,vj)1<j<r, first summing over (a, b)
such that a + 2b = h and n € &(a,b). Using (8.2.7) and the equality

{((’70- ' A,)nj—l+i7,ya-(T,/)nj—l+i) { 1< j <rl<:i< aj}
={((n- X)i +6(i) —i,n(v");) |1 < i < a}

we obtain the formula claimed in the lemma. OJ

We now aim to simplify the innermost sum in (8.2.5). Recall from Example
8.1.6 that for k € Z and s € C, the representation e(GLy, k)|- |l}_s of GL1(Ay) only
depends on (s, k mod 2). For this reason we can formalize our computations using
the ring Z[ty, ..., ta|/(t7 — 1)1<i<q, which as Z-module admits ([]7_; ¢{")ceqo1}e as
a basis. Let

fla,b,7") = Ht Ye Lty .. L) /(12— 1)1<i<a
(r,(a;j,65)5:0)€Pa,b(T ”)
and for € € {0,1}* let f(a,b,7"). € Z be the coefficient of [[7_, ¢ in f(a,b,7").
Then (8.2.5) can be rewritten

a

“ G A €;— T)i
Z€<77)(—1) +172:f(a,b,7)(7’"))6><IndLaI7“:(5&ff))(® (GLy, (p-N)i+6)| ‘(77)\)+ n(r)

a,bn € =1
b

® Q) e (GLao, (7 )arzit = 1/2,0(F)aszi +1/2)). (828)

i=1
Lemma 8.2.3. For a,b € Zsq satisfying a + 2b > 0 and 7" € R satisfying

T > > 71 we have

0 z'fa>0and7'”<0,
fla,b,7") =40 if T i1+ Tao; < 0 for some 1 < <D,
(—1)alatD/24b(g) t,)2t otherwise.

Proof. In this proof we use the interpretation of P,; (and its subset P, ,(7")) as
parametrizing certain partitions (see (8.2.4)).
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1. Assume b > 0 and that there exists 1 < iy < b for which we have 7/, ,;, ;| +
Tovoi, < 0. Let us show that f(a,b,7") vanishes. The set P,;(7") can be
partitioned into two subsets P(SI))(T” ), © € {1,2}, where /PL(:I))(T” ) is the set
of partitions P = (I3, ..., 1) such that I; = {a + 2ip — 1,a + 2{y} for some
1 < j < r. Note that we cannot have I} = {a + 2ig — 1,a + 2ip} because
Toroio—1 T Tayoi, < 0. There is a natural bijection PC(le) (1) ~ be)(TH): if
Py =(I,...,I,) is such that I; = {a+2iyp —1,a+ 2iy} for some 1 < j < ry,
consider P, = (Iy,..., I,y U l;,I;1q,...,1,). Note that surjectivity uses
the inequality 7,5, 1 + 7o 9, < 0. For Py, P, as above the permutations
d1, 09 € Gqayop associated to Py and P, differ by |1;,_1N{a+2ig+1, ..., a+2b}|
(an even number) of transpositions and we have ro = r; — 1. By pairwise
cancellation we obtain f(a,b,7") = 0 in this case.

2. Assume now a > 0 and 77/ < 0. We now have a partition P, ,(7") = 7722,(7”)|_|
P[%g,(r”) where 73([117;)(7”) is the set of partitions P = (Iy,...,I,) such that

I; = {a} for some 1 < j < r. Again we have a natural bijection 73([117;)(7‘”) ~
P(E%;)(T"): ift P, = (I1,...,1,) is such that I, = {a} for some 1 < j <
r1, consider P, = (Iy,..., 1,y U1, Ij1q,...,1,,). Now 0; and 0, differ by
|I;_1N{a+1,...,a+ 2b}| (an even number) of transpositions, d; (i) = d2(7)
for1 <i<a,éi(a) =n;—;+1and ds(a) =nj_o+aj_1+1=mn;_1—2b;+1
(where (aj,bj)1<j<r, and consequently (n,_1)1<j<r, are associated to P;). As
before we obtain pairwise cancellation in the sum defining f(a, b, 7").

3. Finally we assume [a =0 or 7,/ > 0] and 7,4, + 74 o > 0 forall 1 <i <b.
Now we simply have P,;(7") = Pap. If b > 0 we have a partition P,;, =
3 (i)
| Ii_, P, , where

. Pc(blb) is the set of partitions P = (Iy,...,I,) such that I; = {a + 20 —
1,a+ 2b} for some 1 < j <r.

o 73((121)) is the set of partitions P = (Iy,...,I,) such that I; # {a + 2b —
lya+2b} forall 1 <j<r,

o 77231)) is the set of partitions P = (Iy,...,1,) such that I, = {a + 2b —
1,a+ 2b}.

We have a bijection Pélb) ~ Pézb) defined as in the first step (although it is a

)
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bijection for slightly simpler reasons), and we obtain

flab, ) = >0 (=) e@) [[69 = =flab =100 7))
i=1

(3)
PePy

where the second equality follows from consideration of the bijection Pégb) ~
Pa,bfla P = (Il, c. 7[7“) — P = (IQ, c. ,[r)i ifo € 6a+2b (resp. 0 e 6a+2b72)
is associated to P (resp. P’), we have ¢'(i) = (i) —2 for 1 <i < a+2b—2,
get

f(a’ b, T”) = (_1)bf<a7 0, (T{/7 SR 77_(/1,))'

Thus we can assume b = 0 for the rest of the proof. We denote P, = P, . If
a = 0 the result is obvious, and we will conclude the proof by induction on a.
Suppose a > 0. We now use the decomposition P, = |_|§’:1 P where P are
defined as in the second step and P is the set of partitions P = (Iy,..., 1)
satisfying I; = {a}.

o P is the set of partitions P = (1, ..., I;) such that I; = {a} for some
1<y <.

o P is the set of partitions P = (I3, ..., ;) such that I; # {a} for all
I1<j<n,

e P is the set of partitions P = (Ii,...,I,) such that I; = {a}.

Again the terms for P and P cancel and we obtain

fla, 0,7y = Y (=1e(@) [
PEPLS] =1

= (=1)% .. . te 1t f(a—1,0,(7),..., 7))

using the bijection PP~ Po1, P=(11,...,1,) — P = (Iy,...,I,) and the
fact that for § € &, (resp. o' € S,_1) associated to P (resp. P') we have
d(a) =1 and ¢'(i) = 0(i) — 1 for 1 < i < a. Using the induction hypothesis
we conclude

f(a,0,7") = (=)@t t,)e
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Let S(a, b, ") be the set of n € &(a,b) such that

(n(T")i)lgigaa (U(T//)a+2i—1 + 77(7/,)@+2i)1§z’§b

are all positive. We deduce from (8.2.8) and Lemma 8.2.3 the following expression
for C(N,7"):

O S ()G DR EPS it A”(@ (GLy, (- X)i +a — 1) [ §r)et=ne

a,b>0 ne&(a,b, ")
a+2b h

® R e (GLo, (P )asai 1 = 1/2,0(F s +1/2) ).
=1

This can be slightly simplified further. For n € &(a, b, 7") define ' € &;, by

ey a+1—-4) ifl1<i<a
() =7 et s
N~ (1) ifa<i<h.

Then n — n' defines a bijection &S(a,b, ") — &'(a,b,7") where & (a,b,7") is
defined as &(a,b, ") except that the condition 0 < n= (1) < -+ < n7!(a) (see
Corollary 8.1.27) is replaced by the condition 0 < 7'~*(a) < --- < n7'(1). We
obtain the following expression for C'(\N, 7"):

Z Z 6(77) X In dGLh A1) <® GLl ) ) | . |(77/'/\/)1'—77'(7")i

a,b>0 n’e6’(a,b, ")
a+2b h

® @ e (G, 1 (T urzir = /2,7 (o +1/2) ).
i=1
We convert back to unnormalized parabolic induction:

Z Z e(n )md )<e(2)(La7b, n - /\’)) (8.2.9)

a,b>0 n'e6'(a,b, ")
a+2b h

where Q5 is the standard parabolic subgroup of GL;, with Levi factor GL] x GLS.
Note that each individual term on the right-hand side is defined over Q (not just
R). This formula trivially holds true for h = 0 as well.
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Theorem 8.2.4. Forn > 1 and a,b > 0 such that a + 2b < n let W'(a,b,n) be
the set of w € W(GSps,,) satisfying (as permutations of {£1,...,£n})

O<wla+1l)<wHa+3)<---<w'(a+2b—1)
lwa+2)| >w Ha+1),...,|w(a+2b)] >w " (a+2b—1)
O<w Ha+20+1) < - <w (n).

For any dominant weight \ for GSp,,, the Euler characteristic

e(A: , 5, 1C(VA)) € K{F(Repg, ™™ (G(Af) x Galg))

18 equal to
. .GSp,, (A a
> > cw)imdgi) (em(GLE x GLY (w A)

a,b>0 weW’(a,b,n)
a+2b<n

GSp n—a—
® ol Ayammnr s F Vo™ ™))

where Poy., is the standard parabolic subgroup of GSp,,, with Levi GL{ x GLS x
GSpy(n—a-ap) and the linear and hermitian parts of w - A are as defined at the
beginning of section 8.2.

Proof. We plug the final expression (8.2.9) for C'(N,7”) into (8.2.2), taking \' =
(wo-A)iin and 77 = wy (7)1, where wy € WFPr. An element wy, € W is a Kostant rep-
resentative for P, C GSp,,, if and only if ws(7)y, and we(7)per are both dominant.
The second condition is equivalent to (seeing ws as a permutation of {£1,...,£n})

0<wy (h+1)<- - <wy'(n).

Translating the first condition, we see that it is equivalent to the existence of (a
unique) i € {0,...,h} for which we have

0<wy'(1) < <wy'(i) and wy'(i+1) <--- <wy'(h) <O.

Then for a,b € Z>( satisfying a+2b = h and 0 € S, we have o € &' (a, b, wa(T)in)
if and only if

e 0<o (1)< - <o (a) <1,
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e o la+1)<--<oHa+2b—1), and
e for any 1 < j < b we have either
— o a+2j—1) <o a+2j) <i(ie. ows(T)ar2j-1 and owsy (7). 25 are
both positive), or
— o Ya+2j—1)<i<oa+2j) and —w, o7 (a+27) > wy o a+
2j — 1) (i.e. owa(T)q12; is negative and owy(7)q42j-1 > —0wW2(T)ar2;)-
We deduce
{ows |ws € WP, 0 € & (a,b,ws(T)iin) } = W'(a,b,n)

and the theorem follows. O]

8.3 Compactly supported in terms of intersection cohomol-
ogy

The result of the previous section can be roughly described as saying that the
matrix expressing intersection cohomology in terms of compactly supported coho-
mology is unipotent with coefficients in {—1,0,1}. Somewhat surprisingly, this is
also the case for the inverse matrix that we compute in this section.

For a,b,n € Z> satistying a+2b < n let W (a, b, n) be the set of w € W(GSps,,,)
satisfying (as permutations of {£1,...,+n}):

0<w (1)< <w'(a)

O<w a+1)<--<w(a+2b—1)
lw ™ (a+2)| >w Ha+1),...,|[wt(a+2b) >w ' (a+2b—1)
O<w a+20+1)<---<w (n).

(The only difference with W’(a,b,n) is the first line of inequalities.) To w €
W (a,b,n) is associated an unordered partition of {1,...,n} into a singletons, b
pairs and a set having n — a — 2b elements. The fiber of any such partition is
parametrized by {£1}° via w + (sign(w™*(a + 24)))1<i<p-

Theorem 8.3.1. For an integer n > 1, a dominant weight A for GSp,,, and a
prime number ¢ the Euler characteristic

ec(Any?@,]—"g(V,\)) € KSr(Repaim’mnt(GSp%(Af) x Galg))
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18 equal to

Z Z a+b )

a,b>0 weW (a,b,n)
a+2b<n

. GS A a *
ind 5P (40 (6(2) (GL{ x GL, (w - M) @ e(A_,_y, , 5, 1C(V{ Mher )
8.3.1)

Proof. Using Theorem 8.2.4 we find that the right-hand side of (8.3.1) equals

> Yo (FhEe(wy) Y > €(wn)

a2,b2>0 ”LUQGW UL2 ba, TL) a1,b1>0 w1€W’(a1,b1,n—n2)
as+2ba<n a1+2b1<n—ng
GSan Af) a2 bo a1 b1
indp Pay ipay by n(hp) | €2) (GLY* x GL2, (ws - Miin) ®e(2) (GLT' x GL3', (w1 - (w2 * Aner i)

@ ec(A,_ m_m,?,@Fe(I/(wl.(wQ.A)her)her))) (8.3.2)

where n; = a; + 2b; and P, p, o,.5,,» 15 the standard parabolic subgroup of GSp,,,
with Levi factor GL{? x GLY x GLS* x GLS! x GSPy(y—ny—ny) (in this order). We
will reorder the sums, summing over a = a; + as and b = by + by first, and we will
show that the resulting inner sums for (a, b) # (0,0) vanish.

To this end we first introduce, for as, ay,b > 0 satisfying as + a1 + 20 < n the
set W”(as,a1,b,n) of w € W(GSp,,) satisfying

0<w (1) < <w ' ag)
w Hay+1) > >w Hag +a) >0
O<w a+1)< - <w(a+2b—1)
lwa+2)] >w Ha+1),...,|lw ' (a+2b)] >w (a+2b—1)
O<w(a+20+1)<--- <w (n)
where a = a1 + as. For by, by > 0 satisfying by + by = b we have a well-defined map

& :Wi(ag,by,n) x W(ay,by,n —ny) — W"(ag,a1,b,n)

characterized by the following conditions. For wy € W'(ag,be,n) and w; €
W(ay,b1,n — ng), denoting w = &(wy, wy) € W”(ag, ay,b,n) we have

o w (i) = wy (i) for 1 <i < ay,
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o wl(ay +1) =wy (ng +wy (i) for 1 <i < ay, and
e the set
{(w™(a+2i —1),w (a+2i) |1 <i<b}

equals
{(wi'(as +2i — 1), w3 (az + 2)) |1 < i < by}
| |{(ws " (2 + wit(ay + 2i — 1)), w5 (ng + wy(ar +20))) [1 < i < by}
(8.3.3)
In fact we have w = wow,wy where wy € S,, C W(GSp,,,) satisfies
e for any 1 <i < ay we have wy (i) = i,
e for any 1 <i < a; we have wo_l(angz') = ng + 1,
e for any 1 <17 < b we have
— wy '(a + 2i — 1) is either equal to ay 4+ 25 — 1 for some j € {1,...,by}
or to ng + a; + 25 — 1 for some j € {1,...,b;} and
—wya+2i) =wy(a+2i—1)+1,

e for any a + 2b < i < n we have wy (i) = i.

We omit the straightforward but tedious verification that the map & is well-defined,
satisfies €(£(wq,w1)) = €(wq)e(wy) for all we and w; (this follows from e(wgy) =
+1), and is surjective with each fibre having (bl;) elements, corresponding to the
possible partitions in (8.3.3). (These facts are clear when considering elements of
W (ag,ba,n), W'(ay,by,n — ny) and W"”(aq,a1,b,n) as partitions into singletons,
pairs and an extra set along with sign changes.) For 1 <i < ay we have (w-\); =
(wyws - A); and for 1 <14 < ay it is easy to check that we have

(’LU : )\)angi = (w1w2 . >\>n2+i — 2b2 = <w1UJ2 . )\)n2+i mod 2.
We deduce that (8.3.2) is equal to

b

DU DENNCHIED DIEHE (LT

az,a1,b>0 weW’”(az,a1,b,n) b2=0
az+a1+2b<n

. ,GSpy, (A “
lndPa;i(AfJ;) (6(2) (GLl X GLS? (w : /\)lin> ® ec(An—nz—’m,?,@‘FE(‘/(W'A)her))>
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For b > 0 we simply have Zb o(=D)() ) = (1 — 1) = 0 so this simplifies as

> S (CD)me(w)indg P () (GL, (1w Miin) ® eo(A, 2 gFe(Viwana))) -

0<a<n 0<a2<a
weW' (a2,a—a2,0,n)

(8.3.4)
To conclude it is enough to check that for a > 0 the inner sum in (8.3.4) vanishes.
As in the previous section (the proof of Lemma 8.2.3 in particular) this follows from
cancelling pairs of terms. Fix 0 < a < n. We define a partition of | | ,,.,{a2} x
W"(as,a — as,0,n) as Wi U Wy and a bijection § : Wy ~ W,. Let W; be the
disjoint union of {0} x W"(0,a,0,n) and

|_| {as} x {w € W"(ag,a — as,0,n ‘w (ag+1) > wfl(az)}

0<a2<a
and let W5 be the disjoint union of {a} x W”(a,0,0,n) and
|_| {as} x {w € W"(az,a — az,0,n) |w " (az + 1) <w (az)}.
0<a2<a
The bijection f is simply defined by [(as, w) = (az + 1,w). Thanks to the sign
(—1)® we obtain that for any 0 < a < n the inner sum in (8.3.4) vanishes. O

9 Special cases

9.1 Genusn <3

We work out Theorems 4.7.2, 7.1.3, and 8.2.4 or 8.3.1 for n < 3 and deduce
[ , Conjecture 7.1| at the level of f-adic Galois representations (for any prime
number ¢). While comparing two rather large formulas is not terribly exciting, this
comparison serves two purposes: it gives us confidence that the formulas in the
present article are correct, and because it makes the computation by Bergstrom,
Faber and van der Geer of the traces of certain Hecke operators on certain spaces
of Siegel cusp forms in genus 3 unconditional (as in Examples 7.5 and 7.6 loc. cit.,
see also §9 loc. cit.).

We fix a prime number ¢ and ¢ : C ~ Q, although the formulas in this
section will ultimately not depend on the choice of ¢. First we note that in (8.3.1),
forgetting the Hecke action we have

GSp3,(2)
indGSe (1) <e(2) (GL{ x GL}, (w - Mpin) ® (A; o 2br,@,lcg(vumm)))

) (GLI X GLy)(Z

= dime(s) (GL{ x GL, (w - A xe(A_ o5 IC(Viwn)er)
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and we have for a € Z
dim e(GLy, a)GLl(z) = 04 even
and for a,b € R satisfying a — b € Z>
dim e(2)(GL2, a,b) = — dim Sq_p42(SLa(Z)) + da=s
(see Example 8.1.6). For a € Z>( we denote
Sar2 = — dim e(9)(GLy, a, 0).

This notation is consistent with | , §2|. Since we work in level one in this
section we will keep the level implicit and the notation and simply write F;(V)

for .FZGSPQ"(Z)(V). As recalled in Section 4.2 for A = (A; > --- > A,) the local

system denoted by V, . loc. cit. is our Fy(Vyo) where V) is the irreducible

representation of GSpy, o of highest weight (Ai,...,\,,0) (parametrization of
weights as in Section 8.2). We can reduce to this case by Remark 4.3.7. If > . \;
is odd then cohomology (ordinary, compactly supported or intersection) vanishes.
If > . A is even then defining m € Z by 2m = ), \; the representation V), ~

Vo ® V™ has trivial central character (as assumed in Theorem 4.7.2) and we have
e(Ar 5. 1C(Vap)) = e(Ar 5, 1C(Vam)) @ X, ™

and similarly for compactly supported cohomology.
For integers Ay > --- > X\, > 0 denote

EN=MN+n+1,.... 0, +n+1) e,

which represents the same highest weight for GL,, as n()\) in | , Notation
4.3], except that our parametrizations of highest weights differ (we already used
our parametrization in Section 7.2). Reformulating | , 85| using Corollary
7.2.2, the authors conjectured for any n > 1 and integers A\y > --- > A, > 0 the
existence of a virtual motive over Q, S[k(\)] (in their notation, S[n(A)]) such that

for any prime ¢ we have

S[k(N)]e =Y _spino pi7P" (9.1.1)
f

where the sum is over eigenforms in Sg(Sp,,(Z)), p?’fpin was defined in Corollary

722 and m = (D>, \i)/2 (recall that S;(Sp,,(Z)) vanishes if Y. \; is odd). We
simply take 9.1.1 as a definition. We recall the (slightly different in the weight
zero case) definition of S[—], for n =1 in the next section.
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9.1.1 Genus one

First consider the case n = 1. Let £ > 0 be an integer. Let 7 € ZC(Sp,) be the
orbit of k 4+ 1 € LieTso,. Any ¢ € @girc’;le(Spg) is either [3] (only if £ = 0) or
a single self-dual cuspidal representation of PGL3 of infinitesimal character (the
Gs-orbit of) (k + 1,0, —k — 1). Similarly to Proposition 6.2.1 in the latter case v
is the Gelbart-Jacquet lift ad’r (defined in | |) of a uniquely determined level
one automorphic representation 7 for PGLy having infinitesimal character (the
Ga-orbit of) ((k+1)/2,—(k+1)/2). Such automorphic representations for PGLy
correspond bijectively to eigenforms in Syi9(SL2(Z)), in particular such represen-
tations exist only for & > 10 even. Deligne proved the existence of a unique (up to
conjugation) continuous Galois representation p,, : Galg — GLy(Qy) unramified
away from ¢ such that for all primes p # ¢ we have p, ,(Frob,)* € 1(p*/?c(m,)).
(The more common normalization associates X[k pr, to m.) In any case the spin

representation spiny, : GMy s — GLg is an isomorphism and

O_spin ~ 1 + X;l lf w - [3]7
¥t P if ¢ = ad’~.

For k > 0 an integer, following | , §2] define in Ko(Rep%‘t(GalQ))
0 if £ is odd,
Sk+2i=4¢-1-x;" if k=0,

Zw Xg_kﬂpw,L if £ > 0 even.

For any even integer k > 0 by Theorem 4.7.2 applied to the representation Vo ~
Vio ® V2 of PGSp, and Remark 4.3.7 we have (in Ko(Repg™ (Galg)))

6( i@, IC@(V]C,O)) = —S[k -+ 2]3

which shows in particular that the right-hand side does not depend on the choice
of t. Theorem 8.3.1 for n =1 yields

€C<A17@7 ‘Fé(‘/k,O)) = e(Ai@v ICZ(Vk,O)) - 61@ even

because the only possible pairs (a,b) occurring in the sum (8.3.1) are (0,0) and
(1,0), and W(1,0,1) = {id}. We thus recover | , Theorem 2.3].
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9.1.2 Genus two

We now consider the case n = 2, which is also already known (see [Pct]) but is
a good sanity check. Following | , Conjecture 6.3] we define for integers
A1 > A2 > 0 an element ey exir (A1, A2)e of Ko(Rep%“(GalQ))) as

—xtaztt (S = o+ 2+ )X+ 50y -apr2 — S 3o+ SPa + 200+ 0 even

(9.1.2)
(We note that this definition for A = (0,0) will not be used until we consider the
genus three case.) First we compare the contributions of a parameter 1 to S[k(\)],

and to e(.A’Q‘@, IC;(Vi o)), assuming A # (0,0) and A\; + Ay even.

1. If ¢ = 7 is a single self-dual automorphic cuspidal representation for GL5 then
it contributes

G = pino 5
to e(A;@, IC¢(Vi0)), and the opposite to S[k(N)]e.

2. Assume ¢ = m ® m @ 1 where each m; is a self-dual automorphic cuspidal
representation for GLsy, 7 o has infinitesimal character £(A; + Ay + 3)/2 and
T2 has infinitesimal character £(A; — A2 +1). We compute (see (4.7.3))

u (V) = (przen, 1) = —1

and so 1 contributes
_Xé_m_lpﬂ'Q,L
to e(A;@,ICg(V,\,O)), and does not contribute to S[k())], as an application of

Arthur’s multiplicity formula (see the proof of Corollary 7.2.2). Parameters of
this shape contribute

—Oasae Xo 2 Sayane+a S — Ao 4+ 2],
to e( A3 5 ICu(Vao)) + SOV
3. Assume ¢ = 7w[2] + 1 where 7 is a self-dual automorphic cuspidal representation
for GLy and 7., has infinitesimal character £(\; + Ay 4+ 3)/2. This imposes
A1 = Ag. This is rather similar to the previous case except that ¢, is not always
trivial and we have u;(¢) = —ey(s1).

(a) if €y(s1) = +1 then ¢ contributes x; ™ ' + x,; "™ * to e(A’

2.0’ IC@(V,\y())) and
does not contribute to S[k(\)]y,
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(b) if €,(s1) = —1 then v contributes —x, " ' p,, to e(A; T IC;(Vi0)) and con-
tributes x; ™ (pr, + 14 x; ") to S[k(N)]e.
Parameters of this shape contribute
~On=r X7 2 Saera S — A2 + 2]
to e(A;@,
We conclude for A # (0,0)

IC¢ (Vi) + STE(A)]e-

(A5 5:1C(Vao)) + S[E(N)]e = —Saytaeia Xy 2 S — Ay + 2

Now we use Theorem 8.3.1 to express e.(Aj, g, Fe(Vao)) as e(A; =, 1C(Vap)) plus

27@,
the following contributions.

