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Abstract

We give an explicit construction of global Galois gerbes constructed more ab-
stractly by Kaletha to define global rigid inner forms. This notion is crucial to for-
mulate Arthur’s multiplicity formula for inner forms of quasi-split reductive groups.
As a corollary, we show that any global rigid inner form is almost everywhere un-
ramified, and we give an algorithm to compute the resulting local rigid inner forms
at all places in a given finite set. This makes global rigid inner forms as explicit as
global pure inner forms, up to computations in local and global class field theory.
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1 Introduction

Let F' be a number field, and G a connected reductive group over F'. Following seminal
work of Labesse-Langlands | | and Shelstad, Langlands, Kottwitz and Arthur | |
conjectured a multiplicity formula for discrete automorphic representations for G, in
terms of Arthur-Langlands parameters 9 : Lr x SLa(C) — “G. The formulation of this
conjecture on automorphic multiplicities requires a precise version of the local Arthur-
Langlands correspondence for G, := G X F,, at all places v of F', describing individual
elements of local packets using the theory of endoscopy. For this it is necessary to endow
each G, with a rigidifying datum. For places v such that G, is quasi-split, that is for
all but finitely many places of F', this can take the form of a Whittaker datum r,. If
G is quasi-split, then one can choose a global Whittaker datum 1, and it is expected
that taking localizations v, of v yields a coherent family of precise versions of the
local Arthur-Langlands correspondence. This coherence is crucial for the automorphic
multiplicity formula to hold. For example this is the setting used in | | and | |.
Note that even though a choice of global Whittaker datum is necessary to express the
formula for automorphic multiplicities, these multiplicities are canonical, as one can easily
deduce from | , Theorem 4.3].

In general the connected reductive group G might not be quasi-split, and G is only
an inner form of a unique quasi-split group. Recall (see | |) that two connected
reductive groups have isomorphic Langlands dual groups if and only if they are inner
forms of each other. Vogan | | and Kottwitz conjectured a formulation of the local
Langlands correspondence in the case where G'p, is a pure inner form of a quasi-split
group. In this case a rigidifying datum is a quadruple (G, Z,, z,, 0,) where G is a con-
nected reductive quasi-split group over Fy, =, : (GTJ)FT — G is an isomorphism, and
z, € Z1(F,,G?) is such that for any o € Gal(F,/F,) we have 2, 10(Z,) = Ad(z,(0)).
If globally G is a pure inner form of a quasi-split group, one can choose a similar global
quadruple (G*,E, z,w), and localizing at all places of F' seems to yield a coherent family
of rigidifying data. Away from a finite set S of places of F', the restriction z, of z to a de-
composition group Gal(F,/F,) is cohomologically trivial, and writing it as a coboundary
yields an isomorphism = : G}, =~ G, well-defined up to conjugation by G(F,), which
endows G, with a Whittaker datum (Z/)).(w,) in a canonical way. Furthermore, up to
enlarging S this can be done integrally, that is over a finite étale extension of O(Fy,), so
that Z! is an isomorphism between the canonical models of G* and G over O(F,).

Unfortunately not all connected reductive groups can be realized as pure inner forms
of quasi-split groups, due to the fact that H'(F,G*) — H(F,G%,) can fail to be sur-

jective. The simplest example is certainly the group of elements having reduced norm



equal to 1 in a non-split quaternion algebra, an inner form of SLs, considered in | |.
To circumvent this problem, Kaletha defined larger Galois cohomology groups in | |
for the local case and in [lKal] for the global case. More precisely, he constructed central

extensions (Galois gerbes bound by commutative groups in the terminology of | )
1— P, =& — Gal(F,/F,) = 1
in the local case, v any place of F', and
1—-P—=&—Ga(F/F)—1

in the global case. Here P, and P are inverse limits of finite commutative algebraic
groups defined over F, or F', and we have denoted by P, — &, the extension denoted
by u — W in | |, to emphasize the analogy between the local and global cases.
The central extensions are obtained from certain classes &, € H%(F,, P,), ¢ € H?(F, P).
Using these central extensions Kaletha defined, for Z a finite central algebraic subgroup

of G*, certain sets of 1-cocycles
ZN(P, — &, Z(F,) —» G*(F,)) > Z'(F,, Gy,

resp. ZY(P — £,Z(F) — G*(F)) > ZY(F,G*)

which naturally map to Z1(F,, Grar,) (resp. ZY(F,G%,)), so that such cocycles give rise
to inner forms of G*. Kaletha also proposed precise formulations of the local Langlands
conjecture and Arthur multiplicity formula, using rigidifying data (G, Z,, 2, 10,) (resp.
(G*,E, z,m)) where now z, (resp. z) belongs to this larger group of 1-cocycles. For Z
large enough, for example if Z contains the center of the derived subgroup of G*, the

map between the resulting cohomology sets
HYP — &,Z(F) — G*(F)) - H'(F,G%,)

is surjective, and so any G can be endowed with such a rigidifying datum (G*, Z, z, tv).
From such a global rigidifying datum, one obtains local rigidifying data by localization.

Each localization z, = loc,(z) of z is defined by pulling back via a morphism of central

extensions
1 » P, Ey Gal(F,/F,) —— 1
l l l (1.0.1)
1 P £ Gal(F/F) —— 1

and extending coefficients from G*(F) to G*(F,).



In this paper we give an explicit, bottom-up realization of the central extension
1-P—=E&—Ga(F/F)—1

constructed in [Kal]. Here “bottom-up” means that our construction is naturally an

inverse limit over k > 0 of central extensions
1— P, — &, — Gal(E,/F) — 1,

where E /F is finite Galois extension, Py is a finite commutative algebraic group over F
such that Py(E}) = Py(F), and P = @kzo Py;. We also give bottom-up realizations of
localization morphisms (1.0.1) and generalized Tate-Nakayama morphisms for tori ([I<al,
Theorem 3.7.3], which generalizes | |), as well as compatibilities between them. We
also show (Proposition 5.5.2) that our construction recovers the “canonical class” defined
abstractly in [[<al, §3.5]. Apart from giving alternative proofs of some results in [I<al],
our construction has the benefit that it allows one to compute with global rigid inner
forms “at finite level”, that is using a finite Galois extension of the base field F. In
particular, we deduce that global rigid inner forms are almost everywhere unramified
(Proposition 6.1.1), a fact which is obvious for pure inner forms, but surprisingly not for
rigid inner forms. In the future our construction could be used to prove further properties
of Kaletha’s canonical class.

Our direct construction is also useful for explicit applications using Arthur’s formula
for automorphic multiplicities. Computing spaces of automorphic forms, along with
action of a Hecke algebra, is possible for definite reductive groups thanks to reduction
theory. Unfortunately non-commutative definite reductive groups are not quasi-split.
Once such spaces are computed, one would like to interpret Hecke eigenforms as being
related to (ersatz) motives, and Arthur’s multiplicity formula makes this relation precise
(see | | for some cases for which rigid inner forms are needed). For this it is necessary

to compute localizations of rigidifying data, more precisely to solve the following problem.
Problem. Given a connected reductive group G over a number field F, find
e a global rigidifying datum D = (G*, =2, z, 1),

e q finite set S of places of F' containing all archimedean places and all non-archimedean

places v such that G, is ramified,

e a reductive model of G over the ring Opgs of S-integers in F' such that for any

v & S, the localization D, of D at v is unramified with respect to the integral model
QOFU Of GFv7



e for each v € S, an explicit description of the localization D, of D at v.

Above “unramified” means that loc,(z) € BY(F,,G), and that the resulting isomor-
phism =/ : F, ~ Gr,, which is well-defined up to composing with conjugation by an
element of G(F,), identifies the conjugacy class of tw, with a Whittaker datum for G,
compatible with the integral model G (g, ), in the sense of | |. At almost all places
this is implied by the fact that t, is compatible with the canonical model of G* and the
fact that loc,(z) € ZY(F™/F,, G*), but for applications it is desirable to keep S as small
as possible. For v € .S, the meaning of “explicit description of D,” is somewhat vague. In
the case where loc,(z) is cohomologically trivial this simply means a Whittaker datum
for Gg,. In general it means describing the localization D, in a purely local fashion, so
that it could be compared to a reference rigidifying datum. We give detailed steps to
solve this problem in section 7, reducing the computation of localizations at places in
S to computations in local and global class field theory. We give an example in section
7.2 in a case where G is a definite inner form of SLy over F' = Q(v/3) which is split at
all finite places, and for S the set of archimedean places, that is in “level one”. It can
be generalized effortlessly, and without additional computations, to the analogous inner
forms of Sp,,, over F, for arbitrary n > 2.

Let us explain why this problem does not appear to be directly solvable using con-
structions in [Kal], which might be surprising when one considers the case of pure inner
forms, as it is straightforward to restrict a l-cocycle to a decomposition group. For
explicit computations one can only work with finite extensions of F', and finite Galois
modules. Although the localization maps (1.0.1) are canonical, unfortunately they do
not arise from canonical morphism of central extensions of Galois groups by finite Ga-
lois modules, because of the possible non-vanishing of H'(F,, P;), where P = @k P,

Similarly, the possible non-vanishing of H!(F, P;) means that inflation morphisms

1 — Pyyy — Epyn — Gal(F/F) — 1

l l l (1.0.2)

1 > Pp > Ex Gal(F/F) —— 1

are not defined canonically, where & is the central extension obtained using a 2-cocycle
in the cohomology class of the image of ¢ in H?(F, P). For applications to generalized
Tate-Nakayama isomorphisms, Kaletha shows that these ambiguities are innocuous using
a clever indirect argument (Lemma 3.7.10 in [Kal]) in cohomology (but only in cohomol-
ogy). Note that in the local case, Kaletha gave an explicit construction of the inflation
maps analogous to (1.0.2): see | , §4.5].

Our construction is a global analogue. The main difficulty lies in formulating and



proving the analogue of | , Lemma 4.4] (which draws on | , §VL1]) in the global
case. First we reinterpret | , Lemma 4.4] using a modification AW? of the Akizuki-
Witt map on 2-cocycles (| , Ch. XV]) occurring in the construction of Weil groups
attached to class formations. We study this modification systematically in section 3.1, in
particular we observe that it is more flexible while retaining the interpretation in terms
of central extensions. It is not difficult to establish the analogue of | , Lemma 4.4]
where local fundamental cocycles are replaced by global fundamental cocycles. How-
ever, in Tate-Nakayama isomorphisms these global fundamental cocycles control Galois
cohomology groups such as H'(E/F,T(Ag)/T(E)), where T is a torus over I split by
the finite Galois extension E/F, whereas we are interested in cohomology groups such
as HY(E/F,T(E)). These are controlled by Tate cocycles defined by Tate in | |,
essentially as a consequence of the compatibility between local and global fundamental
2-cocycles. Unfortunately these do not seem to have an interpretation using the Akizuki-
Witt map, and this makes the global case more challenging. We give an ad hoc definition
of a certain map AWES? in Definition 4.2.1, which is compatible with the corestriction
map in Eckmann-Shapiro’s lemma for modules which are twice induced. This definition
is crucial for the main technical result of this article, Theorem 4.4.2, constructing a fam-
ily of Tate cocycles compatible under AWES?, as well as local-global compatibility with
local fundamental cocycles. We give a second proof as preparation for the algorithm
in section 7. Once this is proved, we construct Kaletha’s generalized Tate-Nakayama
morphisms at the level of cocycles in section 5, and prove compatibilities with respect
to inflation and localization. In particular we obtain an explicit version of Kaletha’s
localization maps at finite level and for cocycles. Although these explicit localization
maps are not canonical, as they depend on a number of choices detailed in the paper to
form cocycles, they are compatible with inflation and so yield a localization map between
towers of central extensions (see Proposition 5.4.5).

As mentioned above, a consequence is that global rigid inner forms are unramified
away from a finite set (Proposition 6.1.1), which is not obvious from the definition using
cohomology classes. After the first version of this paper was written, we found a short
proof of this ramification property using only Kaletha’s characterization of the canonical
class in [I<al, §3.5]. This proof is included in section 6, along with an example of a
“non-canonical” class, which does not satisfy this ramification property.

The author thanks Tasho Kaletha for numerous interesting discussions on rigid inner
forms and for his encouragement, as well as two anonymous referees for their comments

and suggestions.



2 Notation

Let F be a number field. We denote by A the ring of adéles for F. Let F be an algebraic
closure of F. All algebraic extensions of F' considered will be subextensions of F. If E is
an algebraic extension of F', let O(E) be its ring of integers, A = E @ A, I(E) = Aj;
the group of idéles and C(E) = I(E)/E* the group of idéle classes. Let A = A. Let
V be the set of all places of F'. If S C V and F is an algebraic extension of F', denote
by Sg the set of places of E above S. If S is a set of places of F' or E containing all
archimedean places, let I(E,S) be the subgroup of I(E) consisting of idéles which are
integral units away from S, and O(F, S) the ring of S-integral elements of E. For S C V/
let F'g be the maximal subextension of F//F unramified outside S, and Og = O(Fg, S).
For E an algebraic extension of F' and u € Vg, we will denote by pr, the projection
Ag — E,. For v € V we will denote by pr, the projection Az — F ®r F,.

As in [Kal] we fix a tower (Ej)r>o of increasing finite Galois extensions of F', with
Ey = F and |J, By = F. Choose an increasing sequence (Sg)i>o of finite subsets of
V such that Sy contains all archimedean places of F', S; contains all non-archimedean
places of F ramifying in Ej,, and I(Ey, S) maps onto C(E})). We also fix a set V C V&
of representatives for the action of Gal(F/F), that is V contains a place of F above every
place of F. For E a Galois extension of F and S’ C V let S’E be the set of places of E
below V and above S, so that S}; is a set of representatives for the action of Gal(E/F)
on S7,. We can assume that V is chosen so that for any finite Galois extension E/F and
o € Gal(E/F), there exists © € Vi such that o - = ©. This follows from Chebotarev’s
density theorem by an inductive process as in [[Kal, (3.8)]. For v € V and k > 0 we
will denote by ¥, the unique place in VEk above v. To avoid double subscripts we let
Eyy = Ej . Forv e S let F, = hﬂk; E} 4., an algebraic closure of F;,, so that we have
a well-defined inclusion Gal(F,/F,) C Gal(F'/F).