1. For (a,b) = (1,0) we have W (1,0,2) = {id, (12)}, contributing respectively

_5)\1 even G(Ai@a ICZ(V)\Q,O)) - 5)\1 even S[)\2 + 2]87

Iy odd €( 9{,@7 IC(Va141,0)) = —0x5 0dd S[A1 + 3]0
Note that as we assume A\; + Ay even the two Kronecker ¢ are superfluous.

2. For (a,b) = (2,0) we have W(2,0,2) = {id}, contributing dx, and r, even-

3. For (a,b) = (0,1) we have W(0,1,2) = {id, (1 — 1,2 — —2)}, contributing
respectively
SA1—Aa425

—Ao—1
—SA1+x2+4 Xy .

We conclude for A # (0,0)

ec( Ay, Fe(Vap))

= — Sk = snnraxg 21+ S = Ao+ 200) + S[Aa + 2] — S+ 3
+ 01 even F Sx —2o42

= — Sk(N)]e + egextr (A1, A2)e,

recovering | , Conjecture 6.3], already proved by Petersen [Pet].
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9.1.3 Genus three

Theorem 9.1.1. Conjecture 7.1 of [ | holds true at the level of -adic Galois
representations, i.e. in KO(Rep‘fQTO;t(GalQ))) we have for any A # (0,0,0)

ee(As g FeVao) = Skt D nx(eelAyg FeVano)) + eaexir(a,b)e @ S[ele)

(n,a,b,c)€X (N)

where
X(/\) = {(_1’/\1 + 17 )‘2 + ]-7/\3 + 2)7 (17 >‘1 + ]-7 /\37 /\2 + 3)7 (_17 )‘27 )‘37 )\1 + 4)}
and €y exir(—, —)¢ defined in (9.1.2).

This section is devoted to the proof of Theorem 9.1.1.

First we compare ec(A;@,ICg(V,\@)) and S[k(M\)],. Along the way we prove
| , Conjecture 7.7| (thanks to Theorem 7.2.1) when it holds true (see Remark
9.1.2), “upgrading” | , Proposition 9.5] to Satake parameters in Spin,(C).

1. For v = 7 a single level one self-dual automorphic cuspidal representation for
PGL; such that the infinitesimal character of 7w, is (£(A+3), £(Aa+2), (A1 +
1),0), it contributes

—m _spin _ _—m___: GSpin
Xe Ul/),L = Xe Splnopﬂ',b

to both e( A 5,1C,(Va0)) and S[k(A)];.

2. For ¢ = m @ mo @ ad’my where each m; is a cuspidal automorphic representation
for PGL,, there are three subcases:

(a) infinitesimal characters m o — £(A1 + A2 +5)/2, To0o — £(A — A +1)/2,
T3.00 > £(A3 4+ 1)/2. We have u1(¢0) = (ppzen, 51) = —1 and so ¢ contributes

Xe " 2 Prgn @ P

to e(A;’@, IC,(Vy0)), and does not contribute to S[k(A)],. These parameters
contribute

6)\1>>\2 5)\3>0 SA1+X2+6 XZ_)\Z_z'S’Pq - )\2 + 2]6 ® S[)\?’ + 2]6
to e(A;@,ICe(V)\,O)) — S[E(N)]e.
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(b) infinitesimal characters mj o — £(A + A3 +4)/2, Ta 00 — £(A — A3+ 2)/2,
T3.00 > £(A2 +2)/2. We have u1(¢)) = (ppzen, 51) = +1 and so ¢ contributes

Xe " P ® Prg

to e( A"

50 1C (Vao)), and contributes

—m—2

X (pm,b =+ prrz,b) @ Prg

to S[k(N)]¢ (this corresponds to case (i) in | , Conjecture 7.7]). These
parameters contribute

—8)\1+)\3+5 X;A3_1S[)\1 — )\3 + 3]5 X S[)\Q -+ 3]5

to 6(./4;@, IC@(V)\70)) — S[E(/\)]g

(c) infinitesimal characters m o — £(A2 + A3+ 3)/2, Moo = £(A2 — A3 +1)/2,
T30 — E£(A1 + 3)/2. As in the first case we have u;(¢)) = —1 and so ¥
contributes

—m—2

Xe Pz & Prs,
to e(A;)@, IC,(Vi0)), and does not contribute to S[k(A)],. These parameters
contribute

rosrs Srotratd Xo 2 S[Aa — A3 + 2] @ S[A1 + 4,

to e(A;@,ICz(V,\,o)) — S[E(N)]e.

3. For ¢ = m; ® my @ [3] with infinitesimal characters 7 o, — £(A + A2 +5)/2 and
Taoo > £(A1 — A2+ 1)/2 (and imposing A3 = 0) we have

ui (V) = €y(s1){pnen, 1) = —€(m X M) = —1

and so 1 contributes
—Xe " P ® (14X )

to (A7 5, IC;(Vap)), and does not contribute to S[k(\)], because of the factor
[3] of 1 (see | , Lemma 9.2|). Parameters of this shape contribute

Oxr>he Ors=0 21 a0 t6 Xe 2 2SAL — Ao + 2], ® SNz + 2,

to e(A?

5 1C(Van)) = S[EW)]e-
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4. For ¢ = m[2] @ ad’7y there are two cases to consider:
(a) for infinitesimal characters m oo — (A1 + A2 +5)/2 and 7 o — £(A3+1)/2
(imposing A\; = A2) we have

Ul(w) — Gw(51)<ﬂn§§“a §1> _ —6(7T1><ad07T2) — _(_1)1+max()\1+)\2+5,2)\3+2)(_1>)\1+3 — (_1))\1

SO

i. if Ay is even then v contributes

—m—2

X Prie @ Prgy

to e( A%

ST IC;(Vip)), and

Xé_m_Q(pTrw +1+ Xe_l) @ Pryu

to S[k(N)]e,
ii. if Ay is odd then ¢ contributes

_Xf_m_Q(l + Xz_l) @ Pry
to e(.A;@,
In particular part (iii) of | , Conjecture 7.7] holds true if and only if A,
(denoted by a loc. cit.) is even. In any case parameters of this shape thus

IC¢(Vio)), and does not contribute to S[k(\)],.

contribute
5/\1:>\2 5>\3>0 X;M_ZS[/\l — /\2 + 2](5[/\3 + 2](
to e(A;@,ICg(V,\p)) — S[k(N)]e.
5. for infinitesimal characters m o — (A2 + A3 + 3)/2 and 7 o — £(A + 3)/2
(imposing Ay = A3) we have u1 (1)) = —ey(s1) with

61/1(31) — (_1)>\2+2(_1)1+max(2)\2+3,2)\1+6) — (_1))\2+1

SO

(a) if A9 is odd then 1 contributes

_Xe_m_z(l + Xé_l) @ Pra

to e(Ag@, IC,(Vy)) and does not contribute to S[k(X)]e,
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(b) if A is even then 1 contributes

Xe ™ 2 Prrn @ Py

to e( A"

50 1C (Vao)) and contributes

—m—2

Xe (pﬁ1,b+ 1+XZ_1) ®p7r2,b
to S[k(N)]e-

In particular part (ii) of | , Conjecture 7.7| holds true if and only if g

(denoted by b loc. cit.) is even. In any case parameters of this shape thus
contribute

5)\22)\3 S}\2+)\3+4 X(_)\g_ls[)\2 - )\3 + Q]E ® S[)\l + 4]£

to e(A;@, IC(Vino)) — STE(N)]e-

6. Finally for ¢ = 7[2] & [3] where 7 « has infinitesimal character £(\; 4+ A2 +5)/2
(and imposing A; = Ay and A3 = 0) we have

ur (1) = €y(s1) (azen, 51) = —€(m)” = —1
and so 1 contributes
X" ® (LX)
to e(Ax

3@,ICK(VA7U)) and does not contribute to S[k(\)],. Parameters of this
shape contribute

Oai=e Oxg=0 Sxg+ra+6 Xo 2 2S[A — Ag + 2] ® S[As + 2],

to e(AX =, 1C,(Vao)) — S[E(N)]e-

3,Q

Summing all these contributions we obtain for A # (0,0, 0)

e(A3 5, 1C(Vao)) — S[E(N)]e
— 8)\1+)\2+6 XZ/\272S[)\1 - )\2 + 2][ ® S[)\g + 2][
— Saasts Xz 2 TES[M — Az 4+ 3] @ SPha + 3,

T+ Sxgt+As+4 X;A3_1S[)\2 — Az + 2]@ X S[)\l -+ 4]@ (913)

Remark 9.1.2. Note that there are parity conditions for the existence of the lifts
predicted in cases (ii) and (1ii) [ , Congecture 7.7], in agreement with [ ,
Proposition 9.5]. In [ , Table 2] the authors seem to be aware of these
conditions, so it seems that they were simply forgotten in the statement of |
Conjecture 7.7].

)
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Now we use Theorem 8.2.4 to express e.(Asg, Fe(Vao)) as e(A;

53 1Ce(Vao))

plus the following contributions (assuming ) . \; even)

1. for (a,b) = (1,0) we have W’(1,0,3) = {id, (12), (123)}, respectively contribut-
ing

_5)\1 even eC(AQ,@a ff(vz\z,)\g,ﬂ))7
02 odd ec(A27@7 FE(V)\1+1,)\3)>7
—0x3 even €c(Ag s Fe(Vay+1.0041.0))-

The Kronecker ¢’s are superfluous.

2. For (a,b) = (2,0) the set W'(2,0,3) has three elements: {(12),(123),(13)},
respectively contributing

(a) w= (; ? g) yields

Ox; 0dd Oxg odd 6C(A1,@, Fe(Vas.0)) = —0x; 0dd S[A3 + 2]¢ — Ix; odd O odd-

(b) w = (; g i’)) yields

—0x; odd Oxy even €c(«41,@, Fr(Vag+1,0)) = Ox; 0dd S[A2 + 3]e + 0, o0dd Oy odd-

(¢) w= (:1)) ; :1))) yields

Oxg even Oxg even €c( Ay g Fe(Var42,0)) = —0x; even S[A1 + 4] — 02, even O, even
3. For (a,b) = (3,0) we have W’(3,0,3) = {(13)}, contributing 0y, even I, even-
4. For (a,b) = (0,1) the set W’ (0, 1,3) has six elements:
(a) w = id yields

Sxn-ret2 €c( AL g, Fe(Vas0)) = —sxi—aet2 S[As 4 2le — sx-a042

(b) w = G _22 g) yields

—Sa1120+6 (AL g Fe(Vag—na—2)) = Snarat6 Xo 2 SAs+2letSa 10046 Xp 2
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1 2 3 .
(¢) w= (1 5 2) yields
—Sn 243 €e( Ay g Fe(Vas11,0)) = Sxi-ag43 S[A2 + 3Je 4 832y

(d) w= (1 g _32> yields

ha—1 A1
Sap4as+5 Cel AL Fe(Vagr1,-as-1)) = —Sxaixsts Xo 0 S[Ae+3le—sa a5 X7 °

(e) w= (; ? g) yields

Sxa-rg+2 €Ay g Fe(Vait20)) = —=Sx-nar2 S[A + 4] — Snp-ag42

(f) w= (:1)) ; _32> vields

—Aa—1 —A3—1
St xgta Ce( AL g FeVai2,-25-1)) = Saoungra Xg 0 S[AM+4]etsa, a4 X,

5. For (a,b) = (1,1) the set W’(1,1,3) has six elements:

(a) w = id yields

5)\1 even S)\Q—)\3+2 == 8)\2—)\3+2'

12 3\ .
(b) w= (1 5 _3) yields
_5/\1 even 8)‘2+/\3+4X€_)\3_1 = _8)\2+)\3+4X£_)\3_1.
1 2 3 .
(¢) w= (2 1 3) yields
_5)‘2 odd SA\i—X34+3 = TSA1—\3+3-
12 3\ .
(d) w= (2 1 _3) yields
07 odd S)‘1+)‘3+5X€_)\3_1 = 3/\1+)\3+5Xe_)\3_1.

(e) w= (; g i’)) yields

5}\3 even 8}\17/\2%*2 = S}\17/\2+2‘
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1 2 3 .
(f) w= (2 g 1) yields
2

—Ao—2 —Ao—
—0xs even SA1+A2+6 Xy = TSA+X2+6 Xy .

Note that these contributions simplify the previous ones (for (a,b) = (0, 1)).

Summing all these contributions with (9.1.3) and factoring by S[\; + 5 — i], we
obtain that for A # (0,0, 0)

ee(As g Fe(Vao)) = STEN)]e

is equal to

— ec(Ag,@, Fe(Vaons0)) + €c(«42,@, Fe(Vai12,0)) — ec(A27@7 Fo(Vai41,200+1,0))
— (€9,extr(A2y A3) + S[A2 + 3]e — S[A3 + 2]¢) ® S[A1 + 4],
+ (e2,extr (A1 + 1, A3) + S[A1 +4e — S[As + 2]e) @ S[A2 + 3¢
— (e2.extr(M + 1, A0 + 1) + S[A + 4] — S[A2 + 3]) @ S[As + 2]¢

and the terms £S[\; +5 — il ® S[\; + 5 — j], cancel each other out, concluding
the proof of Theorem 9.1.1.

9.2 Trivial local systems: |A4,(F,)| for small n

In this section we prove Theorem 1. Consider a dominant weight A = (A\; >
.-+ >\, > 0) for Sp,,, and the dominant weight (A, 0) = (Ay,..., A,, 0 for GSp,,
(recall our choice of parametrization from Section 2.2). First we use Theorem 8.3.1
in level one, forgetting the Hecke action. From Example 8.1.6 we easily deduce
formulas for e(GLl,a)ZX and 6(2)(GL2,a,b)GL2@, and we deduce formulas (in
the Grothendieck group of continuous finite-dimensional /-adic representations of
Galg), for any Ay > ...\, >0, expressing e.(A, g, F¢(Vap)) in terms of

61H<>\,) = elH(Gszn,, Xn’, VA/7O)GSp2n,(Z)

where n’ < n and \| +n’ < \; + n, more precisely as a linear combination with
integral coefficients of er(\)x, " (where N > 0 is an integer). Next we apply
Theorems 4.7.2 and 7.1.3 to decompose

’

ern(N) = er(GSpay,y, Xpr, Vi gr ) E5P20 (B y o’
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where 2m’ = . A, (so that the central character of V), is trivial), by parameter
¢ € U (Sp,,,), where 7/ = (X, +n/,..., X, + 1) is the infinitesimal character

disc
for associated to \'. Each such parameter 1) decomposes as

¢0€B"'@wr:WO[dO]EB"'EBﬂ-T[dT]?

and for \] +n’ < 12 the classification theorems [C'L, Theorem 9.3.3| and | :
Theorems 3 and 4] tell us that each m; belongs to an explicit (short) list of possi-
bilities. For the cases at hand we even have \| +n' < 7, so one of the following
holds:

o ¢ =1py = [2d + 1] with d = n/, and X = (0,...,0),

o) =g+ = 2d+ 1]+ Ap[2] withd =n"—2and N = (6 —n',6 —
n',0,...,0) (this can occur only if n’ > 2), where Ay; is the unique level one
cuspidal automorphic representation for PGLy with infinitesimal character
(11/2,—11/2) (corresponding to the unique eigenform in S12(SLy(Z)))

o =1+ =[2d+ 1]+ A4 withd=n'"—4dand N = (7T—n/,7—n',7—
n',7—n',0,...,0) (this can occur only if n’ > 4).
We give more details for the case n = 6: the cases where n is < 6 are easier,

and we briefly discuss the case n = 7 below. Discarding highest weights A" which
are not of the form (0,...,0) or (6 —n/,6 —n’,0,...,0), we® obtain

GC(A&@, Qg) = €IH(0, O, O, O, 0, 0) — 6IH(O, 0, O, O, 0) — 6IH(0> 0, O, O)XZ_S
+ em(0,0,0)(1 + x;°) — em(0,0) — e (0)x,° — em(1,1,0,0,0)
+em(3,3,0) — em(4,4).

For X' = (0,...,0) the contribution of the parameter [2n' + 1] to eyg(\) is

n/

TTa+x.

i=1

For n’ € {2,3,5,6} and ' = (6 —n/,6 —n/,0,...,0) we also need to compute the
contribution of the parameter 1) = [2d + 1] @ Aq;[2] (here d = n' — 2) to e(N).
With notation as in Theorem 4.7.2 we have

u1<1/}) _ —6(1/2,A11)min(2’2d+1) - 1.

28In fact we had this computation done by a computer.
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Using Corollary 6.2.3 we compute (for any ¢)

SplIl u1(1,/1) o spm -1
T Ty = =1+ Xe

and so by Theorem 7.1.3 the contribution of ¢ to erg(\') is
d
X¢ 0t = P < [T+ x):
i=1

Adding all contributions we obtain e.(Ag g, Qr) = Ps(x; ') (defined in Theorem 1),
which is equivalent (via the Grothendieck-Lefschetz trace formula) to the formula
|As(F,)| = P.(q) for all prime powers gq.

For n = 7 we also have to consider parameters of the form

=1y ® 1 = [2d + 1] & Aqq[4]
for which we compute
wy () = €(1/2, Agp) ™24+ — 4,
A simple weight computation shows that in Proposition 6.3.2 we have
spin:Z1 O Gy, |Spy xSLy ((Sym2 Stdgp,) ® 1) b (1 ® Sym* StdSLz)

and we deduce
3

W) _ in+ _ 2 —i
O.Z;riuz o O-ZJIT,ILI — Sym PA11, + Z Xe "
i=—1

The contribution of ¢ to eyg(\') is thus
X?n _14011th _ ZIOUZITIZ + o H 1+ ;"

We have
tr XZIO Sym? pAu’L(Frob;”) = (pum tr Sym? cp(AH))
where the semi-simple conjugacy class ¢,(A1;) in SLy(C) is determined by

tre,(Ann) = p 27 (p)

(recall the Ramanujan 7 function from Theorem 1). The well-known relation
7(p)? = 7(p?) + p'! and elementary computations give

trx; '* Sym?® pa,,,.(Froby') = a(p™).
We omit the details leading to the formula for |A7(F,)| in Theorem 1.
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Remark 9.2.1. In principle the classification theorems [C'L, Theorem 9.5.3] and
/ , Theorems 3 and 4] allow us to obtain explicit formulas for e.(A,, g, Fe(Vao))
for Ay +n < 12.

Remark 9.2.2. 1. We checked that the dimensions of the Euler characteristics
(ec(A, 3 Qr))1<n<r (for n <6 this amounts to evaluating the polynomial P,
at ¢ = 1) coincide with the values that we computed independently using the
trace formula (see [ , Appendix, Proposition 4] and [ 1).

2. The method explained above to compute ec(An@,Qg) for small n clearly also
works to compute e.(A, g, F(Vao)) for small \y +n. For ezample we checked
that we recover [ , Theorem 8.1].
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A Cohomological correspondences

A.1 Definitions and induced maps in cohomology

Let £ be a prime number. Let B be a scheme over Z[1/¢] assumed® to be Noethe-
rian, regular and of dimension < 1. Fix a dualising complex on B, thus determining
dualising complexes on schemes separated of finite type over B. Let m; : X; — B
for i = 1,2 be separated finite type schemes over B, and L; € D%(X;, Q). Let
m : X — B be also separated of finite type, and suppose that ¢; : X — X, for
1 = 1,2 are morphisms over B. Recall that a correspondence from L; to L, with
support in (1, ¢p) is a morphism u : ¢{L; — ¢4 Lo.

The dual D(u) of u is a correspondence from D(Ls) to ID(L;) with support in
(¢g,¢1) defined in the obvious way using the identifications

Hom(c} Ly, ¢y Ly) ~ H°(RT'(RHom(c' Ly, ¢y Ls)))  and
RHom (¢} Ly, chLy) ~ D(ci Ly @ D(chLy)) ~ D(ciD(Ly) @F ¢\ D(Ly)).

If ¢; (resp. ¢2) is proper then u induces a morphism “in cohomology”

w Ly — maLe (All)
(resp. Uy : L1 — ToxLo), (A.1.2)
see | , (1.3.2)] and | , (1.3)] (see also | |). For example in the first

case u, is obtained as the composition

T21C21 % U,

!
Tl — mncici Ly ~ mocaci Ly To1C1Cy Ly — o1 Ly

where the first map is the unit for the pair of adjunct functors (¢}, ¢1.), the isomor-
phism follows from the composition rule for - and the fact that ¢; is proper, and
the last map is the counit for (cy, cy). There is an obvious notion of morphism of
correspondences having the same support (L, Ls,u) — (K7, Ks,v), and it is easy
to check that if ¢; (resp. ¢2) is proper then the following diagram commutes.

u *
Tl — o1 Lo Tl — ToxLin
l l resp. l l
v *
Tk — Tor Ko T K — o Ko

29More generally one could assume that B is a regular excellent Noetherian scheme, or an
excellent Noetherian scheme endowed with a dimension function, see | , Exposé XVII|. We
will not need this generality.

195



We leave it to the reader to check that the formation of u (resp. u,) is com-
patible with duality: D(w) : m9.D(Ly) — m1.ID(L1) coincides with D(u)..

We briefly recall the definition of composition for correspondences (see also
[ , Exposé III §5.2]). Consider a diagram of schemes separated of finite type

X! X
c2 dS
c1 ds
1 Xo X3

and correspondences u : ¢;L; — C!2L2 and v : d5Ly — d!3L3. Denote p; @ X' xx,

over B

X" — X" and py : X' xx, X" — X” the two projections. The composition v o u
is the correspondence supported on (c¢1p1, dsps) defined as the composition

oL, B «
pici Ly ne, pichLy — phpapicyLy LN phdicach Ly — phyds Ly 2% p2d3L3

where as before unlabelled maps are (co)units and BC'is the base change isomor-
phism dscar >~ papt (| , Exposé XVII Théoréme 5.2.6]). It is formal to check
that this notion is compatible with cohomology ((A.1.1) and (A.1.2)) when this
makes sense.

A.2 Base change

We now discuss base change. Let f : B’ — B be morphism such that one of the
following holds:

1. f is separated of finite type, or

2. fis flat with geometrically regular fibres and B’ is Noetherian and excellent.

Denote 7, : X! — B’ and 7’ : X’ — B’ the objects obtained by base change,

7

¢, : X' — X the natural morphisms obtained from ¢; and ¢; : X] — X;, ¢ :

X' — X parallel to f. There is a notion of base change for correspondences f*
Hom(c}, ch L) — Hom(cf gt Ly, chgsLs) (resp. f': Hom(cf, ey Ly) — Hom(c gt Ly, chghLo)
mapping u to f*u (resp. f'u) defined as the composition

c1 9Ly ~g* Ly — 0202.9 1Ly —> 029202161L1 2 C2g2CQIC2L2 — cggQLg,

resp.

D(BC)  yx s 1 ! N
c1 glLl — c1 glcl*clLl S c1 glcl*CQLQ — el g caly — gco >~ chgyLo.

Unsurprisingly, D(f*u) = f'D(u).
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Lemma A.2.1. For f : B' — B and u € Hom(c!Ly,c4Ly) as above, if ¢ is
proper then (f*u)y = f*(w), i.e. (f*u) : 7,91 L1 — 7h g5 Ly is obtained from w by

applying f* and via the base change isomorphisms f*my ~ 7}g;.

Proof. Details are left to the reader, essentially uses compatibility of proper base
change with composition | , Exposé XVII Lemme 5.2.4] and the unit/counit
relations for pairs of adjoint functors. m

Of course if ¢, is proper the dual assertion (f'u), = f'(u,) is a direct conse-
quence.

A.3 Pushforward and pullback

We now discuss proper pushforward and étale pullback (for X'), and compatibility
with base change and induced morphisms in cohomology. We do not consider the
most general situation.

Consider a commutative diagram of schemes separated of finite type over B:

b'd
c lf ct
X 2

A

X1 X2

(A.3.1)

Under hypotheses on f, correspondences with support in (¢, ¢2) and (¢, ¢y) can
be related in both directions (see | , §1.4] for the proper pushforward).

1. If f is proper, we have a pushforward morphism corr- f, : Hom(c; Ly, cjLy) —
Hom(c; Ly, chLy): for u € Hom(c} Ly, cy Ly), corr-f,u is obtained as the com-
position

CTLI — f*f*CTLl = f*C/l*Ll M f*chQ = f!f!C!QLQ — C!2L2

where the first and last morphisms are given by unit and counit of ad-
junctions. As before denote m; : X; — B. If ¢ is proper (resp. ¢y is
proper) then (corr-f.u), € Hom(m. Ly, mo. Lo) equals u, (resp. (corr-fiu), €
Hom(7yy Ly, mo1 L) equals w;). This follows from the compatibility of adjunc-
tions with compositions.
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2. If f is étale and v € Hom(c}Ly, chLy), define corr-f*u as the composition
&Ly~ freily ~ f'eily EAON flehLy ~ Lo
For f étale this defines a pullback morphism
corr-f* : Hom(ci Ly, ¢yLy) — Hom(c/* Ly, i Ly).
When f is an open immersion corr-f* is just the restriction morphism.