Remark 2.0.1. The above hypotheses on (Sk)r>0 are weaker than Conditions 3.3.1 in
[Kall.  For effective computations (see Section 7) it is useful to have Sy as small as
possible, and so we have only imposed conditions on (Sk)k>o0 that are necessary for con-
structions in the present article.

The condition on the choice of V. (corresponding to Condition 3.8.1.4 in [Kal]) will
not be used for the main constructions in this article. However, the extension P — £ —
Gal(F/F) and the morphism v in Corollary 5.2.4 depend on the choice of (Ex)k>o and
V., and so the above condition on V is necessary to obtain objects isomorphic to those in
[Kal]. Note that Condition 3.3.1.4 in [Kal] is first used in [Kal, Lemma 3.3.2, 3/, and so

it is also used [Kal, Lemma 3.6.1] to obtain surjectivity of

HY P —=&,Z - G)— H\(F,G/Z)



for any connected reductive group G over F' and finite central subgroup Z. This is crucial
for applications to automorphic forms (see [Kal, §4.3]).
Condition 3.3.1.3 in [Kall, which we have not imposed, is used to prove that certain

inflation maps are injective (Lemma 3.1.10, Lemma 3.2.7, Proposition 3.7.12).

If A is a commutative group, AV = Hom(A4,Q/Z). If A is commutative group and
N > 1is an integer, A[N] denotes the N-torsion subgroup of A. If A is a finite commu-
tative group, exp(A) is the exponent of A, i.e. the smallest N > 1 such that A[N] = A.
We will denote the group law of most abelian groups multiplicatively, except notably for
groups of characters or cocharacters of tori. If G is a group and A a G-module, A C A
is the subgroup of G-invariants. If in addition G' = Gal(E/F), we will write Ng/p for
the norm map, and AVE/F for the subgroup of elements killed by Ng /F-

3 Preliminaries

3.1 A modification of the Akizuki-Witt map

Consider G a finite group, N a normal subgroup. If s : G/N — G is a section such
that s(1) = 1 and A is a G-module, with group law written multiplicatively, then for
a € Z%(G, A),

R(@) : (7)o [ 2080 x i s(o)s(r) L)

a(n, s(oT))

neN

defines an element of Z2(G/N, AV), the cohomology class of which only depends on that
of a | , Ch. XIII, §3], so that AW descends to a map H2(G, A) — H2(G/N, AN).
We refer to | , Ch. XIII, §3| for the natural interpretation of AW in terms of central

group extensions. Using the 2-cocycle relation for « at (n,s(o),s(7)) we can express
(3.1.1) as

H a(n, s(o)) x a(ns(o), s(1)) H a(n, s(o)) x a(on, s(T))

a(n, s(oT)) -

neN neN

where & € G is any lift of o, not necessarily equal to s(o). Using the 2-cocycle relation

for a at (&,m,s(7)) we can also rewrite this as

AW (a)(0,7) = H <a(n,s(0)) x & (a(n,s(1))) 5 a(&,ns(7))> ‘ (31.2)

e a(n, s(oT)) a(o,n)

The following shows that with an appropriate choice of « in its cohomology class,

this expression simplifies.



Lemma 3.1.1. In any cohomology class in H?(G, A), there is a 2-cocycle o such that
for allm € N and 0 € G/N, a(n,s(o)) = 1.

Proof. It is well-known that any cohomology class contains a 2-cocycle a such that for
all 0 € G, a(o,1) =1 = «a(l,0). We choose such an «, and we will construct 5: G — A
such that ad(f) satisfies the required property. Let 8(1) = 1, and choose the values of
B on N~ {1} and s(G/N ~ {1}) arbitrarily. For n € N and ¢ € G/N,

B(n) x n(B(s(0)))

and we are led to define B(ns(o)) = a(n,s(0)) x B(n) x n(B(s(0))) for n € N~ {1} and
o € G/N ~ {1}. Note that this equality also holds when n =1 or o = 1. O

This motivates to the following modification AW? of the Akizuki-Witt map AW.

Definition 3.1.2. Let I" be an extension of G, i.e. I' is a group endowed with a surjective
morphism I' = G. Let A be a commutative group, with group law written multiplicatively.
Fora:T x G — A, define AW?(a) : T x G/N — A by

a(o,nT)

AW?(a)(o,7) =[]

ey @lon)

where 0 €', 7 € G/N and T € G is any lift of T.

Although this coincides with the original Akizuki-Witt map a priori only for classes
a as in Lemma 3.1.1 (for A a G-module and I' = G), this definition has the advantage
that it does not require a choice of section s, and will be more convenient for taking
cup-products. Moreover it is defined in a slightly more general setting, since it does not
involve an action of G on A. This property will make “extracting N-th roots” in section 5
almost harmless. The definition has the disadvantage that, even when A is a G-module,
I' =G and a € Z%(G, A), it is not automatic that AW?(a) factors through G/N x G/N
or takes values in A%,

For I" an extension of G and A a commutative group recall | ,84.3| fori>j>0
the commutative group C%(T',G, A) of functions '™ x G9 — A, which is naturally
a subgroup of C*(I', A). If A is a I'-module, the differential d maps C*(T',G, A) to
C(T, G, A). Let Z49(T, G, A) be its kernel.

The following proposition is the first evidence that AW? behaves nicely under weaker
conditions than the one imposed in Lemma 3.1.1, retaining the interpretation in terms

of central extensions.

Proposition 3.1.3. Let I' be an extension of G.

10



1. For a € Z>Y(T',G, A), we have AW?(a) € Z>1(I',G/N, A).

2. IfT =G then o — [[,cy @(n, o) descends to a map G/N — A/AN mapping 1 to
1.

3. If ' = @G, the following are equivalent:

(a) AW?(a) factors through G/N x G/N,
(b) for alloc € N and 7 € G/N, AW?(a)(o,7) = 1,
(c) for allo € G, [],eny (n,0) € AN.
4. If T = G and the above conditions are satisfied, then AW?(a) € Z*(G/N, AN)

belongs to the same cohomology class as m(a) and we have a morphism of central

extensions
ARG — AN ® G/N
a AW? ()
zXo '_><H n(x)a(n,a)) Xa. (3.1.3)
neN

We only sketch the proof, since this proposition is not logically necessary for the rest

of the paper.
Proof. 1. This is an easy computation.