Lemma A.3.1. In the situation of (A.3.1) above, if f is finite étale of con-
stant degree N then for any correspondence u with support in (c1,cs) we have
corr- f,(corr- f*u) = Nu.

Proof. This follows from the fact that the composition id — f.f* ~ fif' — id is
multiplication by N (| , Exposé XVIII Proposition 3.1.8(iii)] and | , Exposé
XVII Théoréme 6.2.3 (Var 4)]). O

A.4 More pushforwards and pullbacks

The pushforward in the previous section admits the following variant.

Definition A.4.1. Consider a commutative diagram of qcqs schemes

X —— X =5 X,
[ (Ad1)
Vi e— V' =2 Y,

dy

in which all morphisms are separated of finite type and dy and cy are proper. Let
u: i Ly — chLy be a correspondence supported on (cy,cy). Define a correspondence
from fi1.Lq to fo.Lo supported on (dy,ds):

& froln — fuociDn 2% £ Ly = dador fuch Lo & d foucach Lo — dbfou Lo

where the first map is obtain from two adjunctions, the third map is an adjunction,
the fourth map follows from day >~ ds . and ca . ~ ca) because dy and cy are proper
and the last map is also an adjunction. Denoting f = (f1, f, f2), we will denote by
corr-f w this correspondence.
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It is often more convenient to see the correspondence u as a morphism w :
caci L1 — Lo, by adjunction, and then its pushforward corr-f uw by f = (f1, f, f2),
seen as a morphism dod; fi.L1 — fo.Lo, is equal to the composition

* * * Jax(u
dody f1oly — da fuc Ly >~ foucociLy 2—()> JoxLoa.

As usual this follows from the adjunction formalism.

Remark A.4.2. Assume that we have a commutative diagram (A.4.1), and in-
stead of assuming that dy and co are proper, assume that f and fo are proper. In
this situation we may define, for a correspondence u : ¢Ly — cyLy, its pushfor-
ward along f as above, deriving dyf. ~ foxca from fo = fi and for = fo. If all
four morphisms co, do, f and fs are proper then the two notions of pushforward
coincide. In particular when f; =id, fo =id and f and dy are proper the pushfor-
ward defined in the present section is equal to the pushforward defined in Section
A.3.

In practice the assumption that co and dy are proper is always satisfied (at least
in this article), whereas the vertical morphisms are not always proper.

As in the previous section, pushfoward of correspondences is compatible with
cohomology, as the following proposition shows.

Proposition A.4.3 (Compare | , §1.4]). In the setting of Definition A.4.1,
assume that the diagram is a diagram of schemes over B, and denote w; : Y; — B
and 7Y — B. Then the morphisms w, : (71 f1)«L1 — (m2f2)« L2 and (corr-f u). :
1w f1el1 — Tou fou Lo are equal.

Proof. Here it is convenient to see u as a morphism coic;L; — Lo and similarly for
corr-f u. Writing the “base change” morphism dj f1. — fic] as the composition

del* — d’{fl*cl*cf ~ d;dl*f*CT — f*C)i<

and plugging this in the definition of (corr-f u)., we obtain a long composition
where the unit and counits for (d}, di.) both appear and may be eliminated. Details
are left to the reader. O

We now recall from | , §5] a definition of pullback for correspondences.
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Definition A.4.4. Consider a commutative diagram of qcqs schemes

X — X —= X,
[ (A42)
e A

wn which all morphisms are separated of finite type and assume that the right square
is Cartesian up to nilpotents. Let u : diLi — dyLo be a correspondence supported
on (dy,ds). Define its pullback corr-f"u as the composition

CfiLy~ frdiLy 1% frdyLy — A fi Ly

where the morphism of functors f*dy — cyfs is [Sgag, Exposé XVIII (3.1.14.2)],
i.e. it 1s obtained by adjunction from the base change isomorphism fydo =~ co1f*.

As for pushforwards, this notion of pullback coincides with the one defined in
the previous section when both make sense, but proving this requires some work.
The general compatibilities in the following lemma are probably folklore.

Lemma A.4.5. Let

x Ly

.

X =Y
be a Cartesian diagram of qcqs schemes in which all morphisms are separated of
finite type.

1. Assume that d is proper (whence also ¢). Then the isomorphism gic. ~ d.fi
(see [Sgag, Exposé XVII §3.8.2.3]) is equal to the composition

adj BC adj
9iCs 29 d.d* gic, — d, fic"c, 29, d, fi

2. Assume that g is étale, so that we have an adjoint pair (g, g*) (see [Sgag,
Ezxposé XVII Proposition 6.2.11]), and similarly for f. Then the composition

di
C*Qc*g*gzﬁf*d*g! Ef*flc*

15 equal to the unit id — f*fi applied to c*.
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3. Assume that g is étale (whence also f). Then the base change isomorphism
af* =~ g*d is equal to the composition

af B g gef = g dfif S gtdy.
4. Assume that g is étale (whence also f). Then the morphism of functors
frd" — c'g* defined in [Sgag, Exposé XVIII (3.1.14.2)] is equal to
frd ~ f'd ~ (df) = (gc) ~ g’ ~ c'g”.
Proof. 1. Writing g as the composition of an open immersion and a proper

morphism, we are reduced to proving that our two compositions coincide in
the following cases.

If g is proper then ¢ = g, and f; = f, and we are left with an exercise in
adjunction. Details are left to the reader.

If g is an open immersion then the isomorphism gc, ~ d,f; is defined (see
[ , Exposé XVII (5.1.5.2)]) as

g1Cx aij> gic f* fi <B—C ag*d. f a—dj> d, fi

and it follows readily from the definition (see Lemme 5.1.2 loc. cit. and its
proof) that the base change isomorphism fic* ~ d*g, is equal to

[ 2 fetgtg = ff dig "D dg.
So we are left to check that the two paths from gic, to d, fi in the diagram

g1y S RN g f* i —2— gig*d. f, +dj> d, i

lad j ad jT

dod*gic, <2 d fif*d*ge. —— d, it g gien e d, fic*c,

are equal. The bottom path is also equal to
gies "D genf i 2D dd gen f i dofict g gen fU A dofict e f fi 2% dofift 5D du

so we have to show that the (anti-clockwise) cycle from d, f; to itself in the

diagram
g i —2—— gig*d. f, ajj > dyfi # d fif* fi

ladj adjT

dd* g f* fi <2 d fifrd ge f i —— dufic* g g f* fi o d, fic*e, f* £
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is the identity. We observe that this diagram is obtained by applying a
similar diagram to f, and so it is enough to show that the composition

0.9"ds 25 gienf* 5% dod g EL dff A gien 7
~d, fic"g ge S dofict e f 2 dufif 2 d,
is simply equal to the counit ¢ g* — id applied to d.. We may reorder:
gg'd. "% d.d g.g"d, <aTdJ d. fif*d" 99" d.
~d,fic"g" qg*d, <a%j d, fic*g*d, % dyfic* e, f* 24, d.fif* 24, d,.

Using the fact that the inverse of ¢* LN g*gig* (counit applied to g*) is
T qg* 24, g* (g* applied to unit), and the equality of compositions

<**d—>CC*f*an)_< gtd, ~ frd*d, ade>

we obtain

gg°d. " d.d* g d, <aTdJ d. fif* d" 99" d.

~d, fic"g" qg™d, 2di, d.fic'g*d, ~d, fi f*d"d, — o) — d. fif" — 2di,

which is simply

gg'd. S dod gg*d, &L d fif d'ggd. 2D dofif did S dfif 2
Moving the counit fif* — id to the left simplifies the composition:

g d, 2 dod gg*d, % d.dd, 2% d,

and one last reordering and unit/counit relation for (d*,d.) yields the result.

. We need to prove that the composition
c —>cgg_fd*g;—>ffc

is equal to the unit id — f*f, applied to ¢*. All functors occurring are
derived from exact functors, as are the morphisms between them, so we may
check this equality for sheaves, and for this it is enough to prove equality on
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stalks. For 2’ a geometric point of X’ and F an abelian sheaf on X we have
a commutative diagram

(¢ F)e —— (g F)e —— ([*d*gF)e —=— ([ 1" F)u

Fewy — D Fo— ® Fo— D Fo
a(@)=g(c(a")) g(@)=d(f (") FO=f (")

where = denotes a geometric point of X and ¢ denotes a geometric point of
X', the first map on the bottom line is the obvious inclusion and the third
map is induced by the bijection t — ¢(t) from lifts of f(z’) along f to lifts of
d(f(z'")) along g, by the Cartesian property. We see that the composition at
the bottom coincides with the adjunction (¢*F), — (f* fic*F) for (fi, f*).

. Spelling out the definition of d; and ¢, by writing d as the composition of
an open immersion and a proper morphism, we are reduced to proving the
statement in two special cases: if d is an open immersion or if d is proper.

If d is an open immersion then all functors involved are derived from exact
functors on sheaves and equality may be checked on stalks. (Alternatively we
may check equality after applying ¢* because both source and target vanish
on the complement of X’ in X, and this is rather formal.)

So we assume that d is proper for the rest of the proof, and we need to show
that the composition

ef 2D grge fr = g dfif 2D gtd 2 e f

is the identity. Thanks to the first point of the lemma this composition may
be rewritten as

e f” 2, g g f* 2, gd.d" gie. f* 2S, g d. fic'c.f” 2, gd.fif” 2, gd, 2S, e f”.
Writing the second base change isomorphism as the composition

* adj * % * 7k ad] *
g'd, — c.c*g'd, ~ . ffd d, —> e f7,

reordering and noticing that the unit and counit for (d*, d,) cancel each other
out, we obtain

dj dj dj dj
af 2 ecte T I gt g [ e frd g f % cf ficte f 2 e Af 2D e fr

203



The second point of the lemma allows us to simplify the composition of the
second, third and fourth morphisms:

dj dj dj dj
cf* 29, ey f” 29, e f hcte f” 29, af hff 29, e f”.

This is equal to the identity by unit/counit relations.
4. The morphism of functors f*d' — ¢'¢* is, by definition, equal to the compo-
sition .
frd = 2d) dofrd Be, cdgtdid 2d, gt
and by the previous point in the lemma this is equal to

fr d = 2di ccf d 2 cg qof* d Ncg*dff d 2% adi !g*d!d! a—dj> c!g*.

The first two units may be combined into the unit for ((gc), (gc)'), expanded
into two units for (fi, f*) and (dj, d'), compensating the last two counits.
[

Remark A.4.6. It seems likely that in Lemma A.4.5 one could replace “étale” by
“smooth” (introducing the appropriate shifts and Tate twists), but of course our
proof (the second point in particular) does not obviously extend to this case. It
may be possible to give a more conceptual proof that applies to the smooth case as
well, probably using tensor products.

Corollary A.4.7. Assume that we have a commutative diagram

X < X —25 X

C1

lfl lf ﬁc (A.4.3)

Yi 4 g

dy

~

of qcqs schemes, where all morphisms are separated of finite type and f and fs are
étale. Let u : diLy — dyLy be a correspondence. We obtain a correspondence

CTfle f d*Ll f d LQ ~ 62f2 LQ

where we used f* =~ f' and fy ~ fs, generalizing the notion of pullback defined in
Section A.3.

If the right square in the above diagram is Cartesian up to nilpotent elements,
then this pullback coincides with corr-f*u (Definition A.4.4).
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Proof. This follows directly from the last point in Lemma A.4.5. [

The compatibility in Corollary A.4.7 will be useful to apply the following lemma
(compatibility of pullback and pushforward) in a setting where we simply consider
pullback along open immersions.

Proposition A.4.8. Assume that we have commutative diagrams of qcqs schemes

Xy X' 25 X, X 2 X
R
Vi e — V' =25 Y, Yy sy

in which all morphisms are separated of finite type, the right square of the left
diagram and the right diagram are Cartesian up to nilpotents, and h is proper (and
thus also g). Denote f = (f1, f, f2) and f' = (f1, f', f2). For any correspondence
w: h*di Ly — h'dyLy we have corr-f*(corr-h,u) = corr-g, (corr-( f')*u).

Proof. Unwinding definitions we find that it is enough to prove commutativity
for the following diagrams of functors, where the unlabelled morphisms are | ,
Exposé XVIII (3.1.14.2)].

Jr— Jhudidy —2— frdy —— & fs
ladj N\LBC BC\LN H

~ * 1% * « _2dj *

9.0 f* —=— g.(f")*h g.(f)yRdy —— gug'chfs — b fs

For the left diagram we expand the base change morphism as

* adj * Lk * 7k ad] *
S he —J>g*g S he >~ g*(f/) h*h. s g*(f,)
and note that unit and counit for (h*, h,) cancel each other. For the right diagram,
expanding the definition of (f')*h'd, — g¢'chf; involves the unit id — ¢'¢g; which
cancels with the bottom right counit g.¢g' — id, and by compatibility of base
change with composition the composition via the bottom path is equal to

Frhohtdy 25 en frhn'dy BS o frduh b dy 2D &y

i.e. the same composition as the top path but with natural transformations applied
in a different order. O
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Proposition A.4.9. Consider a commutative diagram of qcqs schemes where all
morphisms are separated of finite type

U «— U —=5 Uy «— U —— Us
lﬁ lf’ O f2 lfﬁ [l lf3
X, < X~ X, ¢ X" 4 x

1 A} dl 7 2 A} d3 3

in which the two marked squares are Cartesian. Denote q1, q2, p1, p2 and g the

morphisms
U’ xy, U" = >y U”
a X' xx, X" —2 y X"
p1 J
U’ = s U, d
XQJ
f/
X a2 ' X,

and g = (f1,9,13), "= (f1, f's f2) and " = (fa, f", f3). Then the right square in

the commutative diagram

c1q1 €492
U, +—— U’ XUy U —— U3

booob

dip dyp
X1 #X, XX2XNL>X3

is Cartesian and for any correspondences u : diLy — dyLo and v : diLy — dyLs
we have an equality of correspondences supported on (c1q1, C4qs):

corr-g*(v o u) = (corr- f"*v) o (corr-f""u).

Proof. 1t is easy to deduce that the top square in the cube above is Cartesian
from the fact that the left marked square is Cartesian in the first diagram, and by
composition we deduce that the right square in the last diagram is also Cartesian.

We only sketch the rather tedious comparison of correspondences. Unraveling
definitions, we obtain long compositions for both sides involving units and counits
for (pa,py) (only for the left-hand side, with both unit and counit appearing),
(doy, db), (car, ), (g1, ¢5) (da,dy), (car, ch) (only for the right-hand side, with both
unit and counit appearing), and base change isomorphisms:
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e for the left-hand side, for the squares

X' xx, X' 2 XV U xp, U —25 0" 25 Us
lm ld:a lg lf” lf:&
X —* X, X' %y, X' 22 x7 N X,

e for the right-hand side, for the three squares in

U xy, U —25 U" U —2 Us
bl b
U —= 5, X" 4 X,
lf/ lfz

X —% X,
where pullback is for vertical maps and exceptional direct image for horizontal
maps, and all base change isomorphisms are directed from top to bottom (i.e. left
to right). One can reorder both compositions to remove the redundant unit/counit
pairs (py,ph) and (ca,ch), and use compatibility of base change isomorphisms
with composition (both horizontally and vertically) to express on both sides the
composition of all base change isomorphisms as the composition of two base change
isomorphisms for the same squares. O

A.5 Compactifications and canonical extensions

The first part of the following lemma restates | , Lemma 1.3.1] and extends
it to intermediate extensions of perverse sheaves.

Lemma A.5.1. Suppose that we have a commutative diagram

U
FER
U1 J U2
il X J2
C1 C2
X1 X2

207



of schemes separated and of finite type over B, where j, j1, Jjo are open immersions.
Let 7 := X \j(U) and Zy = Xy ~ ji(Uy) for k =1,2. Assume that for any k we
have Z = &' (Zy), i.e. that both squares in the above diagram are cartesian (the
inclusion ¢, ' (Z) C Z holds automatically).

1. For any L, € D2(U,) and Ly € D5%(Uy), the restriction morphisms
HOIH(E;]'lng, E!QjQ!IQ) — HOIH(CTLl, C!2L2)
HOm(Ele*Ll, 6'2]2*[/2) — HOIH(CILl, C!QLQ)
are 1somorphisms.

2. Assume moreover that B is the spectrum of a field and that the morphisms
bi : Z — Zy are quasi-finite. Then for any perverse sheaves Ly, Ly on Uy, Us,
the restriction morphism

HOm(éleg*Ll, E;jgl*Lz) — Hom(c}kLl, C!2L2>
s an isomorphism.

Proof. We only prove the second case of intermediate extensions, the other case
(proved in | , Lemma 1.3.1] in a slightly different generality) being similar but
using 4jj11 L1 = 0 and 7:!2]'2*[/2 = 0. Denote ¢ : Z — X and 1, : Z, — X;. We
have ¢, 01 = iy o by, where by, : Z — Z,, is quasi-finite by assumption. In particular
bt (resp. b,) is left (resp. right) t-exact | , Proposition 2.2.5]. Using the
induction formula | , Exposé XVIII Corollaire 3.1.12.2]*° we get

i!RHom(Eiju*Ll, 5!2j2!*L2) ~ RHom (i"¢}j11 L1, i!5!2j2!*L2)
~ RHom (b}7% j11. L1, byinChjore o).

Moreover i} ji. Ly € PD=<"1 and ibjo. Ly € PDZ1 | , Proposition 1.4.14], and
by | , Proposition 2.1.20]3!

A = RHom (b}7}j11x L1, byinCh jore L)

is an object of D=2, Applying i,i' — id — j.j* to RHom (¢ j11.L1, Cyjor L) Wwe
obtain a distinguished triangle

ivA — RHom (¢4 j11 L1, &yjors o) — j.RHom(ctLy, chLy) - .

30For an immersion i the induction formula can be proved directly using the formalism of
[ , Exposé IV §14].

31The proof is given for topological spaces there, but it applies without modification to the
categories D%’L(_) for pairs (S, L) as in §2.1.10 loc. cit.

208



Taking global sections and cohomology in degree 0, we find the desired isomor-
phism since H°(RT'A) = H*(RT'A) = 0. O

In the situation of (a) in this lemma, for a correspondence u : ¢iL; — c4Lo,
the induced correspondence ¢jjil; — 5!2 jorLs can be defined directly as follows:

ciinly 25 Jier Ly EAAN jich Lo 25 Chjor Lo
and dually for &j1, L1 — CyjauLo.

A.6 Nearby cycles

For the rest of this section we consider the case where the base B = {s,n} is a
Henselian trait, with special point s and generic point 7. We use the notation
of | , Exposé XIII|, except that we continue to suppress the letter R from
our notation (all objects considered are in derived categories, unless explicitly
mentioned otherwise). For simplicity we fix a “separable closure” 77 — 1 and take,
for X a scheme over s, Construction 1.2.4 loc. cit. as the definition of X xg 7.
We will denote by Fx : Xz — X X, n “the” morphism of toposes for which F7%
is “forgetting the action of Gal(7j/n)”. We will say that a sheaf in abelian groups
F of X x4 n is constructible if FxF is constructible. The morphism Fx can be
thought as an analogue of the base change morphism of toposes BCx : X5z — X,
and the two are related by the specialization morphism sp : X x;n — X since
we have Fysp* = BC%. By | , Théorémes de finitude §3] if X is a scheme of
finite type over B and F is a constructible sheaf in abelian groups over X, then
v, F is constructible.

A.6.1 Direct image

Recall from | , Exposé XIII (2.1.6.2)] that any morphism f : X — Y of
schemes over s induces a morphism of toposes X xy1n — Y X7 and thus a derived
direct image functor f, : DY (X x4 n,Og/m¥) — DY x,n,Opg/my). Recall
that the formation of f, is even a (contravariant) normalized pseudo-functor (see
[ , Exposé VI §8]), i.e. we can impose (idx). = id for any X, the obvious
isomorphisms of functors (fg). >~ f.g« satisfy a cocycle condition and are obvious
when f or ¢ is an identity morphism. we have the “base change” morphism of
functors Fy f. — fs.F% (before derivation, this is simply an equality by definition).
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If f is qcgs then this morphism of functors is an isomorphism 2. Using the
analogous property for BCY instead of F¥ and the equality Fiysp* = BCY we
see that if f is qcgs then the morphism of functors sp*f, — f.sp* obtained by
deriving the obvious isomorphism of functors between categories of sheaves, is also
an isomorphism.

Recall ((2.1.7.1) loc. cit.) that if f: X — Y is a morphism of schemes over B
then we have a morphism of functors ¥, f,. — fs¥, which is an isomorphism if

f is proper.

Lemma A.6.1. The morphisms of functors U, f,. — f¥, are compatible with
composition, in the sense that for qcqs morphisms f : X — Y and g 1Y — Z
between schemes over B the following diagram of functors is commutative.

\Ijngn*fn* — gs*qlnfn* —_— gs*fs*\:[ln

NT NT (A.6.1)

\I]n(gf%* ’ (gf>5*an

Proof. In this proof we momentarily denote by fs. etc. the underived functors, and
denote by R? the right derived functor of 7.

Before derivation the commutativity of (A.6.1) may be checked after forgetting
the action of Gal(77/n). This amounts to the compatibility of base change maps
(for i) with composition (see [Sgaf, Exposé XII Proposition 4.4]; this can also
be proved by considering the category fibered and cofibered over the category of
schemes over B, with fiber over a scheme X the opposite category to that of étale
sheaves of Op/m%-modules over X, using the characterization of base change maps
given by | , Exposé XVII Proposition 2.1.3|).

One can then derive the diagram, and obtain the following commutative dia-

32Deligne claims loc. cit. that quasi-compact is enough for this to hold, but we cannot think
of an argument that does not require f to be quasi-separated. This can be proved by a familiar
argument (analogous to | , Exposé VII Théoréme 5.7], for the projective system (X¢ X o 1')y,
where 1’ ranges over all the finite étale covers of 7 covered by 77 and s’ is the corresponding finite
étale cover of s).
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gram

R, Rg,.Rf,. Rge. RV, Rf,,

| A

R(\I/ngn*>an* - R(gs*\l/n)an* RQS*R(\I}nfn*) - RgS*R(fS*an) - Rgs*Rfs*R\Iln

S~ | [ ]

R(W,gpi fr) — R(9s: Wiy fie) — R(gos [ Vy) = R(gss for) RV,

qunR(gf)n* < R(\Ijn(gf)n*) ’ R((gf)s*\lln) - R(gf)S*qun

using the general fact that if F,G, H are composable additive functors between
abelian categories such that F', G, H, FFG, GH and FGH are everywhere right
derivable, the two composite morphisms of functors R(FGH) — R(FG)o RH —
RFoRGoRH and R(FGH) — R(F)o R(GH) — RF o RG o RH coincide. The
original diagram (A.6.1) is easily extracted. O]

We see no reason for the forgetful functors Fy between derived categories to be
faithful, which is why the proof begins with the underived case. All of the above
admit parallel statements for the toposes X x, B and the morphisms of functors
U f, — fV, that we leave to the reader.

A.6.2 Inverse image

Similarly, for f : X — Y a morphism of schemes over s we have f* : DT(Y x,
n,Op/my) — DT (X x,n,Op/my), which is “the” pseudo-functor (as f varies)
left adjoint to f,. More explicitly, it is also obtained by deriving the obvious
exact functor on Op/my-modules. In particular we have isomorphisms of functors
FLff ~ frFy and f*sp* o~ sp*f*. For f : X — Y a morphism of schemes over

n Y
derivation and ignoring the action of Gal(77/n), this is a base change map) or by

B one can define a morphism of functors fiWU, — U, f* either directly (before

adjunction, as the composition

SV =[5 Loy = Wty foey = Ynfy.

Again these morphisms of functors are compatible with composition as f varies (a
diagram similar to (A.6.1) is commutative), and there are analogous constructions
and statements for the toposes X x, B and V.
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A.6.3 Exceptional direct image

Recall from | , Exposé XIII 2.1.6 ¢)] that, for a separated morphism f : X — Y
between schemes of finite type over s, we have fi : DY(X x,n, Q) — Db(Y x,n,Qy)
defined by compactifying f as in | , Exposé XVII|. We have an isomorphism of
functors Fy fi o~ f51F%: the case of open immersions is trivial, the case of proper
morphisms was considered in A.6.1 and the general case follows. Similarly we have
an isomorphism of functors sp* fi ~ fisp*. Again the formation of f, is a pseudo-
functor (by construction: it is obtained by “glueing” the pseudo-functors f — f, for
f proper and f + fi for f an open immersion using the analogue of | , Exposé
XVII §5.1.5] for the toposes X x,n as “glueing datum”). Also by compactification
(over B) and using the proper base change theorem, for f : X — Y a separated
morphism between schemes of finite type over B, we have a morphism of functors
fs!\Iln — \Ilnfn!'

Lemma A.6.2. For f : X — Y and g : Y — Z separated morphisms between
schemes of finite type over B the following diagram of functors is commutative.