2. Suppose that I' = G. Using the cocycle relation for «, for every 7,7 € N,
T(H a(n,7)> = HQ(TTL,’Y)OZ n)/a(r,ny) = Han'y
neN neN neN

and so [[,cy @(n,v) € AN for any v € N. Now for v € N and o € G, using the

cocycle relation again,

H a(n,yo) = H a(ny,o)a(n,y)n( H a(n,o) mod AV,

neN neN neN

3. Using the cocycle relation we can write

AW (0)(0, ) = [ AT

U olamm)y

The numerator only depends on @ mod N, and the equivalence between (a) and

(c) follows easily. The equivalence between (b) and (c) is obtained by taking o € N.

11



4. The fact that AW?(a) is cohomologous to AW 2(a) follows from the expression
(3.1.2) for AW and condition (c). This give an isomorphism AY X G/N ~

AW?(a)
AN X G/N. Since we have an explicit map A X G — AN @ G/N by con-
AW () AW (a)
struction in | , Ch. XIII, §3], finding formula (3.1.3) is a simple computation.

Alternatively, one can directly check that (3.1.3) is a morphism.
O

In order to investigate the effect on AW?(a) of the choice of « in its cohomology

class, let us define a second map AW' on 1-cochains.

Definition 3.1.4. Let A be a commutative group. For B : G — A, define AW!(p) :
G/N — A by the formula AW'(B)(0) = [],cn B(nd)/B(n), where & € G is any lift of
o€ G/N.

Proposition 3.1.5. Suppose T is an extension of G, and A is a I'-module. For any
B:G — A, we have d(AWL(3)) = AW2(d(B)) in Z>(T',G/N, A).

Proof. For 0 € T and 7 € G/N, denoting & the image of ¢ in G, we have

d(AW' (3 H ﬁ 9) )>)) fff;i)
gIE=e
and
AW? (d(3 l%ﬁ BGn7) »ﬁwﬂi2m>
ngv B(ant) o (Bg(n)))

Lemma 3.1.6. The maps
{8:G— AlB(1) =1} — {8: G/N — A|B(1) = 1}
induced by AW and
{a:T'xG— Ala(o,1)=1 forallc €T} - {a:T'xG/N = A|a(o,1) =1 for allc € T'}

induced by AW? are both surjective.

12



Proof. Let s : G/N — G be a section such that s(1) = 1. Restricting AW! to the set of
p: G — A such that 8|y = 1 and B(ns(c)) =1 for c € G/N ~ {1} and n € N ~ {1}
yields a bijective map onto {5 : G/N — A|B(1) = 1}.

Similarly, restricting AW? to the set of & : T' x G — A such that

e forallc eT"and n € N, a(o,n) =1,
e forallc €', ne N\ {1} and 7 € G/N ~ {1}, a(o,ns(1)) = 1,
yields a bijective map onto {a: I' x G/N — A|a(o,1) =1 for all o € T'}. O

The following corollary is readily deduced from Lemmas 3.1.1 and 3.1.6 and Propo-
sition 3.1.5.

Corollary 3.1.7. Suppose that A is a G-module. Consider c € H*(G, A), and let ay €
Z%(G/N, AN) be in the cohomology class of the image of ¢ under AW. Assume that
an(1,1) = 1. Then there exists o € ¢ such that a(1,1) = 1 and AW?(a) = ay.

Note that we have not imposed that a should satisfy the property in Lemma 3.1.1,
and indeed it can happen that no such o maps to ay under AW?. A simple computation
shows that if we fix a section s : G/N — G as above, then for a,a’ € ¢ as in Lemma
3.1.1, AW?(a/a’) € B®(G/N, Ny(A)) where

Ny(A) ={]] n(z) |z € A}.

neN

3.2 Explicit Eckmann-Shapiro

Let G be a finite group acting transitively on the left on a set X. Choose g € X and let
H be the stabilizer of zg, so that we have an identification of G-sets X ~ GG/H mapping
zo to the trivial coset.

Let A be a left H-module. Define

ind%(A) ={f:G — A|Vh € H,g € G, f(hg) = h- f(9)}.

It is naturally a left G-module by defining (g1 - f)(92) = f(g291). Evaluation at 1
defines a surjective morphism of H-modules 7 : ind%(A) — A, which admits a natural
splitting: we can identify A with the sub- H-module of ind% (A) consisting of all functions
whose support is contained in H. Choose R a set of representatives for G/H. Then
ind%(A) = P, crr - A. For simplicity we assume that 1 € R.

If A happens to be a G-module, then

fe(gH =g - fg™h) (3.2.1)
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defines an isomorphism of G-modules ¢$ between ind$;(A) and Maps(X, A). The sub-H-
module A of ind% (A) corresponds to functions supported on zy under this isomorphism.

The Eckmann-Shapiro lemma states that for any ¢ > 0, the composite
HY(G,ind%(A)) — H(H,ind%(A)) — H'(H, A)

is an isomorphism, where the first map is restriction and the second map is induced by
m. See e.g. | , Ch. I, §2.5]. It is well-known (for example | , p-713]) that the

inverse is obtained as the composite
HY(H, A) — H'(H,ind%(A)) - HY(G,ind%(A))

where the first map is induced by the embedding of H-modules A — ind% (A) mentioned
above and the second map is corestriction. In this paper we will use explicit formulas for

this inverse map, especially in degree 2.

Proposition-Definition 3.2.1. As above, G is a finite group, H is a subgroup of G, R

is a set of representatives for G/H containing 1, and A is a G-module.
1. Fori >0 and c € C*(H, A), define ESh(c) € C*(G,ind%(A)) by
ESZR(C)(Tlth’Q_l, T’th?“?)_l, Ce ,’I"Z'hﬂ’;rll)<h7;+17’1_1) = hi+1 (C(hl, hQ, ey hz))

where r1,...,15401 € R and hy,...,h;11 € H. If A happens to be a G-module, then

using the identification (3.2.1) we can write

¢>§ (ES%(C)(Tlthgl, r2h2r3_1, e ,Tihz'T;_ll)) (r1-xo) =11 (c(h1, hay ..., hi)).
(3.2.2)

2. Fori >0 and c € C'(H, A), d(ES%(c)) = Esgl(d(c)). Thus ESY, induces a map
H'(H, A) — H(G,ind%), which is an isomorphism that we still denote by ES%.