‘Ijngn!fn! — gs!‘ljnfn! — gs!fs!\ljn
HN - (A.6.2)

W, (gf) < (9f)a,

Proof. 1. If f is an open immersion and g is proper then this is the very defi-
nition of (¢f)aW, = ¥y, (gf)n-

2. If f and g are proper all horizontal morphisms in the diagram (A.6.2) are iso-

morphisms and are the inverses of the horizontal morphisms in the diagram
(A.6.1).

3. In the case where f and g are open immersions we can argue as in the proof
of Lemma A.6.1 (again we momentarily consider functors before derivation,
and explicitly denote the right derived functors by R?).

(a) First we check the commutativity of the analogue of (A.6.1) before
derivation, and for this we can forget the action of Gal(7/n). We have
a commutative diagram of functors

7@7! — 95!5*7! — gglfgﬂ*

bt -

1 g/ = ? (gf)gﬂ*
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thanks to the commutativity of the analogous diagram with ! replaced
by * (already used in the proof of Lemma A.6.1) and the characteriza-
tion of the isomorphism of functors i f, — fsi in [ , Exposé XVII
Lemme 5.1.2]. We also have a commutative diagram of functors

Jogmfa —— G fa —— 9.f1J.

|
T (9f)m 4 HJ*

This can be checked directly on the definition (details left to the reader).
We thus obtain the commutativity of the underived analogue of (A.6.2).

(b) As in the proof of Lemma A.6.1, deriving gives us a commutative dia-
gram containing (A.6.2), using the fact that the morphism of functors
R(fqoV,) = Rfyo RV, and the analogues for g and ¢f are isomor-
phisms (fy is exact).

4. To conclude the proof it remains to consider the case where f is proper and
g is an open immersion. Factoring gf as ba where b : T' — Z is proper
and a : X — T is an open immersion, we need to show that the following
diagram of functors is commutative.

gs!\llnfn* E— \Ijngn!fn* % \Ilnbn*an!

lw lw (A.6.3)

Gufee ¥y — buaal, —— b Wya,

where the top right and bottom left horizontal isomorphisms are induced by
the isomorphisms g, f« = by.ay and gq fo = bgeas defined in | , Exposé
XVII §5.1.5]. Since the morphism X — Y x T is a proper open immersion,
we can easily reduce the problem to the case where the square

X 25T

e b

y 4257

is Cartesian. As usual to check the commutativity of the underived analogue
of (A.6.3) one can ignore the action of Gal(77/n). Details are left to the reader
(ingredients are formal properties of adjunction, the triviality of base change
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by open immersions and the compatibility of base change maps with com-
position). Deriving and contemplating the resulting commutative diagram,
one can extract the commutative diagram (A.6.3) (this is very similar to the
second part of the proof of Lemma A.6.1).

O

Note that the fourth case with f = id is already used to show that the morphism
of functors hyV, — W, h,, is well-defined, i.e. does not depend on the choice of a
compactification of h. Again, analogous statements hold for the toposes X x, B
and with respect to the functors W.

A.6.4 Exceptional inverse image

According to | , p. 45| following the same method as in | , Exposé XVIII
§3.1] one obtains, for f : X — Y a separated morphism between schemes of finite
type over s, “the” functor f': DT(Y x,n, Op/m¥) — DH(X x,n,Og/m¥) right
adjoint to f;, which maps DF (Y x4 n,Og/m¥) to DF (X x,n, Op/m¥). We have
a morphism of functors F% f' — fiFy: defined by adjunction as the composition

Fif' = frfaFef' ~ ARy fift — fiFy. (A.6.4)

To check that this is an isomorphism, we will adapt the site-theoretic arguments of
[ , Exposé XVIII §3|. For this we will need a “nice” site Cx g whose category of
sheaves can be identified with X x, 7. We model the definition on | , Exposé
XVIII 3.1.15]: consider the category Cx g of pairs (1, U) where 7’ is finite étale over
n, with residual scheme s’ — s, and U is a scheme étale over X,. A morphism
(m,U1) — (m2,Us) is given by a morphism 7; — 79 over n and a morphism
Uy — U, compatible with X, — X,,. In particular the morphism U; — U, is
étale. One easily checks that (n, X) is a final object in this category and that
fiber products exist in this category, thus so do finite projective limits. Define a
family of morphisms ((n;,U;) — (', U)); to be a covering if the family (U; — U);
is jointly surjective. It is not difficult to check that this defines a pretopology, and
so a site with underlying category Cx . From | , Exposé VII 2.a)| one can
easily deduce that the site Cx p is subcanonical.

e If F is an object of X X7, then

Fo(,U)— lim F(U xy3),

am—n’
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where the projective limit is over the groupoid of morphisms compatible with
the morphisms to 7, defines a sheaf on Cx . Note that if 7’ is connected (i.e.
a point) and if we choose g : 7 — 1’ then the right-hand side is identified
with F(U x ¢3)%0/7) and a general (1, U) can be written as a finite disjoint
union of pairs (n”,U’) with n” a point.

e Conversely, if ' is a sheaf on Cx g then we can define an object F of X x 7
by
FO)= iy P00
(a:m—n",Up)
for U a scheme étale over X5 with U affine (or qcgs), where the injective limit
is over the category opposite to the category Iy of triples (o : 7 — 1/, U, ¢)
where 7/ is finite étale over 7, U is a scheme étale over Xy and ¢ : U ~ U X 43
(the morphism 5 — s’ used here being the reduction of «). Note that thanks
to the qcgs assumption on U the index category 12" is filtered (essentially by
[ , Théoréme 8.8.2] and | , Proposition 17.7.8]), and if (ap : 7 —
o> Uo, o) is any object then the subcategory of (a: 1 — 7/, Uy X ', 0)
given by some 77 — 1’ — 1, is cofinal. For ¢ € Gal(7/n) with reduction
0red the action a, : F(0%,U) ~ F(U) is defined by the equivalence of index
categories Iy — I . 7, (o, U, ) = (o, U, o X Oyeq).

red

Proposition A.6.3. The first (resp. second) construction gives a sheaf F' on Cx p
(resp. an object of X xs1n), and the two constructions are inverse of each other.

Proof. Let F be an object of X x,n, and let ((n;,U;) — (1/,U)) be a covering
family of morphisms in Cx . Let (fi); be a family of sections f; € F'(n;, U;).
We may see each f; as a family (fia,;)a, indexed by all morphisms «; : 7 — 7;,
where fio, € F(Uiq,) with U, = U; X, 5 for the morphism 5 — s; obtained
by reduction from «;. The action of Gal(7/n) on F induces isomorphisms, for
each o € Gal(7/n), apa; : F(Uiaio) = F(Uia,) satistying the cocycle condition
Urg.a; = 70,000, By definition we have a, o, (fin0) = fia, for all o € Gal(77/n)
and all o; : 7 — ;. Now assume that for all indices ¢ and j the images of f; and f;
in F'(n:,5, (Us xu Uj) X(s,x ;) Si,j) coincide, where we have denoted n;; = 1; X, 1;,
with residue scheme s; ;. This means that for any o : 7 — 7’ and for any «; and
a; above a, the images of fi,, and fj., in F(Uia, Xvz, Ujq,) coincide. For any
a 77 — 1 the family (U, o, — U.)ia, is an étale covering, and so the family
(fioi)ia; comes from a unique f, € F(U,). The relation a,o(fas) = fo for
o € Gal(7/n) is clear.
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Conversely let ' be a sheaf on Cx p. The fact that the associated functor F
is a sheaf on the étale site of X5 (restricted to qcgs objects) follows from standard
arguments, and the fact that the Galois action is continuous is obvious.

We leave it to the reader to check that the two functors are inverse of each
other. O

If (n/,U) is an object of Cx g such that 7’ is a point, with corresponding trait
B’ — B, we have an identification of the sites Cx g/(7',U) and Cyp and thus
an identification of the toposes CX,B//@T, U) and U xg 1. In general 7' is a finite
disjoint union of points and we define Cy g and U xy 1’ as products over these
points in an obvious way.

We now describe certain points of the site Cy p/, similarly to the usual case
[Seaf, Exposé VIII Proposition 3.9]. Let o : 7 — 7’ be a morphism over n 33,
inducing a morphism a,eq : 5 — § over s. Let 8 : Spec(k) — U be a geometric
point, inducing a geometric point of s’, and let v : Spec(k) — § be a morphism
over s’. We will call such triples («, 3, v) geometric points of (1',U). Consider the
category C;};gﬁ with objects 3! (1”,V, &, 3,%) where (1", V) is an object of Cyp
(the morphism to (', U) being implied) and (&, 3, 7) is a geometric point of (1", V)
lifting (v, 8,7). Using a variation of the proof loc. cit. one easily checks that this
category is cofiltered. The functor C/U; — Sets,

Flr—= Fopy = ling F' (A.6.5)

(o g evr

is a fiber functor. In fact o induces a morphism of toposes Fy o : Us = U X 1)
(here Us = U X ¢ 5 uses Qyeq), and (A.6.5) is identified with the fiber functor of the
¢tale site of Us obtained by composing Fj;, with the fiber functor corresponding
to the geometric point 8 x v : Spec(k) — Us. In particular if (o, 8;, i) is a family
of points such that the «;’s are jointly surjective then it is a conservative family
of points.

If f: X — Y is a morphism between schemes over s then the associated
morphism of toposes X x,n — Y X, n can also be obtained from the morphism
of sites Cx g — Cyp given by the functor Cy g — Cx ., (7, V) — (7, V xy X)
(this is almost identical to [Sgaf, Exposé XVII §1.4]). Let 5 : (v, V) — (n,Y) be

33one could more generally consider morphisms from the spectrum of an arbitrary separably

closed (or algebraically closed) field, but this would complicate the compatibility constraint given

by v
34and obvious morphisms . ..

216



an object of Cy g, then we can form the “Cartesian diagram” *°

(1, V xy X) —= (1, X)
lg lf (A.6.6)

(77/7 V) ;) (777 Y)

We will need various compatibilites for this “diagram”, generalising the ones already
known when 7" = 7. We obviously have j,g, = f.k., and by transposition we have
an isomorphism of functors k* f* ~ ¢*j*, compatibly with composition of f or j.
We also have the usual “tautological base change” isomorphism j*f, ~ g,.k*, also
compatible with compositions in two ways. If f is an open immersion then the gen-
eral | , Exposé XVII Lemme 5.1.2| gives a canonical isomorphism j* fy ~ gik*.
If X and Y are separated and of finite type over s then by compactifying f we ob-
tain an isomorphism j* fy ~ ¢ k*, and by the same arguments as in Lemmas 5.2.3,
5.2.4 and 5.2.5 in | , Exposé XVTI] this isomorphism does not depend on the
compactification and is compatible with composition (both horizontal and verti-
cal). Before giving more compatibilities, we recall and compare two constructions,
horizontal or vertical in (A.6.6), of trace maps.

Lemma A.6.4. If f : X — Y is a flat and quasi-finite morphism between separated
schemes of finite type over s, there is a unique morphism of functors try : fif* — id

on Og/m¥-modules in'Y x4 n which after applying Fy- is the usual trace map for
fs/ , Exposé XVII Théoréeme 6.2.5].

Proof. For once we are dealing with sheaves and not objects in derived categories,
and so it is enough to observe that the trace map for fs is Gal(77/n)-equivariant,
which follows from compatibility with base change. O

This trace map is also characterized by taking stalks at all geometric points in
Cx p as above.

Consider a scheme X over s and j : (m1,U1) — (n2,Us2) a morphism in Cx g.
For any ay : 77 — m1 over n we have an obvious isomorphism Fy 7" =~ jo Ff), o,
where j,, is the morphism from U; X4, 3 (using the reduction s — s; of aq) to
Us X, 5 (using the reduction 5 — s of ag : 7 — 12 obtained by composing a; and

35In general it only is a Cartesian diagram in a category that we have not defined, so this
“diagram” is only a visual aid. One could extend the (at least) 4 functors formalism to this
category, but we will not need this generality. If f is étale then this is a Cartesian diagram in
Cy.B.
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m — 12). This isomorphism is compatible with the identifications of stalks (A.6.5)
of pullbacks. Recall that the restriction functor j* (on Ox/m¥-modules) admits a
left adjoint that we denote by ji (see | , Exposé IV Proposition 11.3.1]). The
formation of j, like j*, is a pseudo-functor on Cx z. This notation does not conflict
with the previous one: if 7’ is finite étale over n and 1, = 1o = 7’ then the trace map
of Lemma A.6.4 realizes j, (as previously defined by compactification, replacing B
by the trait B’ corresponding to 7’) as the left adjoint to j* (see | , Exposé
XVII Proposition 6.2.11]). For ay : 7 — n; over n consider the composition, where
Qg 1 1 — 19 is ay composed with n; — ng,

Ja1'Uy ay — Jay! Un,and JU = JCVI!JOQFUzOQ]! — FU270‘2]!'

Summing all possible a;’s we obtain, for as : 7 — 72 over 1, a morphism of functors

B jorFir s — Fiy i (A.6.7)
oy
where the sum is over all morphisms «; : 7 — n; whose composition with 7, — 79
is ag. If (ag, B, 72) is a geometric point of (ny, Us) and F is a sheaf of Op/m¥-
modules in Cy, p, then as usual we have an identification

(j!'F)Oézﬁ%’YQ = @ For,pim (A.6.8)

(a1,81,71)

where the sum is over all geometric points of (n;,U;) lifting (g, 52,72). Using
this identification one can easily check that the morphism of functors (A.6.7) is
an isomorphism. By construction it is compatible with the adjunctions of functors
(j1,5*) and (ja,1, 7%, ). The functor ji (on Op/my-modules) is exact, and we will
still denote by ji the induced functor between derived categories.

We get back to the situation of (A.6.6), given by a morphism f : X — Y of
schemes over s and an object j : (7', V) — (,Y) in Cy 5. Consider the morphism
of functors obtained as the following composition

/{519* — k‘yg*j*j! ~ kuk‘*f*]l — f*]l (A69)

Applying the forgetful functor F§ and using the identifications above (in particular
(A.6.7)) we see that this morphism of functors is an isomorphism. Under the
assumption that X and Y be separated and of finite type over s we can define
a second morphism of functors (now between derived categories) jigr — fiki by
abstract nonsense, as the composition

jggg — jggyk*kg ~ jlj*frkl — f[kg. (A610)
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Applying the forgetful functor Fy: and using the above identification (A.6.7), we
see that this morphism of functors is also an isomorphism.

For a scheme X over s and an integer n invertible on s we can pull back the
sheaf p,, via the morphism of toposes sp : X xyn — X and then define Tate twists
as usual by tensoring with tensor powers of sp*u,.

Lemma A.6.5. Let f : X — Y be a morphism between schemes which are
separated and of finite type over s. Assume that f is a flat and that all of its
fibers are purely of dimension 1. Then there exists, for any abelian group ob-
jgect F of Y x4 n killed by an integer invertible on B, a unique trace morphism
try « HX(fif*F)(1) — F which after applying Fy and using the identification
Fyfif* ~ faffFy is the usual trace morphism defined in | , Exposé XVIII
Proposition 1.1.6].

Proof. We are considering sheaves rather than objects in the derived category and
so it is enough to show that the trace morphism for fs is Gal(77/n)-equivariant,
which follows from compatibility of trace maps with base change. O]

Lemma A.6.6. Let f : X — Y be a flat morphism between schemes which are
separated and of finite type over s. Assume that all fibers of f are purely of
dimension one. Let j : (n/,V) — (n,Y) be an object of Cy g, and let g and k be as
in (A.6.6). Let F be an Op/mi-module in V x4 1. Then the following diagram
commutes.

2 * ~ 2 *
H>(fikag™F) — s (A0 F)

NT(A.ﬁ.lO) ltr 7 %41

. % jixtrg .
H(jigg*F) ——— jF(-1)

Proof. All morphisms in the diagram are compatible with the forgetful functor Fy
by definition, and so we are reduced to check that for any « : 7 — 7/, the following
diagram is commutative.

H?(farkarga Vo F) ——— H*(faf3jarlV,oF)

NT ltrfg *Jaul

. * * 'oe!*tr o . *
H2<ja!g&!gaFV,a]:) . : ]a!FV@F(_l)

This can be checked on stalks at any geometric point of Y5, using compatibility of
trace maps with base change 3°. O

36the fact that similar diagrams commute seems to be used implicitly in the proof of | ,
Exposé XVIIT Théoréme 3.2.5]
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Let f be a flat curve as in the previous lemma. Fix a compactification of f and
a conservative set of points of the topos X x 7 (for example one for each geometric
point of X). As in | , Exposé XVIII §3.1.15] we have a site I'g(f) equivalent
to Cx,p and adapted to f*. Namely, the underlying category of I'g(f) is that
of quadruples (7', U, V, ) where (1, V') is an object of Cy g, (1/,U) is an object
of Cxyp and ¢ : U — V Xy X is a morphism of schemes over X (automatically
étale); morphisms are defined in the obvious manner, and a family of morphisms
(i, Ui, Vi i) — (1, U, Vp) is covering if it induces a covering of U. For (', U, V, ¢)
an object of I'g(f) denote (somewhat abusively)

0 U) S (. V xy X) 5 (1, X)

in Cx p and define K(n',U,V,y) as the complex concentrated in degrees 0, 1,2
analogous to | , Exposé XVIII (3.1.4.7)] computing fikipOp/m¥. Denoting
j the morphism (1, V) — (n,Y) in Cy g, define K" (n/,U,V, ) as 5Op/m¥(—1)
concentrated in degree 2. The composition of the trace map for ¢, the identification

(A.6.9) kig* ~ f*j; and the trace map for f gives a morphism of complexes of
Op/my-modules in Y x, n:

K@, UV, p) — K"(,U,V, )

analogous to | , Exposé XVIII (3.2.1.1)]. We obtain a morphism of functors
K — K" from I'g(f) to the category of complexes of O /my-modules in Y x 7.
We have seen in Lemma A.6.6 that this morphism can be described using the
trace map for g : V' xy X — V. Using this description we obtain the following
consequence of the “fundamental lemma” | , Exposé XVIII Lemme 1.6.9].

Lemma A.6.7. Let f : X — Y be a smooth relative curve between separated
schemes of finite type over s. Let (nf,U,V, ) be an object of U's(f). Let (e, B,7)
be a geometric point of Cyp. There exist an object (n',U', V', ") of T'p(f) over
(7', U,V, ) and a geometric point (o', 8',~") of (n/, U, V' ') lifting (a, B,7) such
that

1. in cohomology in degrees 0 and 1, the morphism
K(nla U/> V,a (10/) — K(U/7 U7 ‘/7 90)
induces zero maps.

2. in cohomology in degree 2, the morphism K(n', U, V', ¢") — K"(n/, U, V' ¢')
mduces an isomorphism.
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Proof. This follows from Lemme 1.6.9 loc. cit. using Lemma A.6.6 twice (“base
change” the trace map for f: X — Y by (#/,V) — (n,Y) and the trace map for
U — V (with B replaced by B’) by (7/,V') — (1, V') (this second case is easier
than Lemma A.6.4) O

Exactly as in | , 83.2.1], for f a flat relative curve which is a morphism
between separated schemes of finite type over s the morphism of functors K — K”
induces a morphism of functors f*(1)[2] — f' (on derived categories) which, by
the same proof as in Lemma 3.2.3 loc. cit., coincides with the composition

FORI— fAEOE
where try : fif*(1)[2] — id is deduced from Lemma A.6.5 as in (2.13.2) loc. cit.

try

4 f (A.6.11)

Proposition A.6.8. Let f : X — Y be a smooth relative curve between separated
schemes of finite type over s. Then the morphism of functors f*(1)[2] — f' defined
by (4.3.4) is an isomorphism.

Proof. Using the previous lemma, the proof is identical to that of Théoréme 3.2.5
loc. cit. O

It seems likely that the analogue of Théoréme 3.2.5 loc. cit. (i.e. the general-
ization of this proposition to smooth morphisms of arbitrary relative dimension)
could be proved using the same strategy, but fortunately we will not need this
statement.

Corollary A.6.9. Under the same assumption, the morphism of functors (A.6.4)
18 an isomorphism.

Proof. This follows from the proposition and the fact that the following diagram
commutes.

tr
Fef* (D2 —— FRf AR —= Fif' — fifaFif
l tre_ l
ORI — ffafiORF — fF ——— LFAS
This commutativity follows from the compatibility of tr; and try using the ad-

junction formalism. O

Proposition A.6.10. For f : X — Y a morphism between schemes separated
and of finite type over s the morphism of functors (A.6.4) Fif' — fiFy is an
1somorphism.
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Proof. The morphism of functors (A.6.4) is compatible with composition. We
are thus reduced to proving that this morphism is an isomorphism Zariski-locally
(or even étale-locally) on X, since for g an open immersion into X we have an
isomorphism ¢' ~ ¢* given by the trace map (Lemma A.6.4) and similarly for gs,
and we already know the compatibility of g* with F7. Thus we can assume that
f is a morphism between affine schemes of finite type over s. We can factor f as
7i where 7 : AY — Y is the typical affine space of relative dimension d and i is a
closed immersion. We are reduced to proving the statement with f replaced by ¢
or T.

So let us assume first that f : X — Y is a closed immersion between affine
schemes of finite type over s. Denote by g : U — Y the complementary open
immersion. The right adjoint functor f' also arises as the right derived functor
of the “sections with support in X functor °f*, and similarly for fs and we leave
it to the reader to check that the morphism F%f' — fiFy which is defined by
adjunction coincides with the one obtained by deriving the obvious isomorphism
of functors F3Of ~ Of1F% 37 Thus we have a commutative diagram whose rows
are (functors in) distinguished triangles.

Fiff —— Fy —— Fig.g" —

| | |

fouliFy —— Fy —— gsgiF —

The middle and right vertical morphisms are isomorphisms, so the left one is also
an isomorphism, and applying fZ gives us the lemma in this case.

Finally, assume that Y is affine and that f : X — Y is a typical affine space
of relative dimension d. By composition we are easily reduced to the case where
d = 1, which is covered by Corollary A.6.9. n

Corollary A.6.11. For f : X — Y a morphism between schemes separated and
of finite type over s the composite morphism of functors

sp*ft — fhsp*f ~ flsp*fift — flsp* (A.6.12)

18 an isomorphism.

37Note that, as in the case of the derived direct image functor, there is no a priori reason for
Fy to map an injective sheaf of Op/m¥-modules to one that is acyclic for °fL, and a priori so
the morphism of functors between derived categories may not be an isomorphism.
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Proof. The same arguments used to prove Proposition A.6.10 show that the com-
posite morphism of functors

BCY f' — fifa BOY f'~ fLBCL fift — fLBCE

is also an isomorphism, and using the fact that the isomorphisms of functors
BC; ~ Fysp*, sp*fi ~ fisp*, BCy fi ~ fa BCY and Fy fi ~ faF% are compatible
one can deduce formally that (A.6.12) is also an isomorphism. O

For f : X — Y a separated morphism between schemes of finite type over B,
from the morphism of functors fa ¥, — W, f,1 we obtain by adjunction a morphism
of functors ¥, f,; — fs'\I/?7 The analogue of Lemma A.6.2 holds true for formal
reasons.

A.6.5 Correspondences and nearby cycles

Let ¢; : X — X, for i = 1,2 be a pair of separated morphisms between schemes of
finite type over B, and L; an object of D%(X,,, Op/m¥) (resp. D’(X;, Op/m¥)).
Denote m; : X; — B. If u is a correspondence from L; to L, with support in
(¢1,, C2) (resp. (c1,cz)) then we get a correspondence W, u (resp. Yu) from ¥, L,
to W, Ly (resp. VL, to W Ly) with support in the pair of morphisms between 2-fibred
toposes (c1,s, C2,5) (resp. (c1,¢2)). In the case of ¥, it is defined as the composition

¢ ULy — Uyet Ly =% Wy Ly — ¢, U, Lo, (A.6.13)

In the case of Wu, note that (Wu), : ¢} ;i*L; — c!z’si*LQ is simply #*u, defined using
itch — cl27si*, and that we get a morphism of correspondences sp*i*(Ly, Lo, u) —
W, 5*(Ly, Lo, u).

Proposition A.6.12. If u is a correspondence from Ly € Ob DF (X1, Op/m¥)
to Ly € Ob D} (X, Op/m¥) and if ¢; (resp. c2) is proper then the diagram

(\Ij'r]u)! Ux
71-l,s!\IjnLl E— 7T2,s!\IJT]L2 771,7]*[/1 —_— 7T2,17*L2
u (‘I’nu)*
\117777'1’77[[/1 — \11777'('2,771112 Wl,s*\llnLl — Wg’s*‘I/nLQ

in DF(n, Og/m%) is commutative.
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Proof. We only prove the commutativity of the first diagram, as the second case
is very similar. For the proof it will be slightly simpler to view u as a morphism
ComCi L1 — Ly (by adjunction). It is a formal exercise in adjunction to check
that W, u : ¢y ac] W, L1 — W, Ly is the composite

U xu
CQ}S[C?S\IjnLl — 6275!\117701{7”[11 — \Ij7762:77!c>{777[’1 — \DnLQ

and that w : my L1 — ma,1 Lo is the composite

* * T2l *U
MLy — Wl,n!Cl,n*Clle ~ 772,77102,17101777L1 ——— Mo Lo

and similarly for (¥,u),. We want to show that the diagram

* ~ * * *
771,5!\1/77[/1 - Wl,s!cl,s*cl,sanLl = 71-2,5!02,3!6175\1177-[/1 - 77-2,3!02,5!\1/7701,77[/1 > 7T2,s!\1jnc2,77!01m[/1

! |

* ~ *
\117771'1777][/1 - \1]7771'177710177]*01777[/1 = \I/T]WQ,’V]!CQ,T]!CI,nLl — \Ijnﬂ-Q’n!LQ — 72751\1177[/2

commutes. Reordering the morphisms of functors used along both paths as we
may, we find that the diagram commutes thanks to the commutativity of

*
v, ? Cl,s*cl,san

J !