Proof. The formula for ES%(c) follows from the explicit formula for corestriction for
homogeneous cochains found in | , Ch. I, §5.4. p.48] specialized to the case at
hand where ¢ takes values in A C ind%(A). O

4 Construction of Tate cocycles in a tower

Let us recall from | | the construction of the Tate-Nakayama isomorphism, which
gives a relatively simple description of Galois cohomology groups of tori over F'. Consider
F afinite Galois extension of F'; and S a not necessarily finite set of places of F' containing

all Archimedean places and all non-Archimedean places that ramify in F, and such that
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I(E, S) surjects to C'(F). Tate introduced the Gal(E/F')-module Ta(E, S) which consists

of all morphisms from the short exact sequence
Z|SElo = Z|SE] = Z
to the short exact sequence
O(E,S) — I(E,S) = C(E).
Equivalently,

Ta(E, S) = Hom(Z[Sg], I(E, S)) X C(F) C Maps(Sg, I(E,S5)).
Hom(Z[SEg],C(E))
Tate constructed, using local and global fundamental classes and compatibility between
them, a Tate class o € H*(E/F, Ta(E,S)). Consider a torus T over F which is split by
E,let Y = X, (T) be the associated Gal(E/F')-module of cocharacters. The main result

of | | is that taking cup-product with « gives isomorphisms in every degree i € Z
HY(E/F,Y[Sglo) — H"(E/F,T(O(E, S))) (4.0.1a)
H'(E/F,Y[Sg]) — H**(E/F,T(Ag, S)) (4.0.1b)
HY(E/F,Y) — H™(E/F,T(Ag)/T(E)) (4.0.1c)
where

T(Ap,S) =Y @z I(E,S)= [[ T(Ew) x [ T(Og,).
weSE wgSE

We shall see that varying S among the sets of places containing a fixed finite set Sy
satisfying the above conditions does not result in any difficulty. Varying F (for example
in the tower Ej that is fixed in this paper), however, leads to the surprising phenomenon
that it is not completely obvious that all three isomorphisms (4.0.1) are compatible with
inflation of cohomology classes on the right hand side. See [[{al, Lemma 3.1.4| for a
precise statement and a proof in cohomology.

Our first goal is to construct a compatible family of Tate cocycles
oy, € Z%(Ey,/F,Maps(V,, I[(Ey)))

for the Galois extensions Ej/F. We will give a precise meaning to technical notion of
“compatibility” in Theorem 4.4.2. For now we simply mention that this compatibility is
a global analogue of | , Lemma 4.4].

Unwinding the definition, one can see that for a fixed k, a Tate cocycle ay, for Ey/F
is obtained as follows.
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1. Choose a representative ay, € Z2(Ey,/F, C(E})) of the fundamental class for Ey,/F.

2. For each place v of F, choose a representative ag, € ZQ(EM,/FU,E,:@) of the
fundamental class for Ey, ;/F,. Let of, € Z*(Ey/F,Maps(Vg,,I(Ey))) be such that
for any v € V, the 2-cocycle

Gal(Eys/Fy)? —1(Ey)
(J> 7_) r—>a§€ (07 T) (Uk:)

is cohomologous to ay,, composed with jy, : E), < I(E}). Explicitly, o}, can be
obtained from (o y)vey using (3.2.2).

3. Choose f3, € CY(Ey/F,Maps(Vg,,C(Ey))) such that ay/aj = d(B;), where ay
is seen as taking values in the set of constant maps Vg, — C(E)) and o}, is the
composition of aj, with the natural map Maps(Vg,, I(E)) — Maps(Vg,, C(Ey)).

4. Lift B;, to By € C1(Eg/F,Maps(V,, I(Ey))) arbitrarily, and define a, = o}, xd(Bg).

In this section we will show that each step can be done compatibly with Akizuki-Witt-
like maps. For cocycles oy, this was done in | , Lemma 4.4], we will however give
a slightly different construction, using Corollary 3.1.7. The case of @y is very similar.
A key point of the construction will be the definition (see 4.2.1) of an “Akizuki-Witt-
Eckmann-Shapiro” map relating the maps AW for local and global Galois groups, and
formula (3.2.2) (see Lemma 4.2.2).

4.1 Global fundamental cocycles

For any k > 0, the image of the fundamental class in H?(Eyy1/F,C(Ejy1)) under the
Akizuki-Witt map (3.1.1) (for the normal subgroup Gal(Ejy1/Ey), and any choice of
section) is the fundamental class in H2(E}y/F,C(E)). This is a direct consequence of
| , Ch. XIII, Theorem 6. For i € {1,2} write AW% for the maps AW’ defined in sec-
tion 3.1, for the normal subgroup Gal(Ejy1/E)) of Gal(Ex4+1/F). Using Corollary 3.1.7
we see that there exists a family (@y),~, where each @y, € Z?(Ej/F,C(Ey)) represents
the fundamental class, and such that for all & > 0 we have ay = AWZ(Qpy1)-

Remark 4.1.1. Alternatively, one could construct such a family using a method similar
to [ , §4.4] (and so [ , §VI.1]), that is by choosing sections Gal(Exy1/Ex) —
Wg,, where W, is the Weil group of Ei, and multiplying them to produce sections
Gal(Ey/F) — Wg, /r, yielding fundamental cocycles compatible with AWZ.

A third way would be to use a compactness argument and Lemma 3.1.1, as in the
proof of Theorem 4.4.2 (using 2-cochains instead of 1-cochains). The details for this last

alternative are left to the reader.
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4.2 Local and adélic fundamental classes

Fix v € V. For i € {1,2} write AW};W for the maps AW defined in section 3.1, for the
normal subgroup Gal(Ej11.4/Eks) of Gal(Eg41.4/Fy). As in the global case we can use
Corollary 3.1.7 inductively to produce a family ()., Where oz, € ZQ(E;W-,/FU, Ekxv)
represents the fundamental class and for all k& > O,_We have ay, = AWi,v(ozkH,U).
Alternatively we could simply use | , Lemma 4.4|: see Remark 4.1.1.

For each k > 1, choose representatives for Gal(Ej/Ey_1)/Gal(Ey/Ek—14), and
choose lifts of these representatives in Gal(F'/Eg_1) to obtain a finite set Ry, C Gal(F/Ej_1).
We can and do assume that 1 € Ry,. For convenience we also define Ry, = {1} C
Gal(F/F). For any k > 0, Ry, =RopRiy... Ry C Gal(F/F) projects to a set of rep-
resentatives for Gal(Ey/F)/Gal(Ey/Fy). For v € V and k > 0 let (i, : {v}E, —
{v}E,,, be the section such that for all r € Rﬁw, Chw(r - Ok) = 7 - Upg1. Define
Jkw Ekxﬂ.) — I(Ey) by (ro(®))s, = = and (jro(x))w = 1 for w # 0. We have

X
k41,0

jk,v(x) = H r (jk:-i—l,v(x)) . (4'2'1>

TeRk+l,v

natural inclusions E;, C E and for z € E}; we have

Following Proposition 3.2.1 define, for all k > 0, o}, € Z?(Ey/F,Maps(Vg,, I(Ek)))
by
ag(riory rerry ) (r k) = 1 (i (ankw(0, 7)) (4.2.2)
forveV, 0,7 € Gal(Ey/F,) and r1,72,r3 € R . That is, o, is obtained by aggregat-
ing
Gal(Ey/F .
S k) BShy (ka(an))) € Z2(Ex/F, Maps({v} g, I(Ex)))
forveV.

Definition 4.2.1. Suppose that A is a commutative group. Fork > 0 and o : Gal(F/F)x
Gal(Eg41/F) — Maps(Vg,, ,, A), define

AWES? () : Gal(F/F) x Gal(E},/F) — Maps(Vg,, A)
by

a(o,n7)(op41nT - Cpu(w))
a(o,n) (k41 - Cop(T - W)

AWES: () (0, 7)(o)T - w) = H
nGGal(Ek_H/Ek)

In this formula o € Gal(F/F) has image op11 in Gal(Eyy1/F) and o), in Gal(Ey/F),
7 € Gal(Ey/F) and 7 € Gal(Eyy1/F) is any lift of 7, v eV and w € {v}g,.

Note that AWES% depends on the choice of representatives R§av only via (j -
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Lemma 4.2.2. For all k > 0 we have AWES{ (o}, _,) = a,.

Note that a priori the left hand side is only a map Gal(Eg41/F) x Gal(Eg/F) —
Maps(Vg,, [(Ek41)). The lemma implies that is is inflated from a map Gal(Ey/F)? —
Maps(Vg, , I(Ef)).

Proof. Fix 0 € Gal(Egy1/F), 7 € Gal(Ey/F) and v € Ry . In Gal(Ey/F) write
Ty = 7r2g2 where 7o € R} and g» € Gal(Ey,/Fy). Let 7 € Gal(Ej41/F) be any
lift of 7 and let gp € Gal(Ey+14/Fy) be any lift of go. Note that

{n7|n € Gal(Ex1+1/FEx)} :{rgunvgzy_l |u € Rii1,0, Mo € Gal(Ejq16/Ero) }s
Gal(EkH/Ek) :{rgunvrgl ]u S Rk+1,va Ny € Gal(EkH,i,/Ekﬂ-,)}.

In Gal(E}/F) write oyra = r1g1 where r1 € R and g1 € Gal(Ej,;/F,). Choose g1 €
Gal(Eg11,0/Fy) lifting g1. For every u € Ryy1, we can decompose orou € Gal(Ejy41/F)
as follows: orou = ru'g1z, where v’ € Ry, and z, € Gal(Ej41 4/ Ey;) depend on u.
Moreover u — u' realizes a bijection from Rji1, to itself: Tflarggfl € Gal(Ex11/Ek)

induces a permutation of the set of places of Fjy 1 lying above vy.

H a;g—}-l(o—? nT)(onty - Upq1)

AWES} (1) (0, 7) (o377 - %) = ‘
k(agp1)(0, 7)(oRTY - Uk) )1 (o,n)(onry - Dry1)

n€Gal(Ey41/Ek)
11 oy (r1! Grey (row) = rouny Goy ™) (riu - )

st (T Grvy (raw) =1 rounry ) (ru - D)

U,ny

using the above bijections. Now apply definition (4.2.2) of a, 41 to the numerator (resp.

denominator), with (r1,re,73) replaced by (riu/, rou,~y) (resp. (riu’, rou,r2)):

AWES} (1) (0, 7) (o3 - 03) = [[ e (H 1,0 (Qrr1,0(G120, nvgz)))

oo jk+1,v (akJrl,v(glev, nv))

= H rlu' (ijer (Oék,v (917 92)))

=T (jk,v(ak,v(gla 92)))
2042(7’1917'2_1, ngg’y_l)(h . i)k)
=ay(o,7)(oTy - Ug).
The second equality follows from oy, = AW%J}(O%HW) The third equality is a conse-

quence of (4.2.1). The third equality follows from the definition (4.2.2) of o}, and the
last equality from the definition of 71,792, g1, go. O
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Remark 4.2.3. One could define AWES? aziomatically, as we did for AW? in Section
3.1, for general quadruples (G, N, H, Rq/n, Rn) where G is a finite group, N a normal
subgroup of G, H a subgroup of G, Rg/n C G a set of representatives for G/HN =
(G/N)/(HN/N) suchthat1 € Rg/n, and Ry C N a set of representatives for N/(NNH )
such that 1 € Ry . One could also state the generalization of Lemma 4.2.2 in this context,
with an identical proof. Note that it would apply to 2-cocycles o taking values in a twice
induced module, that is Z[G/H)] &z ind%(A) for some H-module A. Indeed Definition
4.2.1 is essentially used with A = (E ®@p Fy)* =[], By, which is already induced with
respect to the subgroup Gal(Ey/F,) of Gal(Ey/F). We will not need this generality,

however.

4.3 Properties of AWES?

To establish the analogue of Proposition 3.1.5, we introduce variants of AWES% in degrees
0 and 1.

Definition 4.3.1. Fiz k > 0.

1. Suppose that A is a commutative group. For 3 : Gal(Eyy1/F) — Maps(Vg,_,, 4),
define AWESL(B) : Gal(Ey/F) — Maps(Vg,, A) by

11 B(na)(nd - Crp(w))

AWES,(8)(0) (0 - w) = B(n)(n - Ceol(o - w))

n€Gal(Ex41/Ek)

for o € Gal(Ey/F) and w € {v}g,. In this formula 6 € Gal(Ey4+1/F) is any lift
of o.

2. Suppose that A is a Gal(Ey1/Ey)-module. For 3 € Maps(Vg,,,, A) define AWES}(B) €
Maps(VEk7AGal(Ek+l/Ek)) by

AWES)(B)(w) = Ng, ,, /5, (B(Cro(w)))

for w e {v}g,.
Lemma 4.3.2. Fiz k > 0.

1. Suppose that A is a Gal(F/F)-module. For 3 : Gal(Ey11/F) — Maps(Vg,,,, 4),
we have the equality of maps Gal(F/F) x Gal(Ey/F) — Maps(Vg,, A)

AWES}(d(8)) = d(AWESL(8)).

19



2. Suppose that A is a Gal(Eyy1/F)-module. For B € Maps(Vg,_,,A), we have the
equality of maps Gal(Ej4+1/F) — Maps(Vg,, A)

AWES}(d(8)) = d(AWES](3))
The right hand side is a map Gal(Ey/F) — Maps(Vg,, Ng, /5, (A))-

Proof. 1. Let v € S, w € {w}y, 0 € Gal(Eyy1/F) and 7 € Gal(Ey/F). Let @ be the
image of o in Gal(E)/F), and fix 7 € Gal(Ey1/F) lifting 7. We have
_ AWESL(8)(@)(TT - w)o (AWESL(8)(1)) (o7 - w)
B AWES}(8)(e7)(FT - w)
H B(no)(no - G (T - w)))

n€Gal(Eyy1/Ey) B(n)(n - Co(oT - w)

B(n)(nF - Coo(w))
XU(B@Mn'@mU-wD>
L B0 G (57 w)
B(no7)(not - (i y(w))
N § B4 Gl LT R())

n€Gal(Ey11/Ek) B(nUT)(nO-T : Ck,v(w))

" B(no)(no - G (T - w))
o (B(n)(n - Cro(T - w)))
. o (AR (07 - Goulw))
neGal(l;k[H/Ek) Blont)(ont - (i p(w))
" Bon)(on - G (T - w))
o (B(n)(n - Co(T - w)))
dB(o,n7)(onT - (rup(w))
nGGal(l;k[H/Ek) Blo)(ont - o (w))
Blo)(on - Co(T - w)))
dﬁ(ga n)(an : Ck7’l) (7_ ' w))
_ H dB(o,n7)(onT - (rup(w))

n€Gal(Ey11/Ey) dB(o,n)(on - Ck,v(T w))

= AWES: (dB) (o, 7) (77 - w).

d(AWES,i (8))(o,7)(TT - w)