* *
‘Ijncl,n*cl,n > C1,sx \Ijncl,n

which follows formally from the definition of ¢ ;¥,, — W, ], by adjunction, and
Lemma A.6.2 applied with (g, f) = (71, 1) and (72, ¢2). O

A.7 Nearby cycles of perverse sheaves

We will need the notion of perverse sheaves for the topos X x;n where X is scheme
of finite type over s. The properties of §1.4.3 in | | are satisfied for any open
subtopos of an arbitrary topos, with an arbitrary sheaf of rings. Note that the
open subtoposes of X X, n are precisely the U x4 n for U an open subscheme
of X (to check this one is immediately reduced to finite étale descent of open
immersions). The consequences in §1.4.2.1 loc. cit. are thus satisfied as well, and
they also hold for Og-sheaves and E-sheaves. Thus the results of §1.4 loc. cit. can
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be applied without modification. The definitions of §2.2.9 and 2.2.10 loc. cit. only
need to be slightly modified: we consider stratifications of X satisfying the same
smoothness condition over 5, and for a stratum S a finite set of isomorphism classes
of local systems (with coefficients Op/mg, Op or E) over Sz. The argument at
the end of §2.2.10 loc. cit. still applies since for j : U < X we have F%j. o~ j5.F.
Assuming as usual that the perversity function and its dual are non-increasing, the
argument using cohomological purity in §2.2.11 loc. cit. also applies to show that
by refining the stratification and enlarging the finite collections of isomorphism
classes of local systems on strata considered, we get compatible t-structures. Note
that this uses Proposition A.6.10. This gives us a t-structure on Dei(X, Op/m¥)
(or Db(X,OF) or Db(X, E)) associated to a perversity function. From now on we
will only consider the case of E-coefficients and the self-dual perversity function.
To sum up, we have a t-structure on D%(X x, 7, E) which is compatible with the
usual one on D%(Xg, E): a complex K in D¢(X xn, E) is in D=0 if and only if
F% K is in D= In particular the functor sp* : D*(X, E) — D%(X x40, E) is also
compatible with the perverse t-structures.

These compatibilities rely on the compatibility of F3 with the four operations
associated to a morphism between separated schemes of finite type over s. We will
also need the following compatibility with (derived, as usual) “internal Hom”.

Lemma A.7.1. For a complex K in Dys(X % n, Op/m%) (resp. DY(X x,n,OFg),
resp. DY(X x4n, E)) and a complex L in D(X x40, Og/m¥) (resp. D(X x,n, OF),
resp. D(X xn, E)), the morphism FxRHom(K, L) — RHom(F% K, F% L) obtained
by adjunction from [Sgaf, Exposé 1V (13.4.2)] is an isomorphism.

Proof. This follows from [Sgaf, Exposé VI Corollaire 8.7.9]. O

Lemma A.7.2. The conclusion of Lemma A.5.1 2 holds true if we consider
schemes over the base s and perverse sheaves Ly, in D5(Uy x4, E).

Proof. The ingredients in the proof of Lemma A.5.1 are still valid over toposes
7 XgMm:

1. The induction formula
RHom(i*K,i'L) ~ i'RHom(K, L)

holds for any inclusion i : F' < X of a closed subtopos F' (complementary
to an open subtopos U) of a topos X.
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2. The inclusion (| , Proposition 2.1.20] in the usual setting)

RHom(?Dz*,?D=b) ¢ D=V~

holds true thanks to the previous lemma .

]

Lemma A.7.3. Suppose that we have a commutative diagram of schemes separated
and of finite type over B

X X5

where j, 71, Jo are open immersions and both squares are cartesian. For k = 1,2
let Ly be an object of D%(Xy,, E). Then the diagram of groups of correspondences

—% =l * ok ! ]
Hom(cle, CQ,nLg) _ Hom(clm]lle, 627n32,nL2)

| |

Hom(é*{ys\IJnLl, E!Q,S\IIWLQ) _ Hom(c*lis\llnjfm[,l, 01275\1177]'57”[,2)

18 commutative.

Proof. This follows from Lemmas A.6.1 and A.6.2 and their adjoints. Details are
left to the reader. O

B Irreducible finite-dimensional (g, K)-modules

In this appendix we denote I' = Gal(C/R). Let G be a (connected) reductive
group over R. Choose a maximal compact subgroup K of G(R). Let g be the
complexification of Lie G(R), i.e. the Lie algebra of G¢ in the algebraic sense.

38this could certainly also be proved for an arbitrary topos endowed with a stratification.
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Denote by X*(G)' the group of morphisms G — GL;r (defined over R). We
have an injective morphism

C ®z X*(G)' — Homeon (G(R),CX)
s®x (9= |x(9)]")

and we will implicitly identify C®zX*(G)" with a subgroup of Hom, ey (G(R), C*).
Our next goal in Lemma B.0.2 is to show that if Gge, is simply connected then
irreducible finite-dimensional (g, K')-modules are obtained by twisting an algebraic
representation of G¢ by a character in C®z X*(G), but first we consider the case
of tori.

Lemma B.0.1. Let T be a torus over R.

1. Any continuous character x : T(R) — C* can be written as the product of
an element of C @z X*(T) and the restriction of an algebraic character of
T(C).

2. A character in C @z X*(T)" is the restriction of an algebraic character
T(C) — C* if and only if it belongs to (14 o) X*(T).

Proof. 1. Assume first that T = GL; . Up to multiplying x by the restriction
of the identity character we can assume that y(—1) = —1, so that x belongs
to C X7z X*(T)F

Assume next that T is anisotropic of dimension one, i.e. T(C) ~ C* and
for z € T(C) we have o(z) = z~!. The character x of the circle T(R) can
be written z — z* for some integer a, and is clearly the restriction of an
algebraic character of T(C).

Assume that T = Resc/r GL1 ¢, so that T(C) ~ C* x C* with Galois action
given by o(z1,22) = (Z2,%1). In particular T(R) ~ {(z,2Z)|z € C*}. The
character x of T(R) can be written (z,%z) — (2/|2])%|z|® for a € Z and b € C.
We have x(z,Z) = 2%2/°7% The character T(R) — Rsg, (2,%) + [2[*7@
belongs to C ®z X*(T)' and the character T(R) — C*, (2,%z) > 2% is the
restriction of the algebraic character T(C) — C*, (21, 22) — 2{.

Finally if T is an arbitrary torus then T decomposes as a product of in-
decomposable tori which are isomorphic to one of the three tori considered
above.
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2. As for the previous point this can be checked easily for each isomorphism
class of indecomposable tori. Details are left to the reader.
m

Lemma B.0.2. Assume that the derived subgroup Gaer of G is simply connected.
Any irreducible finite-dimensional (g, K)-module is, up to twisting by a character
in CRz X*(G)', the restriction of an irreducible algebraic representation of G(C).

Proof. Let V be an irreducible finite-dimensional (g, K)-module. More precisely,
we have morphisms 7 : g — End(V) and p : K — GL(V) satisfying the usual
conditions. The semisimple Lie algebra [g,g] acts via 7 on V, and comparing
the classifications of representations of [g, g] and of G, (or using the fact that
Ger (C) is simply connected and that any holomorphic representation of Gge(C)
is algebraic) we see that it integrates to an algebraic representation of Gge(C),
that we still denote 7.

Let Ag be the largest split central torus in G, and denote A = Ag(R)°.
Similarly via m and Schur’s lemma we get a scalar action of the vector group G
on V', again denoted by .

Next we check that we can glue the actions of A, Gy, (C) and K to get an
action of the subgroup A - Gy (C) - K of G(C). First we observe that A is central
in G(C) and Gge,(C) is normal in G(C). Any element of A - G (C) - K can be
written agk with a € A, g € Gge:(C) and k € K, and the triple (a, g, k) is unique
up to the equivalence relation (a,g,k) ~ (a,gz,z7'k) for all z € Gge:(C) N K.
Now Gger(C) N K is a maximal compact subgroup in Gge(R) which is connected
because Gge, is simply connected | , Corollaire 4.7|, and so Gge(C) N K is
also connected, which implies that 7 (defined by integration on Gge(C)) and p
agree on Gy, (C) N K. It follows that the map

A Gy (C) - K — GL(V)
agk — m(a)m(g)p(k)

is well defined. Using the relation 7(Ad(k)(X)) = Ad(p(k))(7(X)) for k € K and
X € g it is easy to check that we get an action of A - Gge(C) - K on V', both
extending p and integrating 7|y gjeLic A-

Letting D = G/Gge we have a short exact sequence

1 = G (C) = G(C) & D(C) — 1.

The inclusion p(A - K) C p(G(R)) is an equality: A - K contains the center of
G(R) and so p(A- K) is an open subgroup of D(R), and K meets every connected
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component of G(R). Therefore we have A - Gger(C) - K = Gyer(C) - G(R). If T is
a maximal torus of G then p(T(R)) is an open subgroup of D(R). If moreover T
contains a maximal split torus of G (i.e. if T is a maximal torus in the centralizer of
a maximal split torus of G) then T(R) meets every connected component of G(R)
[ , Théoréme 14.4| and so we have p(T(R)) = p(G(R)), i.e. Gger(C) - G(R) =
Gaer(C)T(R). Let B be a Borel subgroup of G¢ containing T¢, let u C g be
the (algebraic) Lie algebra of its unipotent radical and let u~ be the Lie algebra
of the unipotent radical of the opposite Borel subgroup of G¢ with respect to
T¢, so that we have g = u~ & t & u where t = LieT¢c = C ®g Lie T(R). Let
Vt={v e V|VX € g, 7(X)v = 0} be the subspace of maximal vectors in V', so
that V' is generated as a representation of u~ by V* ie. w(U(u™))V" =V where
U(—) denotes the universal enveloping algebra. Denoting Tger = Gaer 1T, the
subgroup Ty (C) - T(R) of T(C) preserves V* and the action of Tge(C) on V" is
algebraic. There exists a line L C V* preserved by the commutative group T(R),
on which it acts by a continuous character y. If Xy,..., X,, are eigenvectors for
the roots ai, ..., q, of T¢ acting on u~ then for ¢ € T(R) and v € L the action
of t on 7(Xy)...m(X,)v is multiplication by x(¢)ai(t)...a,(t). The subspace
7(U(u™))L is an irreducible sub-[g, g]-representation of V, i.e. an irreducible sub-
G ger(C)-representation. Therefore 7(U(u™))L is an irreducible sub-Gge (C)- T(R)-
representation of V', and so it is equal to V' (this also implies the equality V* = L).
By the first point of Lemma B.0.1 there exists a character v € C ®7 X*(T)' of
T(R) such that yv is the restriction of an algebraic character of T(C). Since the
restriction of x to Tge (R) is already algebraic, by the second point of Lemma B.0.1
there exists A € X*(Tge) such that the restriction of v to Ty equals (1 + o).
We have a short exact sequence

0— X*"(D) = X (T) - X" (Tqer) — 0.

Let \ € X*(T) be any lift of A. Up to dividing v by (1 + 0)5\, which preserves the
algebraicity of yv, we can assume that v belongs to

C®z X*(D)' =C®z X*(G)'.

So up to twisting V by an element of C ®z X*(G)' we can assume that y is
the restriction of an algebraic character of T(C). It is now clear that V' extends
uniquely to an (irreducible) algebraic representation of G(C). O
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C Hecke formalism for boundary strata of minimal
compactifications of Shimura varieties

A technical nuisance when working with minimal compactifications of Shimura
varieties is the fact that the boundary strata are not quite Shimura varieties, but
only quotients by certain finite groups of Shimura varieties. Even in cases where
they are (disjoint union of) Shimura varieties, keeping track of Hecke operators
quickly becomes a notational burden: the analogues of automorphic local systems
on boundary strata, which appear thanks to Pink’s theorem | |, are defined
using group cohomology of arithmetic groups, so that we are led to consider a mix
of group cohomology and étale cohomology. We find convenient to isolate concerns
as follows:

e introduce a slight generalization of the notion of Shimura datum, associate
“generalized Shimura varieties” to them, define the analogue of automorphic
local systems on them and check that their cohomology groups are naturally
endowed with Hecke operators (commuting with the action of the Galois
group in the f-adic setting),

e show that the boundary components of such generalized Shimura varieties
are themselves generalized Shimura varieties.

Most of our efforts will be spent proving that our generalized automorphic local
systems induce a Hecke formalism in cohomology.

C.1 Generalized Shimura varieties

Definition C.1.1. A generalized Shimura datum is a triple (G, X, h) where G
is a connected reductive group over Q, X is a homogeneous space under G(R)
and h : X — Hom(S, Gg) is a finite-to-one G(R)-equivariant map satisfying the
following weakening of [ , §2.1.1], for any (equivalently, one) x € X:

1. the adjoint action of h(z) on Lie Gg is of type (—1,1), (0,0), (1,—1).

2. for any simple (over Q) factor H of G.q, either h(z) acts trivially on Lie Hg
or Hg s isotropic and conjugation by h(z)(7) is a Cartan involution of Hg.

The first condition implies that for any € X the image of h(z) by Hom(S, Gg) —
Hom(S, G,qr) is trivial on the split one-dimensional subtorus in S. Let Gye be
the smallest algebraic (over Q) subgroup of G satisfying hA(X) C Hom(S, Gherr)-

230



It is a normal subgroup of G and we have a canonical decomposition G,q =
Gadlin X Gherad- Letting Xy be a Gpe(R)-orbit in X', we see that (Guper, A7) is a
pure Shimura datum in the sense of | , §2.1].

Following | , §3.1] we also make the following assumption.

Assumption C.1.2. The connected center of G/Ag stays anisotropic after base
changing along Q — R.

Remark C.1.3. One could replace Gyer by any connected group between Gyer
and G Z(G)°. It is very formal to check that the subsequent definitions (e.g.
Definition C.1.8 and Proposition-Definition C.2.1) do not depend on this choice.

Example C.1.4. Starting from a Shimura datum (Guer, X1, h) (in the sense of
/ , §2.1]) and a connected reductive group Gy, over Q we can form a gener-
alized Shimura datum with G = Giin Xspecq@ Gher and X = Xj.

This is in fact the only case needed in the main part of the paper.

Let X' = G(R)/KxAg(R)?, a real manifold isomorphic to RY for some in-
teger N. In the following discussion it could be replaced by any “large enough”
contractible space with an action of G(Q), for example any space EG(Q) with a
proper free action of G(Q), giving a model G(Q)\EG(Q) of BG(Q). Consider
the projections, for K a compact open subgroup of G(Ay)

GQ\(X x X' x G(Ay)/K) — GQ\(X x G(As)/K). (C.1.1)

We will see below that the right-hand side is a naturally a quasi-projective complex
variety when K is neat (Deligne-Mumford stack in general) even though in general
the action of G(Q) is not proper. The action of G(Q) on X x &' x G(Ay)/K is
proper because it is already propre on X’ x G(Af)/K, and if K is neat this action
is moreover free. The source of (C.1.1) is not a complex manifold (it may have
odd real dimension) in general however, in particular it cannot be algebraized.

The spaces G(Q)\(X x G(Ay)/K) may be described using Shimura varieties.
Let S be the stabilizer of X} in G(R), an open subgroup of G(R). Denote Sg =
SN G(Q). Similarly let C' be the centralizer of A}, i.e. the subgroup of elements
of S fixing X; pointwise, and Cg = C' N G(Q). We have an isomorphism

So\(X1 X G(Af)/K) = G(Q\(X x G(Af)/K)

because G(Q) meets every connected component of G(R). The left-hand side
decomposes as

|| So\ (X1 X SgGrer(Af)gK/K). (C.1.2)
[9]€50Gher (Ap)\G(Af)/K
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Denoting P(gK) := gKg~ ' N Gpe(Af) and
Sh(Ger, X1, P(9K))(C) == Grer(Q)\ (X1 X Grer(Af)/P(gK))
we have surjective maps (right multiplication by g)
Sh(Grer, X1, P(9K))(C) — S\ (X X SgGer(Af)gK/K). (C.1.3)

In order to describe them as torsors under finite groups we introduce a slight
generalization of the action of Gy (Af) on the tower of Shimura varieties for the
Shimura datum (Gye, X7). Note that C' is an open subgroup of the centralizer
of Gperr in G(R), and that Sp/Cq is a group of automorphisms of this Shimura
datum.

Proposition-Definition C.1.5. The group SgGue(Af) has a right action on
the tower (Sh(Guer, X1, Kner)(C)) k.. of Shimura varieties, where Kye Tanges over
neat compact open subgroup of Guer(Ayf). Fort = sgner € SoGrer(Af) and K|, C
tKhert ™t we have a map

,I;f : Sh(Gher7 Xh Klller)((c) — Sh(Ghera Xla Kher)<C)
[.Z‘, gKkller] — [8_1 K2 S_I.QtKher]

In other words T} is the composition Ty, o Ts with T, the isomorphism induced

1

by the automorphism of the Shimura datum (Guer, X1) induced by s='. This map

does not depend on the choice of decomposition t = Sgner-

Proof. First we note that s 'gt = (s7'gs)gner belongs to Gpe(Ay). For k €
K, we have gktKype = gt(t 'kt)Kper = gtKper. For v € Sg N Ghe(Af) =
Gier(Q), replacing (s, gher) by (577", Ygner) We find [ys™ -z, 75 gt Kier] = [s7 -
2,5 gt Kper). O

Note that the distinguished subgroup Cqg of SqGne(Af) acts trivially on the
tower. For K|, C tKpet ' and K|, C ¢'K| (t')"" we have T, o Ty = Ty as
morphisms Sh(Gyer, X1, K{-,) = Sh(Gher, X1, Kher): this follows formally from the
functoriality of the maps T, with respect to Shimura datum isomorphisms. In
particular we have T}, = T} for any k € K.

Returning to K a compact open subgroup of G(Af) and gK € G(A;)/K
denote also Q(gK) = gKg~ ' N SgGre(Af) and C(gK) = gKg* N Co.
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Lemma C.1.6. Let Gy ger := Cent(Gher, G)Y., (derived subgroup of neutral com-
ponent of centralizer). Assume that K is neat. Then C(gK) is a torsion-free arith-
metic subgroup of Gun der(Q) and the multiplication map identifies C(gK ) x P(gK)
(with the product topology) with an open subgroup of Q(gK) having finite index.

Proof. We show first that C(¢gK’) is an arithmetic subgroup of Gy qer(Q). For zy €
h(X) the (G/Giinder) (R)-orbit of ¢ in Hom(S, (G/Giin,der)r) is & Shimura datum
still satisfying Assumption C.1.2 and so the image of C'(gK) in (G/Ginder)(Q)
is trivial, i.e. C(gK) is contained in the arithmetic subgroup Gy, ger(Q) N gKg™*
of Giinder(Q). It is torsion-free because Giinder(Af) N gK g ! is neat. Let Gy s
be the simply connected cover of Giy der, then Gy sc(R) is connected and so its
image in G(R) is contained in C'. It follows that C'(gK’) contains the image of the
intersection of Gy, s(Q) with the preimage of gKg™!, so by | , Corollary
6.11] it contains an arithmetic subgroup of Gy der(Q).

The intersection Cg N Gher(Af) is contained in the center of Gpe,(Q) and so by
neatness of K and Assumption C.1.2 we have C(gK) N P(gK) = {1}. Note that
SoGher(Af) is the preimage of Sg/Gher(Q) C (G/Gher)(Q) under the projection
G(Af) = (G/Gher)(Af), and so SgGher(Af) is a closed subgroup of G(Ay) and
Gher(Af) is an open subgroup of SgGher(Af). It follows that P(gK) is an open
subgroup of Q(gK), and so the multiplication map C(gK) x P(¢gK) — Q(gK),
identifies C(gK) x P(gK) with an open subgroup. We are left to show that this
subgroup has finite index. We have a map

Q(gK)/C(gK)P(gK) — Grer(Q)\Ger(Af)/ P(9K)
h/ghcr] — [ghcr]

where v € Sg and gner € Gher(Af), which is well-defined because C(gK') commutes
with Gper(Af). The target of this map is finite | , Théoréme 5| and we are
left to show that its fibers are finite. If Y;gner1 and Y2gnero map to the same
class then up to right multiplication by an element of P(¢K) we may assume
Gher2 € Gher(Q)gher1 for some ey € Grer(Q), and since Gy, (Q) is contained in
Sp We may even assume gher1 = Gher2- 1hus it is enough to show that for any
Gher € Ger(Af) the quotient

{7 € So|V9ner € 9Kg "}/ C(9K)(Gher(Q) N Grer K 9™ G

is finite. This quotient is either empty or in bijection with

(So N (gher 9K 9 G1r))/C (9K ) (Grer(Q) N Gher g K g Gron )
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so it is enough to show that

(G(Q) N (gherd K9 G3n)) /C(9K) (Gt (Q) N Gerg K G Grrew)

is finite. There exists a central torus T of G such that the multiplication mor-
phism T X Giipder X Grher — G is a central isogeny. Assumption C.1.2 implies
T(Q) N K = {1}, so another application of | , Corollary 6.11] tells us that
C(9K)(Gper(Q) N ghergK gL gpL) is an arithmetic subgroup of G(Q). O

Let R(gK) := Q(gK)/C(gK), which by Lemma C.1.6 is a profinite topological
group. The natural map P(gK) — R(gK) identifies P(gK) with an open subgroup
of R(gK). The finite quotient R(gK)/P(gK) acts on Sh(Gyer, X1, P(9K))(C) via
the maps T; defined above.

Proposition C.1.7. For a neat compact open subgroup K of G(Ay) and g €
G(Ay) the left action of (SoNgKg™')/C(gK) on Xy is proper and free. Similarly
the right action of R(gK)/P(gK) on Sh(Gyer, X1, P(9K))(C) is free and exhibits
(C.1.3) as a right R(gK)/P(gK)-torsor.

Proof. See | , Proposition 3.7.5]|. O

We also see that over the piece corresponding to [¢g] in the decomposition
(C.1.2), the map (C.1.1) is a fibration with fiber C'(¢K)\X”, in fact base changing
(C.1.1) along the finite étale map Sh(Gyer, X1, P(9K)) = G(Q)\(X x G(Af)/K)
given by (C.1.3) and (C.1.2) yields a trivial fibration.

Let F' be the reflex field of (Gper, X1). We would like to have a tower of
smooth quasi-projective schemes Sh(G, X', K) over F', where K ranges over neat
compact open subgroups of G(Ay), and a right action of G(Af) on this tower,
along with identifications (isomorphisms of complex manifolds) Sh(G, X, K)(C) ~
G(Q)\(X x G(Af)/K) compatible with transition maps and the action of G(Ay).
It should be possible to redo the whole theory with this more general defini-
tion of Shimura datum, but one can simply reduce to “classical” Shimura vari-
eties as follows. For Kj. a neat compact open subgroup of Gpe(Af) denote by
Sh(Ger, X1, Kper) the canonical model, a smooth quasi-projective scheme over
F. The action of SgGper(Af) on the tower (Sh(Gher, X1, Kher)) k., introduced in
Proposition-Definition C.1.5 descends to canonical models: by | , Proposition
11.10] for any s € Sg its inverse induces isomorphisms

Ts : Sh(Gher7 Xla Kher) ; Sh(Ghera Xla S_lKherS)
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and the arguments of Proposition-Definition C.1.5 adapt to show that we have
well-defined finite étale maps T; between canonical models. In particular for K a
neat compact open subgroup of G(Ay) and gK € G(Af)/K we have a right action
of R(gK)/P(gK) on Sh(Gyer, X1, P(gK)) and this action is free because it is so on
complex points. We obtain | , Tag 0757] smooth quasi-projective quotients

U(gK) = Sh(Gper, X1, P(gK))/(R(9K)/P(9K))
and morphisms T} between them, for ¢t € SgGyer(Af). We have a functor

F(G, X, h, Gher, X1, K) @ [SgGher(Af) ~ G(Af)/ K] — Sch
gK — U(gK)

(gK AR th> — (U(gK) Ly U(th)> .

Definition C.1.8. Let (G, X, h) be a generalized Shimura datum satisfying as-
sumption C.1.2. For K a neat compact open subgroup of G(Ay) define the (quasi-
projective and smooth) scheme Sh(G, X, K) over the reflex field F' as the colimit
of the functor F(G, X, h, Gyer, X1, K).