We have used the fact that for any v € {v}g,_,,
card {n € Gal(Ey11/E) | nT - (po(w) = u} = card{n € Gal(Epy1/Ex) | n - Cpo(T - w)) = u}
that implies

1T B(o)(onT - Gpo(w)) = I1 Blo)(on - Cro(T - w))).

nEGal(E;H_l/Ek) TLEGal(Ek+1/Ek)
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2. Let v € S and w € {v}g,. Let o0 € Gal(Ey/F) and fix 6 € Gal(Ey4,/F) lifting o.

g 9 o-w
d(AWESY(8))(0) (0 - w) = fv‘\’,VEESS%k( [f)z( - )

n€Gal(Ey+1/Ek)

_ (B Gk (w))
B H n(ﬂ Ck,v(a : w)
)

nEGal(Ek+1/Ek)

(
(

no (B(Crp(w

_ 11 (((Ck(‘)
(

L Gt
n€Gal(Eg11/Ey)

( )
B dB(ne)(ne - (ru(w)
a 11 ( )

nEGal(Ek.+1/Ek)
= AWES}(dB)(0) (o - w).

Again we have used the fact that for any u € {v}g,_,,
card {n € Gal(Ey11/E) |n6 - (pop(w) = u} = card {n € Gal(Ey41/Eg) [n - (po(o-w)) = u}
that implies

H ﬁ(n& : Ck,v(w)) = H ﬁ(n : Ck,v(g : w)))

nEGal(E;H_l/Ek) nEGal(Ek_H/Ek)

Corollary 4.3.3. Fiz k > 0, and suppose that A is a Gal(Ey11/F)-module.

1. Let B : Gal(Ey41/F) — Maps(Vg,,,, A) be such that AWES}(d(B)) factors through
Gal(Ey/F)?. Then AWES}(B) takes values in Maps (Vg,, AGal(Ek+1/Ek)).

2. If B € Z (Gal(Ey11/F), Maps(Vg,,,, A)) then

AWES;(8) € 21 <Gal(Ek/F),Maps <VEk,AGal(Ek+1/Ek))) ‘

Proof. 1. Recall that a priori AWESL(3) : Gal(Ey/F) — Maps(Vg,,A). By the
previous lemma, for all w € Vg, 0 € Gal(Ex41/F) and 7 € Gal(Ey/F), the

quotient
AWES; (8)(@) (77 - w) x o (AWES (8)(7)(7 - w))

AWES}.(8)(e7) (7T - w)
depends on o only via its image & € Gal(Ey/F). Taking o € Gal(Ey11/Ey) shows
that AWESE(3)(7)(r - w) is invariant under Gal(Egy1/Eg).
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2. This follows directly from the first point and a second application of the previous

lemma.

O]
We now establish the analogue of Lemma 3.1.6 for AVVES,lC and AWES%.
Lemma 4.3.4. Let k > 0. Suppose that A is a commutative group.
1. The map
{B: Gal(Eyy1/F) — Maps(Vg,,,,A) | (1) =1}
— {8 : Gal(Ey/F) — Maps(Vg,, A) | B(1) =1}
induced by AVVES,lC 18 surjective.
2. Let K C F be a Galois extension of F containing Eyy1. The map
{a: Gal(K/F) x Gal(Eg41/F) — Maps(Vg,,,, A) | Vo € Gal(K/F), a(o,1) = 1}
— {a: Gal(K/F) x Gal(Ey/F) — Maps(Vg,, A) | Vo € Gal(K/F), a(o,1) = 1}
induced by AWES% 15 surjective.

Proof. As in the proof of Lemma 3.1.6, in each case we exhibit a subset of the source
such that restricting to this subset yields a bijection. Choose a section s : Gal(Ey/F) —
Gal(Eky1/F) such that s(1) = 1.

1. Restrict to the set of 3 : Gal(Eyy1/F) — Maps(Vg,,,,A) such that for n €
Gal(Eyy1/Ey), 0 € Gal(E/F), v e V and u € {v}g,,,, B(ns(o))(ns(o) -u) =1
unless n = 1, o # 1 and u belongs to the image of (x. : {v}E, — {v}E,.,-

2. Restrict to the set of a : Gal(K/F') x Gal(Eg41/F) — Maps(Vg,, ,, A) such that
for 0 € Gal(K/F), n € Gal(Egy41/Eg), 7 € Gal(Ey/F), v € V and u € {v}g,,,,

alo,ns(1))(ons(t) -u) = 1 unless n = 1, 7 # 1 and u belongs to the image of

Ck,v : {U}Ek - {U}Ek+1‘

4.4 Tate cocycles

Recall that for every k > 0 the kernel C(Ej)! of the surjective norm map |[|-||x : C(Eg) —
R+ is compact, and that these norm maps commute with the norm maps for the Galois
action Ng, /g, @ C(Egy1) — C(Eg), that is |z][kr1 = [[Ng,,, /5, (@) for all x €
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C(Ej41). In this section we will see the fundamental cocycles @y, € Z%(Ey/F,C(Ey))
defined in Section 4.1 as taking values in Maps(Vg, , C(Ek)), by seeing elements of C'(Ey,)
as constant functions Vg, — C(E).

Lemma 4.4.1. There exists a family (Béo))k>0, where E,(fo) : Gal(Ey/F) — Maps(Vg, , C(Ek)),
such that: a

1. For any k > 0 we have ak/iﬁC = <5(0)>, where CT;C = o), mod EkX
2. For any k > 0 we have

AWES] (B,(jﬁl) € Maps(Gal(Ey/F), Maps(Vi, , C(E))).

3. For any k > 0 we have HAWESk (,8;321) Hk = HB](CO)‘
VE

o functions Gal(Ey/F) x

Proof. For a given k, the existence of B,E;O) satisfying the first condition is a consequence
of compatibility between local and global fundamental classes (see | |). Note that if
B,(ﬁ)_l is such that agy1/0),  =d (B,(g)_l), then by Lemma 4.3.2

(0) —(0 —_ a2, 7 N — T
d (AWESk (5k+1)) — AWES? (d (5,& jl)) — AWES} (@) 11)/AWES2(a},, ,) = @k /al;
(4.4.1)
factors through Gal(Ey/F)2, and by Corollary 4.3.3 AWES} (ﬁk +1) takes values in
Maps(VE, , C(Ey)). So the second condition in the lemma is a consequence of the first
one.

Let us start with a family (Bﬁf))lm satisfying the first condition, and show that we

can inductively multiply Bff), k > 1, by a 1-coboundary so that the third condition is
also satisfied. By (4.4.1) we know that

AWES} (314 /8, € 21 (Gal(By/ F), Maps(Vi, , C(Ey)))

and by vanishing of H!(Gal(Eg/F),Maps(Vg,,C(Ey))) there exists by : Vg, — C(Ek)
such that AWES;, <Bk+1) /B(O) = d(by). Choose by, : VE,,1 — C(Ek41) such that for

AWES{(b)|| = [15ell-

any w € {v}g,, bk (Choyo(w H = ||bg(7 - V) || k- Equivalently,

Substituting Bkﬂ/d(bk) for BkH, the third condition becomes satisfied. O]

Theorem 4.4.2. There exists a family (Bk) o with By € CY(Ey/F,Maps(Vg,, I(E, Sk)))
such that
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1. For any k > 0 we have ay/c}, = d (By), where By, € C*(Ey/F,Maps(Vg,, C(Ey)))
is the projection of .