For gK € G(Af)/K and t € AUt[S@Gher(Af)mG(Af)/K}(QK) = Q(gK) we have

T;-1 = id and so choosing representatives yields an isomorphism

Sh(G, X, K) ~ | ] U(gK). (C.1.4)
[91€S0Gner (Ap)\G(Af)/ K
We denote by
tyg : U(gK) = Sh(G, X, K)

the canonical embedding. It is very formal to check that choosing a different
Gher(R)-orbit X in X yields a canonically isomorphic colimit, which is why X} is
absent from the notation Sh(G, X, K).

Example C.1.9. Consider the case of a direct product (Example C.1.4) where
G = Gin X Gher and (Gyer, X, h) is a Shimura datum. We have S = G(R),
SoGher(Af) = Giin(Q) X Gper(Ay) and Gin(R) X Z(Gper (R))? is an open subgroup
of finite index in C. For any neat compact open subgroup K of G(Ay) and any
gK € G(Ay)/K we have C(gK) = Giin(Q)NgK g™t (thanks to Assumption C.1.2)
and so R(gK) is identified with a neat compact open subgroup of Guer(Af), and
U(gK) s identified with Sh(Gyer, X, R(gK)). In the case where K = Ky X Kper
the situation is even simpler: we have R(gK) ~ P(gK) = gherKhergl:elr and
SoGrer(Ap\G(Ay) /K =~ Giin(Q)\Guin (A f) / Kiin.
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Remark C.1.10. When we have integral models for the Shimura varieties Sh(Guer, X1, Kper),
say for Kyne hyperspecial at p for some prime p, we would like to construct inte-
gral models of the generalized Shimura varieties Sh(G, X, K) as well. For this one
needs to check the analogue of the second part of Proposition C.1.7 for the special
fibers (in characteristic p) of Sh(Gyer, X1, P(gK)). In the direct product case (Ez-
ample C.1.9) this reduces to the fact that Sh(Guyer, X1, K,) — Sh(Gher, X1, Kper)

is a right Kye /K|, -torsor whenever K

Ler 8 a distinguished open subgroup of the

neat level Kyey.

In the rest of this appendiz we discuss the case of generalized Shimura varieties
over the reflex field. Under the above hypotheses (hyperspecial level, direct product
case) everything generalizes to integral models, but we leave the details implicit.

For h € G(Ay) and neat compact open subgroups K and K’ of G(A) satisfying
K' ¢ hKh™! we have a well-defined morphism 7}, making the following diagrams
commutative, whenever ¢, ¢’ € G(Ay) and ¢t € SgGre(Af) satisty g'h € tgK:

U(¢K') —Z Sh(G, X, K")
|z | (C.1.5)
U(gK) —2— Sh(G, X, K)
For any k € K we have T}, = T),. For any b’ € G(Ay) we have T}, T}, = Ty

Lemma C.1.11. Let K’ be a distinguished open subgroup of a neat compact open
subgroup K of G(Ay). We have an action of the finite group K /K’ on Sh(G, X, K')
via the maps (Th)ner/k defined above (see (C.1.5)). The finite étale map

Ty : Sh(G, X, K') — Sh(G, X, K).

is surjective and K/K' acts transitively on its geometric fibers. The stabilizer
of a geometric point of the component of Sh(G,X,K') corresponding to [g] €
SoGrer(A)\G(Ay)/K' is the image of KN g~ 'Cqog =g 'C(9K)g in K/K'.

Proof. 1t is clear that K/K' acts transitively on the fibers of the surjective map
SoGher(Ap)\G(Ay) /K" — SoGrer(Ap)\G(Ay) /K.

The stabilizer in K/K' of [g] € SgGne(Af)\G(Af)/K" is the image of K N
9 80Ghe(Ar)g = ¢7'Q(9K)g in K/K'. So we may fix ¢ € G(A;) and we
are left to check that the finite étale map

U(gK') 2 U(gK) (C.1.6)
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is surjective, that Q(gK)/Q(gK') acts transitively on its geometric fibers and that
the stabilizer of any geometric point of U(gK’) is the image of C(gK). This is
clear because the natural map

Sh(Gyer, X1, P(gK")) — U(gK)

is a right R(gK)/P(gK')-torsor thanks to Proposition C.1.7. O

C.2 Hecke formalism

Let ¢ be a prime and F a finite extension of ;. When working with integral
models we also assume that ¢ is invertible over the base. Let K be a neat compact
open subgroup of G(Ay) and ¢ € G(Ay). For any open subgroup H of P(gK)
which is distinguished in R(gK) we have a finite étale map

Ty : Sh(Gher, X1, H) — U(gK)

and an action of R(gK')/H on the source which identifies U (gK') with the quotient.
These maps and actions are compatible with change of H. This gives us, as a
special case of | , (1.10)], a morphism from the étale topos of U(gK) to the
topos Setsg(gi) of (discrete) sets with continuous action of R(gkK’). More precisely,

e the pullback functor F#9X) maps a set A with continuous action of R(gK)
to the colimit over H (as above) of the sheaf on U(gK) associated to the
R(gK')/H-equivariant constant sheaf on Sh(Gyer, X1, H) corresponding to
AH

’

e the pushforward functor maps an étale sheaf G on U(gK) to

colimy G (Sh(Gher, X, H) D U(gK)) .

Ekedahl | | defined an Opg-linear triangulated category DT (R(gK),OF) as-
sociated to the topos Setsgyx), the constant ring object O in this topos and the
maximal ideal mg of Op. We only recall that this is a certain quotient of a certain
subcategory of the derived category of (Of)e.-modules, where (OF), is the ring ob-
ject (Op/miy)i>o in the topos Setsyy. As in [Taia] we denote by D¥(R(gK), E)
the triangulated E-linear category obtained from D (R(gK),OFg) by inverting /.
Similarly we consider the triangulated E-linear category DT (Q(gK), E), and we
have a triangulated functor RI'(C(¢gK),—) : DT(Q(9K),E) — DT (R(9K), E).
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Now let V' be a bounded object in the derived category of the abelian category
of continuous representations of G(Qy) over finite-dimensional E-vector spaces.
For any neat compact open subgroup K of G(Ay) and any t € SgGhe(Af) we
have a composite isomorphism s(Q(K),t)

~ PRI RD(C(tK), Ad(t™1)V)
~ fR(tK)RF(C(tK), V) (0.2.1)

Here

e We abusively still denote by V' its image in D' (Q(K), E) (see | , Corol-
lary 2.5]),

e the first isomorphism follows from the definition of F and the fact that
the maps T} induce a morphism between towers of Shimura varieties above
T : U(tK) — U(K), intertwining the actions of R(tK) and R(K) via the
isomorphism Ad(t~!) : R(tK) ~ R(K) induced by Ad(t ') : Q(tK) ~ Q(K),

e the second isomorphism is completely formal using C(tK) = tC(K)t ™,
e the third isomorphism is the action of ¢t on V.

Proposition-Definition C.2.1. Let K be a neat compact open subgroup of G(Ay).
There exists an object AFX(V) of D¥(Sh(G,X,K),E) together with isomor-
phisms, for all gK € G(Ay)/K,

UAFR (V) = FROKIRD(C(gK), V)
such that for any t € SoGner(Ay) the following diagram is commutative.
Tr o AFE (V) —=— Ty FROKIRT(C(gK), V)

H~ NlS(Q(gK),t)
i AFE(V) —2— FRUKRD(C(tgK), V)

This characterizes AF%(V).

Proof. Uniqueness follows from (C.1.4). It follows from Lemma C.2.4 below (we
are in the case where the inclusions between levels are equalities) that the formation
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of s(Q(K),t) is compatible with composition, i.e. for ¢1,t2 € SgGher(Af) the
composition

thTttfR(K)RF(C(K)’ V)
Tt* s Q K ,t
TN g RO IO, V)

s(Q(t1K),t2) .FR(t2t1K)RF<C(t2t1K), V)

is equal to s(Q(K), tat1) (implicitly using T3 77 ~ T}, ). We can use this to show
the analogue of (4.3.1): for any ¢ € Q(K) we have T}, = T}, R(tqK) = R(tK),
C(tgK) = C(tK) and s(Q(K),tq) = s(Q(K),t) (the cocycle relation reduces it to
the case where ¢ = 1, which is formal). This invariance property and the cocycle
relation imply existence. [

Our next goal is to prove a finiteness property of AF™ (V) in Proposition C.2.3
below. Denote my, : G — G/Gyer and D(gK) = min(9gKg™) N (G/Gper)(Q), a
neat arithmetic subgroup of (G/Guer)(Q) (the morphism G(Ay) = (G/Grer)(Af)
induced by my;, is open because Gy, is connected).

Lemma C.2.2. We keep the assumption that K is neat. The natural morphism
Q(gK) — D(gK) x R(gK) is injective and identifies Q(gK) with an open finite
mdex subgroup.

Proof. The kernel of this morphism is C'(¢K) N Gper(Q), which is trivial thanks to
Assumption C.1.2. By Lemma C.1.6 it is enough to show that C'(¢gK’) has finite
index in D(gK). Thanks to this lemma we know that C'(¢gK) is an arithmetic
subgroup of Giipder(Q), and the natural map Gy ger X Z(G/Gper)® = G/Gper is a
central isogeny. Thanks to Assumption C.1.2 we have Z(G/Gye)*(Q) N K = {1}
and yet another application of | , Corollary 6.11| shows that the image of
C(gK) in (G/Gpe)(Q) is an arithmetic subgroup. O

Proposition C.2.3. Assume that K is neat and that V' is a finite complex of con-
tinuous finite-dimensional representations of K. Then the object RI'(C(gK),V)
of DY (R(gK), E) is isomorphic to the image®® of a finite complex of finite free
Og-modules with continuous action of R(gK).

Proof. There exists a finite complex A of finite free Og-modules with continuous
action of K and an isomorphism V' ~ F ®¢, A, and by definition RI'(C(gK),V)

398ee | , Corollary 2.5
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is represented by RI'(C'(gK),—) applied to the image of A in D+(Sg(gz()» (Og).).

The functor I'(C(gK), —) from (Og)e.-modules in Setsg(gK) to (Og)e-modules in

QK XR(QK)( )). It follows from Lemma

Setsg( k) is isomorphic to I'(D(gK), ind,,
C.2.2 that the induction functor ind, gK)XR(gK)(—) is right adjoint to the restric-
tion functor, which is obviously exact and so this induction functor preserves
injective objects. We deduce an isomorphism of functors from DT (Q(gK), F) to

D¥(R(g9K), E)

RI(C(9K), —) = RT(D(gK), indgie) ™ ().

By | , p. 11.1.c|] there exists a finite resolution P* of Z, considered as a
Z[D(gK)]-module with trivial action of D(¢gK), by finite free Z[D(gK)]-modules.
By the same argument as in | , Lemma 4.1] we have an isomorphism of func-
tors from D1 (D(gK) x R(gK), E) to DT(R(9K), E)) between RI'(D(gK), —) and
Tot® (Homz[D(gK)](P', —)), where Tot* denotes taking the total complex of a dou-
ble complex. Finally the complex (considered as an object of Ekedahl’s category
D*(R(gK), Og))

Tot* HOHIZ[D(QK)} (P., indg((;]g))XR(gK)A)

is clearly the image of a finite complex of finite free Og-modules with continuous
action of R(¢gK). O

We shall need a slight generalization of (C.2.1): if K and K’ are neat compact
open subgroups of G(A;) and t € SgGe(Af) satisfies K/ C tKt™' we have a
natural isomorphism (defined as a composition like (C.2.1))

T* FRE)RD(O(K), V) SQELCLED), 2RI R(C(tK), V). (C.2.2)
On the right-hand side the object RI'(C(tK),V) of DT(R(tK), E) is implicitly
restricted along R(K') < R(tK') to obtain an object of DT (R(K’), E).

Lemma C.2.4. Assume K' C t,Kt;" and K" C tyK't;". The following diagrams
are commutative

T s(Q(K) t, Q(K’2

T T FRERD(C(K), V) — T FREORD(C(HK), V) — = T; FRE)RT(C(K"),V)

lN ~ls<Q<K/>,t2,Q<K~>>
Ty FRERD(C(K), V) FRIE")RD(C(12K").V)

lS(Q(K)ththQ(K”)) lres
FREDRL(C(ts,K), V) » FRERD(C(K"),V)
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T T; FRERD(C(K ),Tv*?f M( QJ?R(K' JRU(C (1K), V) ¢ T FREDRI(C(K'), V)
lN le@(m,w(w»

Ty, FRERD(C(K),V) FRIK")RD(C(t2K"),V)
lS(Q(K)vtﬁlyQ(K”)) core{

FREDRD(C(t:1 K), V) 4 FROED RE(C(K™), V)

Proof. To prove the lemma it is useful to introduce yet another slight generalization
of (C.2.1): if K, K and K’ are neat compact open subgroups of G(A) and
t € SoGher(Ay) satisfy K’ C tKt ™' and K C K we have a natural isomorphism

) HQUOQUOLQUN) Ry o UK

T R0 s RI(C(R), V res ) RI(C(EK), V)

defined as the composition (being explicit with restriction functors)

TP e ) RI(C(R), V) = FPO) res ) A7) vesfif] RE(C(K). V)
= P v v ) Ad(E) RE(C(R).V)
~ FI0 resgfie) RO(C(ER), Ad(t7)°V)
~ FRI9K) 1o ;ﬁf RI(C(tK),V)

where (again) the ﬁrst isomorphism comes from the isomorphism of functors
Ty FRE) ~ resR K, Ad( D)* the middle isomorphisms are very formal and the
last isomorphlsm is the action of ¢t on V. First we claim that these isomorphisms
are compatible with composition, in other words they satisfy a cocyle relation: for
neat compact open subgroups K, K, K’ and K" of G(Ay) and t1,ty € SgGher(Ay)
satisfying K ¢ K, K’ C t; Kt7! and K" C t,K't;! the composition

Ty 17 FRO) respli) RT(C(K), V)
Ty, s(Q(K),Q(K),t1,Q(K"))

T;;]—“R( esggg{ RI(C(t,K),V)
S(Q(tlf()aQ(K/)7t27Q(K,/))\IR(K") r

esp ;gf}f“ RT(C(tst1 K), V)
is equal to s(Q(K), Q(K), tat1, Q(K")) (implicitly using Ty ~ Ty, ). We do not

give details for the rather tedious proof, which simply goes through each step in
the definition of s(Q(K), Q(K),t, Q(K")).
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To prove commutativity of the first diagram we rewrite the composition of the
two arrows in the top right corner as the composition (here we leave restrictions
implicit)

S(Q(th)vQ(K/)7t27Q(KH

T; FREORT(C(4,K), V) b FREDRD(C (1511 K), V) ™ FREDRI(C(K"), V)

which again follows from general functoriality arguments for which we do not give
details. This reduces commutativity of the first diagram to the cocycle relation
for s(—, —, —, —) above.

We proceed similarly for the second diagram: the top right corner sits in a
commutative diagram

Ty FREIRD(C(0K), V) 4 T FREORT(C(K'), V)

ls(Q(tlK):Q(K/)th:Q(KN)) le(Q(K’),tz,Q(K”))
./—"R(K")RF(C(tQth), V) : J—_'R(K”)RF(C(tQK’),V)

cores

(again, we omit the details) and this reduces commutativity of the second diagram
to the cocycle relation for s(—, —, —, —). ]

Proposition-Definition C.2.5. Let h € G(Ay) and let K and K’ be neat compact
open subgroups of G(Ay) satisfying K' C hKh™t. There is a unique morphism

ru(h,K,K")
_—

Ty AFE(V) AFE (V)

such that for any g,q' € G(Ay) and t € SgGe(Af) satisfying g'h € tgK we have
a commutative diagram

i (ru(h, K K1)

Ty i AFR(V) ~ > O TR AFR(V) y U AFR (V)

~ ~

Tt*]:R(gK)RF(C(gK), V)S(Q(;K))t)fR(glK/)RF(C(th)’ V) res fR(g’K')RF(C(g’K’), V)
(C.2.3)
where the top left horizontal isomorphism comes from (C.1.5).

We also have a unique morphism

cu(K,h,K’

AFN (v) SR, 1 AFR (V)
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characterized by commutative diagrams

o (cu(K.h K"))

Ty AFE(V) ~ > TR AFR(V) 4 o AFR (V)

Tt*fR(gK)RP(C(gK), V) —— _;E'R(g'K/)RI‘(C(th), V) &= _FR(Q/K/)RF(C’(g/[(/)7 V)
(C.2.4)

Proof. Uniqueness again follows from (C.1.4), existence follows from Lemma C.2.4
(in the case where one of the two inclusions between levels is an equality). ]

Proposition C.2.6. For K' C hyKh{' and K" C hoK'hy" the following diagram
18 commutative

y; ru(hy KK

) /
T, T AFE(V) T, AF"(V)
~ lru(hg,K’,K”)

Ty AFS (V) SR g7k )
and similarly for the maps cu with reversed directions of arrows:
cu(K, hohy, K") =Ty cu(K, hy, K') o cu(K', he, K").

Proof. Of course this is proved by restricting to an arbitrary U(g” K") < Sh(G, X, K").
We do not even need Lemma C.2.4 now, as we may choose ¢’ = ¢"hy and g = ¢'hy

to form U(¢'K") <5 Sh(G, X, K’) and U(gK) <% Sh(G, X, K). O
We deduce formally ru(hk, K, K') = ru(h, K, K') and cu(K, kh, K') = cu(K, h, K')
for k € K.

Definition C.2.7. Let hy,hy € G(Ay), K1, Ky and K' neat compact open sub-
groups of G(Ay) such that K' C hiK;h;" for any i € {1,2}. We define a corre-
spondence

au(K2ah27h1,K1,K,) : T];klAle(V) — T;QAIKQ(V)

supported on
Sh(G, X, K1) ¢ Sh(G, X, K') 2 Sh(G, X, K>)

as the composition

Ty AFS (v) DB, iy LB, e A iy,
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Proposition C.2.8. In the setting of Definition C.2.7 we have
au( Ky, hoka, hiky, K1, K') = au(Ks, he, hy, K1, K')
for any k; € K; and
au(Ky, xhy, why, K1, 2 K'z™") = corr-(T}).au( Ky, ha, hy, K1, K')

for any x € G(Ay) (note that T, : Sh(G, X, zK'z™") — Sh(G, X, K’) is an iso-
morphism).

Proof. This follows from Proposition C.2.6 and the simple facts:
[ Tu(k‘l,Kl,Kl):id for kl EKl,
[ ] CU(KQ, k’g, KQ) = id for ]’CQ € K27

o ru(z, K',xK'z™') and cu(K’,z,xK'x 1) are isomorphisms which are inverse
of each other.

]

The second part of Proposition C.2.8 explains why we may take hy = 1 without
loss of generality.
We have the following analogue of Proposition 4.3.8.

Proposition C.2.9. The correspondences au(Ks, 1, h, Ky, K') induce a Hecke for-
malism in cohomology, i.e. the maps

(au(Kq, 1, h, K1, K')),
where ? € {!, %}, satisfy the axioms in Definition 4.5.1.

This section C.2 is devoted to the proof of this proposition. The first axiom in
Definition 4.3.1 follows from Proposition C.2.8. The second axiom is trivial.

The proof of the third axiom proceeds as in the proof of Proposition 4.3.8,
with a slight complication. Assuming K” C K' C h;K;h;!

; , we compute using
Proposition C.2.6

CLU(KQ, hg, hl,Kl,K”) = CU(KQ, hQ,K”) e} TU(hl,Kl, K//)
= Ty cu(Ka, hoy, K') o cu(K', 1, K") oru(1, K', K") o Ty ru(hy, Ky, K')
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where 77 : Sh(G, X, K") — Sh(G, X', K'). The composition
CU(K/, 1,K”) OTU(]_,K/,K”) TI*AI-K/(V) N TFA,FK/(V)

is equal to multiplication by the locally constant function 6(K’, K”) : Sh(G, X, K") —
Zsq such that §(K', K") o tygn = |C(gK")/C(gK")| for any gK" € G(Ay)/K",
because the composition of morphisms of functors

resR gK,, RF(C’(gK’) )= RF(C(gK”),resggg,,)) —) LI resht gK,, RF(C(gK’), -)

is equal to multiplication by |C'(gK’)/C(gK")| (this follows from | , Lemma
3.1]). Thus we have

au(Ka, ho, hy, Ky, K") = §(K', K")corr-(T1)*au( Ky, he, hy, Ky, K').
The map T; : U(gK") — U(gK") is finite étale of constant degree

|P(gK")/P(gK")| x |[R(gK")/P(gK")| _ |Q(gK")/Q(gK")|
|R(gK")/P(gK")| |C(gK")/C(gK")|

For [¢'] € SoGher(Af)\G(Af)/K' we have

> Q(gK")/Q(gK")| = K/ K"

[9]€SqGher (Af)\G(Af)/ K" —[g]
and together with a variant of Lemma A.3.1 this allows us to conclude
COI‘I‘—(Tl)*CLU<KQ, hg, hl, Kl, K”) = |K,/K”|CLU(K27 hg, hl, Kl, K,)

We are left to check the last axiom in Definition 4.3.1. We want to compute the
composition au(Ks, hs, hly, Ko, K") o au(Ks, he, hy, K1, K'), which in the following
diagram is supported on (7}, o pry, Th, © pry).

Sh(G,X,K') x  Sh(G,X,K")

Sh(G,X,K>)
pry
%
Sh(G, X, K") Sh(G, X, K"
Th, Thy
Thy \ /hg \
Sh(G, X, K}) Sh(G, X, K>) Sh(¢
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As in the classical case we consider the colimit of the functor

FKQ,K’,hg,K”,h’Q : [KU m h;KQhQ_I/K/] — Sch
hK' +— Sh(G, X, K" N hK’hfl)

(hK’ 2€K", xhK’) — (Sh(G, X, K" N RK'hY 27 Sh(G, X, K" N ahK'hY)

which again may simply be expressed as a disjoint union over K"\h,Kyh,' /K’
because this functor maps automorphisms to identity morphisms. For an object
hK' of [K" ~ hyKyhy'/K'] we have a map

furr =T xTy : Sh(G, X, K"NhK'h™') — Sh(G,X,K’) x  Sh(G,X,K")
Sh(G,X,K>3)

and these maps induce a well-defined map

f . COhmFKz,K’,hg,K”,hIQ — Sh(G,X,K/) X Sh(G’,X,K”). (C25)
Sh(G,X,K2)

Thanks to Proposition C.2.8 there is a unique correspondence
U(K3a h37 K”a h,27 KQ; h27 Kla hl) Kl)

supported on (T}, opr, o f, Ty, opryo f) from AFX1 (V) to AFX#(V), which is equal
to au(K3, hg, hhy, K1, K" N hK'h™') on Sh(G, X, K" "hK'h™!) for any hK’'. The
last axiom of Definition 4.3.1 follows from the next lemma (again using Section
A3).

Lemma C.2.10. The composition of correspondences
GU(K3,h3uh,27K2,K”) OGU(KQ,hmhl,KlaK/)

18 equal to

(COI'I'—f*)U(Kg, hg, K”, hIQ, KQ, hg, K/, hl, Kl)

We devote the rest of Section C.2 to the proof of this lemma. We will proceed
in three steps. This first step is a rather formal reduction to a similar but simpler
statement involving fewer objects. In the second step we exhibit representatives
(explicit morphisms between explicit complexes) for our two morphisms (originally
in the localization at ¢ of Ekedahl ¢-adic categories). In the third step we check that
these representatives are equal (as morphisms of complexes, not just in localized
categories) by checking that they agree on all stalks.
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C.2.1 Proof of Lemma C.2.10: step 1
The composition of correspondences decomposes as

pry T, AFH(V)
» priAFY (V)

pri(cu(K27h27K/)) R

pri(ru(hi,K1,K"))

priTy AFR2 (V)
przTh/ AFE2(V)
V)

~

v (ru(hb, Ko, K" 1
p2((22 ))/pI”QA]:K(

3 przT,’{sAfK?’ (V).

prj (cu(K3,h3,K"))

The pushforward (corr-f,)v(Ks, hs, K", hly, Ko, ho, K', hy, K7) is the sum over
[h] € K"\h,Kshy' /K" of

PriTi AF (V) 5% (fuse) o fiao DT AF (V) 5 (faer) T, AFT (V)

1)« (ru(hh1,K1,K"NhK'h~ " 1y —
(frxcr )+ (ru(hhy, K1 n ))\ (fhK’) A.FK ARK'h 1<V)

L (fuser) T AFS5 (V)
= (i) Fre D T, AFS (V) 5 priTy AF(V)

(fhK/)*(cu(K:;,hg,KNﬁhK/h

Using the identities (Proposition C.2.6)
ru(hhy, Ki, K" N hK'R™Y) = ru(h, K', K" N hK'h™") o Ty (ru(hy, K1, K'))
cu(K3, hy, K" NhK'h™Y) = Ty (cu(Ks, hg, K")) o cu(K", 1, K" N hK'h™")
we decompose (corr-f,)v(K3, hy, K" hly, Ky, he, K’ hy, K1) as the sum over [h] of
B AT (V) s (o) i b AT (V)
(fax)«(ru(h, K" K"NhK'h™1)) (fhK/)*A}"K”mhth_l(V)
» (farc) TTAFE (V)
% (fusc)o S PR AFS (V) 25 prs AR (v) PRSI, oo A5 (1),

Pr1Th1v4}_K1( )

s (fure ) TR AFE (V)
(Frrer)s(cu(K" 1L,K"NhK'h™1))

Now the first and last maps are the same so we are left to check that the corre-
spondence

pri (cu(Ka2,h2,K")) pri(ru(hb,K2,K"))

> priAFE (V)
(C.2.6)

pr’{A}"K/(V) 5 pr}‘T,’;AfKQ(V) ~ pr; n, s AFK2 (V)
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supported on (pry, pry) is equal to the pushforward along f of the correspondence

w(K" Ky, K') = i au(K",1,h, K', K" "hK'h™1). (C.2.7)
[h]eK”\h/QKQhQ/KI
We may also reduce to the case where hy = h), = 1 by replacing K’ and K" by
conjugate subgroups of G(Ay).

C.2.2 Proof of Lemma C.2.10: step 2

It suffices to prove that for any g» € G(Ay) our two morphisms ((C.2.6) and the
pushforward of (C.2.7), for hy = h}, = 1) coincide over the preimage of the com-
ponent ¢y, (U(g2K>2)) of Sh(G, X, K3). We fix g, for the rest of this section. Recall
that V' is (represented by) a bounded complex of algebraic representations of Gg,
which we consider as continuous representations of G(Qy) over finite-dimensional
vector spaces over E. We fix a subcomplex A consisting of Og-lattices stable
under the action of g3 K5g,"'. To such a complex we may associate a complex of
(Op)e-modules in the topos Sg( 12K2) and we fix a quasi-isomorphic bounded below
complex I* of injective (Og).-modules in SS(QQKQ).

We will need an integral version of the morphisms s(—, —, —, —) defined in
the proof of Lemma C.2.4. Assume that L C L are open subgroups of goKsg;
t € Q(g2K3) and L' an open subgroup of tLt~!. Now ¢ induces an isomorphism
Ad(t~) resgzy A = tesg ;) A and similarly for I*, and so we have an isomorphism
of complexes of (Og)e.-modules defined as in the proof of Lemma C.2.4:

77 FRO) ()0 e @QOEOEN, prymycel)  (Ca3)

Note that (7*)¢") is naturally a complex of (Og),-modules in Sg( i) and is consid-

ered in SIN%( L) by restriction, and similarly for (1 ')C(ti). We have a cocycle relation
(same proof as for Lemma C.2.4): for ¢’ € Q(goK>5) and L” C #'L'(#')~" we have

892K2<Q(tf’>7 Q<L/>7 t/7 Q(L//))OJ?S%K2 (Q(Z)), Q<L)7 2 Q<L/)) = Sg2Ko (Q(z)v Q(L>7 t/t, Q<L”>>

By the same argument as in Proposition-Definition C.2.1 replacing ¢ by another
clement of tQ(L) leaves sy, (Q(L), Q(L),t,Q(L")) unchanged. Now if L is an
open subgroup of Kj, the full subgroupoid of [SgGuer(Af) ~ G(Af)/L] (used in
Definition C.1.8) whose objects are gL for g € go K> is equivalent to [Q(g2Ks)
g2K5/L], and the preimage of tg4,(U(g2K>3)) (in other words, the fiber product

248



of tg, + U(g2Ks) — Sh(G,X,K,) and T : Sh(G,X,L) — Sh(G, X, K3)) in
Sh(G, X, L) may be identified with

colim U(gL).

gLe[Q(g2K2)g2 K2/ L]

Similarly to Proposition-Definition C.2.1 we have a well-defined complex AF~ et

of (Og).-modules on this colimit’® together with isomorphisms

AT

gsz

~ FR(gL) ([’)C(QL) _

For any h € K, and L’ an open subgroup of hLh~! we have well-defined morphisms
of complexes of (Op)s-modules on Sh(G, X, L') g x,k2) U(g242)

I TUgy Ko (R, L, L")
Th A‘FQQKQ( ) EE— AFQQKQ( )
and L
AJT"92K2( .) CHE ThA ggKg( .)

fitting in commutative diagrams (now of complexes of (Og),-modules) similar to
(C.2.3) and (C.2.4) with I* replacing V', (=) replacing RT'(H, —) and the obvious
inclusion (resp. the norm map) replacing res (resp. cores). The proof is the same as
for Proposition-Definition C.2.5, and the same proof as that of Proposition C.2.6
shows that rug,x, and cug,x, satisfy cocycle relations.

The integral analogue of the morphism (C.2.6) is the morphism A, x, of com-
plexes of (Og).-modules defined as the composition

. AgoK " .
prlAff,g;Q( ) — PT2A~7'—£§K2( )
prT(CUQQKz(KQ’LK/))l Tprz(rugzKQ(l,Kg,K”)) (029)
T AP (1Y) Ty AT (1)

More precisely for any ¢, ¢” € g. K5, denoting

UGK) x U(g"K") <" sh@,x, k') x  Sh(G,X,K")
U(g2K2) Sh(G,X,K>2)

40More accurately, in SN where S is the étale topos of this colimit.
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we have a commutative diagram of complexes of (Of)e.-modules

L;/ g/ (A92 Koy )

by g”prlA}—ngQ( *) , Py "pr2~’4}—£}/<2( *)
pr FREK) (1#)C'K) Aoat2.97 0" s pri R K" ([#)0(0"K")
pr FRO KO () T
pr’ FR'K ’\)’( [-)C(gsz) pr fR(g”K’;) ( I.)C(gQKQ)
ot (5031 (@02K2).Q02K2) LK) o (025 (Q02K2), Q02 K2 1,Qs" K7)
pr}‘T{"}"R(g?KZ) (]-)C(gsz) ~ pr;Tl*FR(ggKg) (].)C(ggxg)

(C.2.10)
where N denotes the norm map for C(¢'K’) C C(g2K>3) and Ay, k, 4,4 is defined
here by commutativity (this notation will be convenient later). By design the
morphism A, g, is compatible with (C.2.6): the following diagram in

+ (Sh(G,X,K’) X Sh(G,X,K”),E)
Sh(G,X,K>)

is commutative, denoting by ¢4k, the base change along the open immersion

(with closed image) ¢y, : U(g2K>) — Sh(G, X, K;) of Sh(G, X, K') X

Sh(G,X,K>)
Sh(G, X, K") = Sh(G, X, K>).

y (C.2.6) "
i;Qszr’{.A]:K (V) L i 2szr;*.,él]-"K (V)

. Ag K "
prlA‘FggKg( ) #) prQA‘FgI]gKQ( )
We proceed similarly for our second morphism (corr-f, )w (K", Ko, K') (defined
n (C.2.7)). We have an analogue FI/(Q,K’,K” of the functor Fk, k1 k71 used to
define f (see C.2.5), mapping hK’ € [K" ~ Ky/K'] to

colim U(gK(h
gK (h)€[Q(g92K2)~gaKa /K (h)) (9 ())

where we have abbreviated K(h) := K” N hK’h™!, and a morphism

foarcy

colim Fie, yr gn colim UlGK') x colim U(g"K")

g'K'€[Q(g2K2)g2 K2 /K] U(g2K2) 9" K"€[Q(g2K2)~g2 K2 /K"
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induced by the maps Ty x Ty : U(gK(h)) — U(ghK') Xu(g,k,) U(gK"). Note
that f,,k, is just the restriction of f to the preimage of ¢4, (U(g2K2)). We have a
morphism of complexes of (Og).-modules

(Tugng(thvi(h)))[h]

CDUAFE [~ @ TR AFE T y B AFR
fggKgprlA g2 K2 [heK"\ K2 /K’ hA g2 K2 [h]eK”\Kg/K’A 92K2

which is well-defined thanks to the integral analogue of Proposition C.2.6. Simi-
larly we have a well-defined morphism

K (h) & (cugy cy (K" 1K (h)))[n)
[h|eK'"\K2/K' g2 K2 [WEK"\K2/K'

Ty AFK I ~ frprs AFE, 1.

g2 Ko

Define a morphism By, r, of (Og).-modules as the composition

’ B "
priAFK . I* S > pryAF L, I°
ladj trT
(fQQKQ)*f;2K2pr>{AFgK2[. (fg2K2)*f;2K2pr§A‘F

(ngKQ)*((TUQQKQ (th/7K(h)))[hK/]

(fg2K2)* ( e AFK(h)Io

[hK’}GK”\KQ/K’ g2 K2 >
(C.2.11)
Again by design we have a commutative diagram in

Dt (Sh(G,X,K’) X Sh(G,X,K”),E):
Sh(G,X,K>)

by Ko ((corr-fx)w(K" ,K2,K"))

it 1, P AFE (V) » it 1, PR AF (V)
* K’ . Bk N * K" 71e
prlA]:gzKQI 22 S pr2A.7:92K2I

In order to compute B,,k, more explicitly we need some preparation. First we
observe that colim Fr, g1 k71 (the source of f), being a colimit (disjoint union)
of colimits (also disjoint unions), may be expressed as a single colimit, over the
groupoid

[K” X SQGher<Af) % KQ/K/ X G(Af)]
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for the (left) action (x,s) - (hK', g) = (xhK’, sgx™ 1), of the functor
(hK", g) — U(gK(h))
<(hK’, 9) & (ehi, sgx_1)> — (U(gK(h)) Loy U(sgm_lK(xh))) .
We denote

LhK! g - U(gK(h)) — colim FKQ,K’J,K”J-

Restricting over our fixed component ¢y, (U(g2K>)) of Sh(G, X, K5), we restrict to
the full subgroupoid of objects mapping to [g2] € SgGher(Af)\G(Af)/ K>, which
is easily checked to be equivalent to

[K// X Q(g2K2> N KQ/KI X QQKQ].

For ¢',¢" € g2K> we consider the full subgroupoid G, 4 of (hK’, g) satisfying
gh € Q(g2K3)¢'K' and g € Q(g2K5)g" K", say gh € t'¢ K’ and g € t"¢"K". We
have a Cartesian diagram

li U(gK (h)) > colim Fi, k.1, k7
(WK g) Gy 1 K (R) L

lfg’,g” lf (0212)
UK x U(g"K") <<% Sh(G,X,K') x  Sh(G,X,K")
U(g2K2) Sh(G,X,K2)

where the top open immersion is induced by the maps t,x 4 and fg o is induced
by the maps
Tt”

Ul K') €= U(gK (h)) ~ U(g"K").
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Now we have a commutative diagram

Lg/ " (ngKg)

by g”prrA]:gsz( *) ’ L;’,g”pr;A}—ng([.)
7 37 B 9’9" 11 7%
pri FRK) ([+)C(g'K) 9212:979 » pri FROTET) ([9)Ce" K
adj trA
(fg/7g//)*f;‘,’g,,pr’{f-'R(glK/)([-)C(g/K') (fg'7g”)*f;’,g”pr§f R(g"K'") (I.) C(g"K")
rg)s | B T FROK)([9)C'KD rg)s | B T FROTED ([9)C6 K
o) (B, T F 1) Urar)e (B, ToF (1)
Nl(s(Q(g/Kl)7Q(9,K/)7tva(gK(h))))hK’,g Nl(S(Q(gNK”)7Q(9”Ku)7tH7Q(gK(h))))hK’,g
’.g" )% Bﬂ FR(gK ]. C(ghK/ ) e EB FR(gK(h)) _[. C(gK”)
o) (8, 7m0 ) Ura)- (8, FHoer)

j ( (gK”)/C(gK(h))>[hK’,g]

(fg/g//)*( H ‘FR(QK(h))<]')C(gK(h)))

[RK,g]
(C.2.13)

where as above By, k, o ¢ is defined for later use by requiring that the top square
be commutative.

C.2.3 Proof of Lemma C.2.10: step 3

Now we will check that the morphisms of complexes Ag,x, and By, g, defined in
(C.2.9) and (C.2.11) are equal by comparing them on stalks, using their more
concrete descriptions (C.2.10) and (C.2.13). We may fix a geometric point p of
U(g2K>), and only consider lifts of the point ¢4, o p to the various spaces above
Sh(G, X, K3). We fix a compatible family p = (pr). where the family runs over
open subgroups L of R(g,K5) and py, is a lift of p via 77 : Sh(Gyer, X1, L) —
U(g2K>). Note that the set of such compatible families is a torsor under R(g2K>).
For any such family p we have an isomorphism of functors j, : p*F Rlo2K2) ~ iq,
and more generally p3 F ~ id for any open subgroup L of R(g;Kz), abusively also
denoted by j,.

Looking at the diagrams (C.2.10) and (C.2.13) we see that it would be useful
to compute the morphisms (C.2.8) on stalks. Unwinding the definitions we find
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that for open subgroups L C L of 2K, ", t € Q(g2K3) and L' an open subgroup
of tLt~! we have a commutative diagram

N . . = p;?(L’) <5g2K2 (Q(Z’):Q(L)zt»Q(Ll))) " ' . =
pR(L’)Tt fR(L)(I )C(L) _ N pR(L’)FR(L )([ )C(tL)
Nlﬁ'n@ ~le
(I')C(E) i , (Io)c(ti)
(C.2.14)
Note that, unlike the map s(...), the family T;(p) of geometric points depends on
the choice of ¢ in tQ)(L), thus so does jr,(,). The fact that we are using two different
families of points to compute stalks may seem problematic now, but ultimately we
will be able to take t € C(g2K3), implying T;(p) = p.
In order to describe the various lifts of ¢4,p we also fix gy € g2K>, so that for

any open subgroup L of K, we have a geometric point ¢4, © pr(g,r) of Sh(G, X, L)
above t4,p. Denote I' = g5 'C(goK2)go = KaN gy ' Cago- Let S = '\ Ky considered
as a set with right action of K5. Denote so =I' € S. Thanks to Lemma C.1.11 we
have an identification of the base change to ¢4,p of the diagram

colim Sh(G, X, K(h))

RK'€[K" AKy /K’

Sh(G, X, K') «+—— Sh(G,X,K") x  Sh(G,X,K") — Sh(G, X, K")
\ GXKZ) /
h(G, X, K5)

with
colim  S/K(h)

hK'€[K"~Ky/K']

(YV J/fp w{/
(C.2.15)

S/K — S/K' x S/K" —— S/K"
\ /
*
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More precisely for K € {K’, K", K(h)} and k € K, the element sy-kK of S/K cor-
responds to the geometric point Tytg.pr(gor) of Sh(G, X, K') where L is any distin-
guished open subgroup of K5 contained in K and T} : Sh(G, X, L) — Sh(G, X, K).
Just like the colimit at the top of the previous diagram, the colimit of S/K(h) at
the top of this diagram may be written as a disjoint union over [h] € K"\ K,/K'
if one chooses representatives. Let us compute the morphism A, g, defined in
(C.2.9) on stalks at the geometric point corresponding to (so - 'K’ sq - 2" K")
for some 2/, 2" € K, (i.e. an arbitrary point above p). Denote ¢ = gox’ and
g’ = gox”. For L a distinguished open subgroup of K, contained in K’ N K" we
have a commutative diagram

U(goL) —2— Sh(G, X, L)

|n |7

U(¢K') —2 Sh(G, X, K")

and similarly for K” 2" ¢”. We consider the stalk of (C.2.10) at the geometric
point py gv 1= Dr(yk’) X Pr(g'k»y and using (C.2.14) we obtain a commutative
diagram

*
pg/,g” (AgQKQ,g’,g”)

Pl Pt FRO K (906K s Dy FT K ([9)C6 K

‘N ‘N

PhggrrenF O TO(I7) 0D Dy sem PO (19)C0 K"
Nljg . ljﬂ
(I%)C1'K) Notwp/owxn (1°)Cle2K2) o (1%)C@K")
(C.2.16)

The case of By,k, g4 (diagrams (C.2.11) and (C.2.13)) is more complicated.
We have an isomorphism of functors

p;/g//(fg’,g”)* ~ @ﬁ* (0217)
P

where the sum is over geometric points p of colimx gyeg,, ,» U (9K (h)) satisfying
fo.g7 ©D = Py g. We compute on stalks the first two maps in the definition of
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By, riy.g g in (C.2.13) using the following commutative diagram

PRI e PR = (1e)CE)
adj diag
p;/y//(fg/’g//>*f;,7‘g”pr’{fR(g’K/)(I.)C(Q/K/) o~ @p;/7g//pr>{fR(g/K/) (I.)C(g/K/) @(IO)C(Q’K')
P P
- \ ~|Gos

o lf)e (8 TEFRROITRD ) = @ FHOR (10K 2 @y F 1
’ P Iz

(C.2.18)
where we choose for each p a pair (h(p)K’, g(p)) such that p maps to the com-
ponent of colimr gyeg, » U(gK(h)) corresponding to (h(p)K', g(p)), the coset
(HQ(IK) € Qlg2K2)/ QoK) is determined as usual by g()h(p) € £'(3)g K,
and we abusively still denote by p this geometric point of U(g(p)K (h(p))) (i.e.
the inclusion of the latter in the colimit is kept implicit). Note that we have
Ty oD = priyk’) by definition. Commutativity of the top right part is the
usual computation of the unit id — (fy 4v).f; ,» on stalks. Commutativity of the
bottom left part is formal using the definition of fy 4.

We now face two obstacles. First, in order to compute on stalks the next map
(s(Q(g'K"), Q(g'K"),t,Q(gK (h)))) 5 4 Occurring in the definition of By, ¢ ¢ in
(C.2.13) we want to use (C.2.14). This requires expressing each p as Ty © Dr(gg(5))
for some ¢ € Q(g2K>) and using i1, and jr,7,@p). We also need to do the
same for the right side of the diagram (C.2.13). This would merely complicate
computations. More importantly, the index set of lifts p of the geometric point
Pg.gv is defined only implicitly. We need a more explicit description to compare
with (C.2.16). Since the diagram (C.2.12) is Cartesian the set of lifts p of pgy g
is in bijection with the set of lifts of ¢y gvpy o» along f, which may be described
explicitly using the diagram (C.2.15). This is the purpose of the following lemma,
which fortunately will also make our first obstacle disappear.

Lemma C.2.11. 1. Consider the (left) action of K" x K' x T' on Ky x K
defined by
(K"K, ) - (h, z) = (K"h(k') " y2(K") ).
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We have a well-defined bijection

it (K" x K'xT)\(Ky x Ky) — || S/K(h)
[RleK"\K2/K'
[h, 2] — [RK', so - 2K (h)]

and we have fyi([h, 2]) = (so - zhK', 59 - 2K").
2. For 2’ 2" € Ky we have a bijection

C(gox" K")\C(9oK2)/Cgox' K') — (fpi) ' (s0 - ' K", 50 - 2" K") (C.2.19)

[a] — [(goz") " agor”, 2"].
Proof. 1. We leave this elementary verification to the reader.

2. An element of the fiber is a class [h, 2] satisfying goz € C(goK2)gox” K" and
gozh € C(goK2)goxr’ K'. Up to translating by an element of K" x K’ x I we
may assume both goz = goz” and gozh = agox’ for some a € C(gyK3). So
we have a surjective map C(goK2) — (fpi)  (so - 2’K’, 8o - 2" K"), and an
uneventful computation shows that it induces a bijective map (C.2.19).

]

The second point in the lemma allows us the parametrize (with (C.2.15)) the
direct sum on the right-hand side of (C.2.17) by [a] € C(¢"K")\C(g0K2)/C(¢'K’).
More precisely for a € C(g2K>) the corresponding geometric point p of colimr g)eg,, . U(9K (h))
IS PRr(g(a) K (h(a))) (Via the canonical clopen immersion of U(g(a) K (h(c))) in the col- 7
imit) where g(a) = ¢” and h(a) = (gox”) tagex’. Indeed for L small enough we
have ty)p = Ty Ly Pr(gor) and a commutative diagram

U(goL) —2 5 Sh(G, X, L)

lTl lTw//

U(g(a) K(h(a))) <= Sh(G, X, K (h(a))).

So in the diagram (C.2.18) we may index by a set of such representatives « instead
of {p}, and replace (h(p),g(p),t' (p)) by (h(),g”, ). We note that the restriction
of fy 4 to the component U(g"K(h)) is

ToxTy:U("K(h) —U(K) x U(g"K")
U(g2K2)
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and that we simply have T,, = T} because o € Cp. Continuing the diagram
(C.2.18) to compute the left side of (C.2.13) on stalks using (C.2.14), and pro-
ceeding similarly for the right side of (C.2.13), we finally obtain a commutative
diagram

p;/’g// (BQQKQ,g’,g”)

p;/7g//prf./—"R(g/Kl) (IO)C(g’K/)

, p;/’g”pr;fR(g//Ku) (I.)C(g”K”)

p%(g’K’)fR(g/K/) (I.)C(QIK/) pE(g//K,/)fR(g”K//) (I-)C(g”K”)
~|ip N
(I')CT(Q’K’) ([’)ng’/K”)
"diag o
@([.;’C(glw) (@) > colim([®)C @@ K () (No)a > @(I°)CW"E"
[a] o o]
(C.2.20)

where N, is the norm map for C'(g(a) K (h(«))) C C(¢g”K") and the colimit is over
the groupoid [C(¢"K") ~ C(g2K>3)/C(g'K")].

To conclude we are left to compare the diagrams (C.2.16) and (C.2.20). The
following lemma implies that the bottom paths in these diagrams are in fact equal,

by decomposing C'(g2K3)/C(¢g’'K') into C(g" K")-orbits.
Lemma C.2.12. For a € C(g:K>), denoting h = (¢")tag’ we have a bijection
C(g//K!/)/C(g//K(h)) — C(g//K,/)\C(g//K,/)&C(g,KI)/C(QIK/)
[0] — da

Proof. This follows from the equality C(¢"K(h)) = C(¢"K") N aC(¢K")a™t. O

C.3 Direct product case

Assume G = Gy, X Gyer where Gy, (R) acts trivially on X'. In particular we have
SoGher(Af) = Giin(Q) X Gper(Ay). For neat K we have C(gK) = Gin(Q)NgKg™!
and Q(gK) = (Gin(Q) X Gper(Ay)) NgKg™'. If K is neat then C(gK) is a neat
arithmetic subgroup of Gy, (Q), and if K factors as Ky, X K then we have
Q(gK) = C(gK) x P(gK) and we can compute

RI(C(9K),—) : DY(Q(yK), E) — D*(P(yK), E)
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as Tot® (Homgzc(yky (F®, —)) using a resolution F* of the Z[C(gK)]-module Z
consisting of finite free Z[C(gK)]-modules (see Proposition C.2.3). For such K we
also have a bijection

Giin(Q\Giin(Af)/ Kiin = SoGrer(Ap)\G(Ay)/K.

If K’ = K|, x K], is an open (also factorizable) subgroup of K then we may
restrict the resolution F'* above from C(gK') to C(gK’) to compute RI'(C(gK’), —)
as well. By double complex arguments the restriction and corestriction maps may

be computed using F'**: we have commutative diagrams of functors

RF(C(QK)v _) = ’ RF(C(QK/)7 _)

‘N ‘/\/

TOt.(HOIIlz[C(gK)] (F.), —) E— TOt.(HOmz[C(gK/)} (F.), —>

where the bottom morphism of functors is given by obvious inclusions, and

RT(C(gK'),—) o » RI(C(gK),—)
TOt.(HOle[C(gK/)] (F.), —) E— TOt.(Homz[c(gK)} (F.), —)
where the bottom morphism of functors is induced by the norm maps

Negryje(gr
— 75

Homy,(F*, M)C@X") s Homy,(F*, M)CWK).

Let us temporarily denote by S any topos. We have an “external tensor prod-
uct” bifunctor

X : Perf((’)E) X D+(S, OE) — D+(S, OE)
(M*,N*) —s Tot*(M* ®0, N*)

where Tot" (M*®o, N*) = @, M*®o, N?, with differentials (—1)d}, @id s+
idjse ® db, inducing a bifunctor

X : D(E) x D™(S,E) — D (S, E),

using the identification Perf(Og)[¢!] ~ D*(E). Now Db(E) is abelian, equivalent
to its full subcategory of complexes with vanishing differentials.
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We come back to the setting above: K = Ky, X Ky, is a neat (factorizable)
compact open subgroup of G(Af). Let Ay, be an Og[C(¢gK)]-modules which is
finite free as Op-module. For Ape, € DT(P(gK), Og) we define Ay, @0, Aner €
DT (Q(gK),Og) in the obvious way. The computation of group cohomology for
C(gK) recalled above yields

RT(C(9K), Min ®0y, Aper) =~ RU(C(gK), Atin) B Aper

compatible with restriction and corestriction (commutative diagrams left to the
reader). Similarly we can replace Ay, by an E[C(gK)]-module having finite di-
mension over £ and admitting C'(¢gK)-stable Og-lattice and Ay, by any object of
D (P(gK), E). Tt follows that for K;, Ky and K’ neat factorizable compact open
subgroups of G(Ay) satisfying K’ C K; N K, we can compute the correspondence
au(Ksy, 1,1, K1, K') (Definition C.2.7) as a kind of tensor product using the fol-
lowing commutative diagram, where g € G(Ay) is arbitrary and with morphisms
s(...) defined in (C.2.2)

Ty FROSORD(C(gKD), Vi @ Vier) —— RD(C(gKy), Vi) R Ty FPOK Vi,

S(Q(9K1)>17Q(9KI)) ~

~

FROK)RT(C(gKy), Vim ® Vier)

FRGKD (res)

~

fR(QKI)RI‘(C’<gK/)’ Vi ® Vher) (cores o res)®u(K2,1,K1,K")

FR(gK") (cores)

2

FROK) RT(C(9K2), Vin @ Vier)

A

S(Q(9K2),17Q(9K/)) ~

~

Tl*fR(gKl)RF(C(gKl)a ‘/iin & Vher) — RF(C(9K2)7 ‘/lin) X Tl*fP(QKQ)Viler

where the correspondence u(Ks, 1, K7, K') is as in Definition 4.3.5. It follows that
for 7 € {x,!} we have a commutative diagram in D™ (B, E):
ﬂ-?AJT-.Kl (Viin X Vher) — RP(Glina Viin7 Kl) X 7.‘-?JT-'I(Lher‘/her
la“(K%l,KhK/)? l[Kz,nn,LKLnn,K]’in]@U(Kz,hcnl,KLhcnK{,er)

7-‘_'.7-/4«11__-K2(‘/lin & Vher) = RF<Glina ‘/lim KZ) X W?FKQ’hcr‘/her'

The reduction of the general case (correspondences au(Ks,g, K1, K') with g =
Giingher € G(Ay) arbitrary) is quite formal and we omit the details.
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To conclude with explicit formulas in the direct product case it is useful to
be more explicit with the ¢-adic formalism that we use. As in | , §6] we de-
note by ¢ be the category of constructible sheaves of Og/mg-vector spaces in Evet,
and we denote by D?(B,Og) the associated (§3 loc. cit.) triangulated category,
and by D%(B, E) the triangulated category obtained by inverting ¢ in the Op-
modules of morphisms. The external tensor product maps Perf(Og) x D% B, Og)
to D°(B,Op), as one checks using “stupid truncations” of M € Perf(Og) to re-
duce to the case where M is concentrated in one degree. Recall from | ,
Theorem 3.6.v| that DY(B, E) admits a t-structure whose heart may be identified

with the E-linear abelian category A(c, E) of ¢ — Og-modules in E/etN with ¢ in-
verted in morphisms*!. We denote by H! the corresponding homological functors
DB, E) = A(c, E)*. In the Grothendieck group of Hecke(G(Ay), A(c, E)) we
have an equality

G?(G, X, B) = e(Glin) X e?(Ghera Xl, B)
where

€?(G, X, B) = Z(_l)l |:(HZ(7T7AJT_-K<V11H ® Vher)))K ) (CLU(KQ, g, K17 K/)?)Kg,g,Kl,K’:|

i>0

€?(Gher, Xl, B) = Z(—l)l [(HZ(W?./T"Kher(Viqer)))Kher 5 (U(K2,her7 Gher> Kl,her: K];er)?)

i>0

6(Glin) == Z(_l)z [(Hi(Glina ‘/lina Klin))Kyma ([K2,lin> Qlin, Kl,lim K{in])K2,linzglin7K1,lin,K/ ] )

lin
i>0

/7
K2,hervgheraK1,herthcr

the latter in the Grothendieck group of
Hecke(Giin(Af), finite-dimensional E-vector spaces)

i.e. admissible representations of Gy, (Ay) over E.

C.4 Minimal compactifications

We will see how generalized Shimura varieties occur naturally as boundary strata
in minimal compactifications of (usual, or even generalized) Shimura varieties.

41In the case where B = Speck, if we choose a separable closure of k then we get an identifi-
cation of this category with the category of finite-dimensional continuous representations of the
absolute Galois group of k over E.

42More concretely the functors Hf may be identified with the restriction of the usual functor
H' on D’(E;N, (Og)e) composed with the quotient functor from (Of)e-modules in B:;N to
the quotient by the Serre subcategory of essentially zero systems. It is easy to check that the
restriction of this quotient functor to ¢ — O sheaves (in the sense of | , before Theorem
3.6]) is fully faithful.
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C.4.1 Real connected case

First we recall from | , §III] the description of boundary components. Let
G be a connected reductive group over R, assumed to be adjoint and simple, and
let D be a G(R)%orbit in Hom(S, G). We assume as usual that G is isotropic,
and that for any (equivalently, one) h € D we have

e the restriction of h via GL; g < S is trivial,

e letting S¢ act on Lie G¢ via h and the adjoint representation, only the trivial
character and the characters z — (2/Z)*! occur in the diagonalization of this
action,

e the involution Adh(i) of G is a Cartan involution.

The map h € D — h() is injective and so we may see D as parametrizing Cartan
involutions of G (equivalently, maximal compact subgroups of G(R) or G(R)?).
For h € D denote by K, the centralizer of h in G. In particular K, = K;(R)
is a maximal compact subgroup of G(R)?. For any h € D we have an associated
morphism p;, : GLy ¢ — Gg, determining a parabolic subgroup of G¢. This yields
(see e.g. | , Theorem I11.2.1]) a natural G(R)%-equivariant open embedding
of D in the complex points of a Grassmannian D, mapping h € D to the parabolic
subgroup Q of G¢ whose Lie algebra is the sum of the nonpositive eigenspaces
for the adjoint action of . Following | , §II1.3] the closure D of D in
D may be described as the disjoint union of D and of lower-dimensional simple
hermitian symmetric domains. Choose hy € D, choose a maximal torus of Kj,,
and choose (following Harish-Chandra) a maximal set of strongly orthogonal non-
compact roots (see | , 8I1.2.3]). This yields a morphism SLjp — G with
finite kernel, compatible with Cartan involutions, mapping the diagonal maximal
split torus of SLjp to a maximal split torus of G which is Ad hg(i)-stable. Taking
the G(R)%orbit, we obtain a homogeneous space 3 under G(R)" and a G(R)-
equivariant map ¥ — D such that the fiber of h is a Kj-orbit of morphisms
f :SLyz — G as above (intertwining the standard Cartan involution on SLjp

with Ad h(7)). Following | , §4.3| let H, be the subgroup of S x GLj defined
by
HAT) = {(2 01, 9:) € S(T) x GLy(T)" | 27 = det gy = - = det g,} (C.4.1)
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for any R-scheme T'. Denote

hstd S — GLQ,R

. (a b)
z=a+1b+— )
-b a

It follows from | , Theorem II1.2.4] that for any f € ¥ above h € D we
have a unique morphism ¢, : H, — G satisfying

e the restriction of ¢y to SLyp C H, is f,
e for any z € S(R) we have p¢(z, hsta(2), - .., hsta(2)) = h(2).

More precisely | , Theorem I11.2.4] gives a morphism S* x SLyr — G sat-
isfying these two conditions, where S is the one-dimensional anisotropic subtorus
of S, and it extends uniquely to H, by requiring it to be trivial on the diagonally
embedded GL; g < H,. The map f — ¢y is clearly G(R)’-equivariant. Recall
that a parabolic subgroup of G is called admissible if it is equal to G or maximal
among proper parabolic subgroups. Let S be a subset of {1,...,7} of cardinality
b. For a set X denote

if i €S
rs: X2 = X", rs(x,y) = ! 1 Z
y ifigS.
For S C {1,...,r} having cardinality b we have an admissible parabolic subgroup
P s of G associated to the cocharacter
GLLR — G (042)

t— o5 (Lrs(diag(t,t™), I2)) ,

i.e. the Lie algebra of P g is the sum of the nonnegative eigenspaces for the adjoint
action of this cocharacter. We have P;¢ = G if and only if b = 0.

Remark C.4.1. For h € D, for any admissible parabolic subgroup of G there exists
f € ¥ above h and 0 < b < r such that we have P = Psg for S = {1,...,b}:
this follows from the fact that the relative root system of G s of type C, or BC,
/ , §1.1.2] and the fact that K, acts transitively on each G(R)-orbit of parabolic
subgroups of G.

It turns out that, by explicit computation in bounded symmetric domains,
D decomposes as the disjoint union of complex submanifolds Fp, one for each
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admissible parabolic subgroup P of G, with Fg = D, Stab(Fp, G(R)") = P(R) N
G(R)? and g - Fp = Faq(g)p) for any admissible parabolic P and g € G(R)".
We briefly recall how to associate Fp to an admissible parabolic subgroup P.
First choose h € D, and choose f € ¥ above h and S C {1,...,r} such that
we have P = Pyg. There is a unique Levi factor Mp ), of P which is stable
under Ad (i), namely P N Ad(h(:))(P), also equal to the centralizer of (C.4.2).
In | , §II1.3.1 and Theorem II1.3.10] a semi-simple ideal [;g of Lie Mp
is defined. We have [y ¢ = LieL¢ g for a unique connected semi-simple subgroup
L s of Mp 3, and the adjoint quotient Ly g .4 of Ly g is a simple factor of Mp j, aq.
Denote S¢ := {1,...,7} ~.S. The group L g contains the image of SL;TR via
¢r.s, and commutes with the image of SLi r- Thus the subgroup Hyg of G
generated by Ljg and the image of ¢; is reductive, with derived subgroup a
quotient of SL; r X L s by a finite central subgroup. We have a factorization of ¢
through ;s : H, — Hy g, in particular h factors through hys : S — Hyg. These
constructions are obviously G(R)-equivariant, in particular H; s(R)%-equivariant.
The Hy 5 .q(R)%orbit of the image of h; g in

Hom(S,Hy g.4) = Hom(S, PGLiR X L gad)

clearly satisfies the same conditions as D, and is naturally identified with H° x D g
where H is the PGLy(R)%-orbit of hyq (also known as the upper half-plane) and
Dy s is the Ly g .4 (R)%orbit of the image of hys in Hom(S, Ly gaq). The holomor-
phic embedding H® x D;g < D extends uniquely to a holomorphic embedding
tps o PYC)® x Djg < D, essentially because u;, factors through Hygc. The
boundary component associated to (f, S) is defined as Fy g := t75 ({00} x Dy s).
With this description it seems to depend on the choice of f and S satisfying
P;s = P, but in fact it does not so we denote it by Fp (see | , Theorem
3.7 and Proposition 3.9|, which also shows that P — Fp is a bijection between
admissible parabolic subgroups and boundary components and that P(R)NG(R)°
is the stabilizer of Fp in G(R)?). We have h = 1;5(i,...,i, ') for some ' € D; g
so we have an associated point ¢f g(00,...,00,h") € Fp. It will be useful to recall a
more intrinsic description of this point. The maximal split central torus Ay, , in
Mp 5, has dimension one, and there is a unique isomorphism up j, : GL; g >~ AMP,h
such that in the adjoint action of GL; g on Lie Np, only positive characters occur.
For any h' € Dy g we have

tps(00,...,00,h") = tLifrnoo up p(t) - tps(iy. .., 0, h).
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Denoting

mp:D — D
h— lim uP,h(t) -h
t—r+o00

we see that for any ¢ € G(R)? and h € D we have Taqp(9-h) = g - mp(h), in
particular 7p is P(R) N G(R)%-equivariant. By | , Theorem II1.3.10 (2)]
the unipotent radical Np(R) of P(R) acts trivially on Fp (so does the connected
centralizer of Lyg in Mp(R)). We also deduce np(D) = Fp. The map mp
defined above is the geodesic projection denoted by g in | , SI11.3.4], see
p-140 loc. cit. In particular it is holomorphic and its image Fp is a submanifold
of D, isomorphic to D;g for any pair (f,S) satisfying P;s = P. By P(R)’-
equivariance (or from the description in | , §II1.4.1]) it is also clear that
the image of the subgroup Ly g of Mp, in the reductive quotient Mp of P does
not depend on the choice of (f,S) mapping to P, and we denote it by Mp per der-
Also denote by Mp perad its adjoint quotient, so that Fp is a hermitian symmetric
domain with automorphism group Mp per2d(R)? (now independently of a choice
of (f,S)). Pink observed (see | , Proposition 4.6] and | , §3.6]) that the
geodesic projection mp may be interpreted a la Deligne (i.e. with morphisms from
S) and more intrinsically as follows: there is a unique identification of Fp with a
Mp(R)%orbit in Hom(S, Mp) such that for any » € D and 2z € S(R) we have

mp(h)(2) = prs(z, rs(diag(2z, 1), hsta(2))) (C.4.3)

for any f € ¥ and S C {1,...,r} mapping to (h,P). Indeed it is clear that
projecting the right-hand side of (C.4.3) to Mp pher.aa recovers tfg(oo, ..., 00, k')
where h = 17 5(i,...,4,h"). Moreover

©hp: Hl — G
(Zag) = @f,S(Zﬂ”S(g, hstd(z)))

is the unique morphism satisfying
1. for all z € S we have ¢, p(z, hsta(2)) = h(2),
2. heo : 2 — o p(2,diag(2Z, 1)) takes values in P,

3. the restriction of hy to GL; g < S has adjoint action ¢ — t?2 on the center
u of np and by t — ¢ on np/u (see | , §II1.4]).
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With this characterization we thus have

mp(h) = pnp(z,diag(2z,1)). (C.4.4)
Remark C.4.2. Condition (3) is stated differently in [ , Proposition 4.6/ and
/ , §3.6/, but it does not seem to be the correct condition for 0-dimensional

boundary components (in this case u =np), e.g. for G = PGLor and P a Borel
subgroup.

C.4.2 Boundary strata of minimal compactifications

We now turn to the global setting and consider a connected reductive group G
over Q and a generalized Shimura datum h : X — Hom(S, Gg). Again we fix a
G (R)-equivariant family of strongly orthogonal non-compact roots, i.e. choose any
ro € X, a maximal torus of the centralizer Kj(,,) of h(x) in Gg and a maximal
set of strongly orthogonal non-compact roots, and then take the G(R)-orbit. We
obtain a G(R)-equivariant surjective map & — &', and at each point of S we have
a morphism SLjp — Gg with finite kernel. As in the previous section for any
s € § above x € X there is a unique morphism ¢, : H., — Gg (recall the group
H, from (C.4.1)) satisfying

e the restriction to SL;p C H, is as above,
e for any z € S(R) we have p,(z, hsta(2), . .., hsta(2)) = h(z)(2).
The map s — ¢, is G(R)-equivariant.

Definition C.4.3. A parabolic subgroup P of G is admissible (with respect to the
generalized Shimura datum (X, h)) if its image in each simple factor (over Q) H
of Gaq s either equal to H or is mazimal among proper parabolic subgroups of H,
the latter being allowed only if there exists x € X such that h(z) acts non-trivially
on Hg (by conjugation).

We have a natural map from X to the complex points of a Grassmannian Gr,:
r € X = Mx) = () : GLic = Ge) = Q

where Q is the parabolic subgroup of G¢ whose Lie algebra is the sum of the
nonpositive eigenspaces for the adjoint action of GL; ¢ via pi). This embeds
each connected component of X as an open subset of Gr,(C). Define X as the
disjoint union, over all connected components X’ of X', of the closure of X’ in
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Gr,(C). Each such X’ is a product of domains D’s as in the real adjoint case
considered in the previous section. More precisely G.qr decomposes as [],.; G;
where each G; is a simple adjoint group over R, and there is a subset I, of I such
that the image of h(x) (for one or any x € X') in Hom(S, G;) is trivial if and only
if i & Ie;, and the map
X — H Hom(S, G;)
i€ Iher

identifies each connected component of X with [] D; where D; is a simple

i€ Iner
hermitian symmetric domain as in the previous case. Fohr P an admissible parabolic
subgroup of Gg define Xp as the disjoint union over X’ of the boundary component
Xp of X' corresponding to P. From the real simple case considered before we know
that Xp is stable under P(R) and that Np(R) acts trivially on Xp, so Ap has a
natural action of Mp(R). We also have a natural Mp(R)-equivariant embedding
of Xp in my(X) x Hom(S, Mp ) characterized by Pink’s interpretation (C.4.4)
of the geodesic projection: for any x € & there is a unique @pu)p @ Hi — Gg
satisfying the same three conditions, allowing us to define

mp(x) == ([z], Pn@)p(z, diag(2Z,1))) € mo(X) x Hom(S, Mp ),

and we have an identification of Xp with 7p(X’). The second projection then gives
a Mp (R)-equivariant map hp : Xp — Hom(S, Mp ).

Proposition C.4.4. Let (G, X, h) be a generalized Shimura datum. Let P be
an admissible parabolic subgroup of G. Then (Mp, Xp, hp) is also a generalized
Shimura datum.

Compare | , Lemma 4.8 and Corollary 4.10].

Proof. We can argue for each factor of GG,q separately. The factors centralized
by all h(z) for x € X trivially yield factors of Mp ,q centralized by all hp(x) for
r € Xp. We are reduced to showing that for a simple adjoint group G over Q,
a hermitian symmetric domain D = G(R)°/K and a boundary component Fp
corresponding to an admissible parabolic subgroup of Gy defined over Q, for each
simple factor H of Mp ,q we have either

e for all x € D conjugation by mp(x) acts trivially on Hg, or
e for all z € D conjugation by 7p(z) on Lie Hp is of type (0,0), (1, —1),(—=1,1)

and the involution Ad 7p(z)(7) of Hg is a Cartan involution.
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This follows from | , S8III.3.5]: Mp,q has a decomposition Mp 41 X
Mp adner Where Mp aq1inr (corresponding to G,(F') loc. cit.) 1is centralized by
all Tp(z) and F is isomorphic to the quotient of Mp ,q ne:(R)? by a maximal com-
pact subgroup (up to compact factors Mp ,d herr is the image in Mp ,qr of the
product over all simple factors of Ggr of the group denoted by Ly g in the real
simple case). O

Let A* be the union of the components Ap, for P ranging over all admissible
subgroups of G. We have an action of G(Q) on X*, with ¢ € G(Q) mapping
Xp to Xaa(gp, in particular the stabilizer of Xp is P(Q). We do not recall the
definition of the Satake topology on X*, see | , §I11.6|. For a neat compact
open subgroup K of G(A) the minimal (or Satake-Baily-Borel) compactification
Sh(G, X, K)*(C) of Sh(G, X, K)(C) is defined as

GQ\X" x G(Af)/K

and as the notation suggests may naturally be identified with the complex points
of a projective variety over C. The decomposition (over admissible parabolic sub-
groups) X* = | |p Ap corresponds to a stratification (by locally closed analytic
subsets)

Sh(G, X, K)* |_|P \ (Xp x G(Af)/K)

-1
= |—|9K€ g}?lﬁl}g Aﬂ/K}Sh(MP,XP,W(gKg N P(Af)))

where the disjoint union ranges over G(Q)-conjugacy classes of admissible parabolic
subgroups of G (equivalently, admissible parabolic subgroups containing a fixed
minimal parabolic subgroup of G) and 7 : P — Mp is the canonical projection.
The second equality follows from the fact that Np(Q) acts trivially on Xp and is
dense in Np(Ay), so we have well-defined homeomorphisms

Mp (Q)\ (Xp x M(A;)/m(gKg NP(Ay))) — P(Q)\ (Xp x P(Af)gK/K)

[z, m] — [z, myg]

where m € P(Ay) is any lift of m € Mp(Ay). The functor implied in the colimit

P(A
maps an isomorphism gK p—e—(—f)—> pgK to

Sh(Mp, Xp, m(gKg ' NP(A;))) —— LUEN S Sh(Mp, Xp, 7(pgK (pg) "' N P(A))),
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which is the identity morphism when pgK = gK, so each colimit may be (non-
canonically) identified with a disjoint union over P(A;)\G(Af)/K. We denote

Z'Png : Sh(MP,XP,ﬂ'(gKgil N P(Af))) —> Sh(G,X, K)*

the locally closed immersion. The stratification described in | , §6.3] is simply
obtained by spelling out the generalized Shimura varieties as colimits. By §12.3
loc. cit. there is a unique model of Sh(G, X', K)* over the reflex field E extending
the canonical model of Sh(G, X, K), each stratum is also defined over FE and is
identified with the canonical model of Sh(Mp, Xp, 7(¢Kg ' NP(A}))).

C.4.3 [Iterated boundary strata

We recall how boundary strata of boundary strata map to boundary strata. We
will need the following notion.

Proposition-Definition C.4.5. Let (G, X, h) be a generalized Shimura datum,
with corresponding decomposition Gaqg = Gadlin X Gadner- Let P be a parabolic
subgroup of G. Assume that the image of P in Gagner 15 Gadner- We obtain a
generalized Shimura datum (Mp, X, h) by first restricting the action of G(R) on
X to P(R) and observing that Np(R) acts trivially and that for any v € X the
morphism h(x) : S — Gg factors through Pg.

For K a neat compact open subgroup of G(Af) we have a unique morphism of
schemes over E

Sh(Mp, X, 7(K NP(Ay))) — Sh(G, X, K)
giwen on complex points by

Mp(Q)\ (¥ x Mp(Af)/m(K NP(Ay)))
“PQ\ (X x P(As)/K NP(Ay))
—GQ\ (¥ x G(Ay)/K)

This morphism is finite étale.

Proof. The fact that Mp(R) acts transitively on X easily follows from the Iwa-
sawa decomposition of G(R), so (Mp, X', h) is a generalized Shimura datum. The
remaining statements are clear once we go back to the definition of generalized
Shimura varieties as colimits of Shimura varieties (Definition C.1.8). O]
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Let (G, X, h) be a generalized Shimura datum and P an admissible parabolic
subgroup of G. The embedding of Xp in X'* extends to (Ap)* — X* (or even
Xp — X which is a homeomorphism onto a closed subset of X'). We obtain for
any neat compact open subgroup K of G(Ay) and any ¢gK € G(Af)/K a map

Sh(Mp, Xp, 7(gK g~ N P(A[)))*(C) 25 Sh(G, X, K)*(C)

extending (the complexification of) the embedding ip ,x. There is a unique mor-
phism of schemes over F inducing ip ,x, that we still denote by ip . This
morphism is finite because it is a morphism between proper schemes over F¥ whose
fibers at closed points are finite.

Let us describe the restriction of ip 45 to a boundary stratum of the source. For
an admissible parabolic subgroup Q of Mp there is a unique admissible parabolic
subgroup P’ of G such that the preimage of Q in P is PNP’. Let Q' be the image of
PNP’in Mp:. The generalized Shimura datum (Mg, (Xp)q, (hp)q) may be iden-
tified with the restriction (in the sense of Proposition-Definition C.4.5) of the gen-
eralized Shimura datum (Mp/, Xp/, hp/) to Mg . More precisely the subsets (Xp)q
and Xp of mp(X') x Hom(S, Mpnp ) are equal: this may be checked using (C.4.3).
Denote K(P,gK) = mp(gKg ' NP(Ay)). For ¢ K(P,gK) € Mp(A;)/K(P,gK)

the composition

Sh(Mgq, (Xp)q, mq(¢' K(P,gK)(¢') " N Q(Ay)))
QK@ Sh(Mp, Xp, K(P, gK))*

I Sh(G, X, K

is equal to the composition
Sh(Mqr, Xpr, merpr(9'gK (¢'g) ™ N (P NP')(Af)))
— Sh(Mep+, Xpr, mpr(9'gK (9'9) " N P'(Af)))
LA, Sh(G, X, K
where the first map is the finite étale map introduced in Proposition-Definition
C.4.5.
We have the following analogue of | , Proposition 1.1.3|. First choose an

order {Pq,...,P,} on the set of standard maximal proper parabolic subgroups

of G mapping onto Guqin satisfying U; C U, for 1 < i < n, where U; is the
center of the unipotent radical of P; (see | , Theorem II1.4.8 (i)]). We
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have a bijection I — P := (,.; P; between subsets of {1,...,n} and standard
parabolic subgroups of G mapping onto G,q i (these are in bijection with standard
parabolic subgroups of Gaqper). For I = {i; < --- < i,} a non-empty subset of
{1,...,n} we have a bijection between P;(A;)\G(Af)/K and the set of tuples
(Si,...,S,) where S; is a boundary stratum of Sh(G, X, K)* corresponding to P;,
and for 1 < j <r Sj;; is a boundary stratum of S7 corresponding to the image
Qjr1 of PiyN---NPy,,, in Mp, n.qp,_,. Under this bijection the P;(Ay)-orbit of
gK € G(Ay)/K corresponds to

Sy = Sh(Mp, , X1, K(P;,, gK)) Fut (G, X, K

in K *
Sj+1:=Sh(Maq, > Xj+1, Kjt1) U S;

where Xl = XPil’ Xj—i—l = (Xj)Qja K1 = K(P“,QK) and Kj+1 = K(Qj+17Kj)-
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