2. For any k > 0 we have AWES},(Bj+1) = Bx.

Therefore, the family (ay);>q defined by oy = o), X d(Bk) is a family of Tate cocycles,
compatible in the sense that AWES? (agy1) = oy, for all k > 0.

Proof. Let (BS)))]M be a family as in the previous Lemma. The space

J— — J— 0 . _— —
Xy i= { By : Gal(Ey/F) = Maps(Vis, C(Ex)) | [Belli = B3 Il and @ /af, = d (B, }
is compact for the topology induced by the product topology on

Maps(Gal(Ey/F), Maps(Vg,, C(Ey))) = H C(Ey).
Gal(Ek/F) XVEk

Moreover B,(CO) € Xj. The inverse system ((Xk)kzo, (AVVES}C t Xpy1 — Xk)k>0) consists
of non-empty compact topological spaces and continuous maps between ther_n, therefore
gnloo X # (0. Choose (Bk)k € 1'£le. Such a family satisfies the two conditions in the
proposition, but note that (3, takes values in C'(Ey).

Let us inductively choose lifts 8y of ), such that AWES}.(8y41) = B. Note that this
imposes B(1) = 1 for all k. Choose any Sy lifting 8, such that By(1) = 1. Suppose
that B is given. If 8 is any lift of B),; such that B(1) = 1, then B;,/AWESL(3) is a
mapping Gal(Ey/F) — Maps(Vg,, O(Ek+1,Sk+1)). By Lemma 4.3.4, there exists v :
Gal(Epy1/F) — Maps(VEg,, |, O(Ek+1, Sky1)) such that v(1) = 1 and Br/AWESL(B) =
AWES, (), and we let Bx11 = 3 X v. O

Remark 4.4.3. This result solves two problems at once:

1. Constructing a family of Tate cocycles (a)r>0 compatible with respect to AWES?,
which will be useful to compare (generalized) Tate-Nakayama isomorphisms in the

tower (Eg)g>0, by taking cup-products (Lemma 5.2.1 and Proposition 5.2.3).

2. Constructing a family (Br) k>0 compatible with respect to AWESIE; and realizing local-
global compatibility, which will be useful to compare local and global (generalized)

Tate-Nakayama isomorphisms (Lemmas 5.4.1 and 5.4.4 and Propositions 5.4.3 and
5.4.5).

The proof suggests that it is not possible to solve the first problem separately from the

second. One can show that if families (g ) k>0,0ev, (Riw)k>00ev and (ag)k>0 as above

24



are fized, then (By)k>o is determined up to

B! <Gal(F/F), 'mC(Ek)())
k>0
where C(Ey)° is the connected component of 1 in C(Ey,), i.e. the closure of (R®g Ex)*"°
in C(Ey), where (R ®q Ey)*0 is the connected component of 1 in (R ®qg Ex).

Note that while oy, o) and Ry, can simply be chosen sequentially as k grows, the
existence of a family (Bx)g>0 in Theorem 4.4.2 follows from a compactness argument.
Let us give an alternative, constructive but more intricate argument for the existence of
(Bk)k>0. For simplicity we assume that for any & > 0, Ej; contains the narrow Hilbert
class field of Ej, i.e. Ng, /g, (C(Eg+1)) is contained in the image of (R ®q Ep)*0 x

@)X in C(Ey). This can be achieved by discarding some of the Ej’s. Choose 3&0)
such that d (Bg0)> = @1 /c/,. Note that B((]l) = AWESé(igo)) = 1. For good measure let

5(()1) =1 and ag = 1. We now proceed to inductively construct B,(;)ll, ,(:) and €,_1 for

k > 1, satisfying the following properties.

—(0 . —— —(0
1. B,(ﬁzl : Gal(Eyy1/F) — Maps(Vg,,,,C(Fy41)) is such that o, x d(ﬂ,(gll) =

O 1-
2. BV : Gal(Ey/F) — Maps(Vg,, I(Ey, S)) is a lift of AWES} (B,‘jﬁl) such that
B (1) =1.

— X
3. e € Maps(Vg,, O(E}) ) is such that AWES}%I(B](:)) = ﬂlgl_)ld(ek,l).
Let £ > 0, assume that B,(ﬂl and ﬁ,gl) are constructed. First choose any 3522 :
—— —(0 _
Gal(Eg42/F) — Maps(Vg,,,, C(Ek+2)) such that o), x d (52_32> = Qpia. As we
saw in the proof of Lemma 4.4.1, there exists Zz11 € Maps(Vg,, ,, C(FEgy1)) such that
—=(0 —(0 _ :
AWES,%/,_H([?,E:JZQ) = ,i_il x d(Zi11). Applying AWES}, we get

AWES}, 0 AWES}, | (BIES,)-Q) = AWES;, (31(21) x d (AWES}, ()+1))
and we would like to let € € Maps(Vg, , (R®gEy)*° x(’)/(E\k)X) be a lift of AWESY (Z441),
which exists thanks to the hypothesis that Fj; contains the narrow Hilbert class field
— X

of Ej. This is not quite right, since we want ¢, € Maps(Vg,, O(Ey) ). By surjectivity
of

AWES% o AWES%H : Maps(Vg, ., (R ®q Ek+2)x’0) — Maps(Vg,, (R ®q Ek)x’o)
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we see that up to dividing B,(;L by an element of B(Gal(Ej12/F), Maps(Vg, ,. (R ®g
Ej12)*?)), we can find ¢, € Maps(Vg,, O/(E\k)x) Now let 6,9 = 51(:) x d(ex), and as we
saw in the proof of Theorem 4.4.2, there exists 5/5;1421 : Gal(Egq1/F) — Maps(Vi, ., I (Egy1, Skt1))
a lift of AWES}, (Bily) such that 8, (1) = 1 and AWES(8{},) = B This con-
cludes the construction of (31(32, ﬂ,(i:l, ek>.

Define inductively ,B,(:H) = AVVES,lC (6,53_1) for ¢ > 0. Then for all ¢ > k > 0, we
have

27K — gUHIR) 4 (AWESY o -+ 0 AWESY)_, (¢;))
and since AWES{o- - -0 AWES?_; (¢;) € Maps (VEk s NE,/B, ((@ g )) , by the existence

(4)

theorem in local class field theory and Krasner’s lemma the sequences (3, )i~o converge

and we can define 8 = lim;_, | ﬁ,(:)

5 Generalized Tate-Nakayama morphisms

In this section we will construct N-th roots of the cochains (a y)vev, a%, B and «y, for

all N > 1 and k > 0. This is necessary to establish the global analogue of | , §4.5],
i.e. to make explicit the morphism ¢y, of [I<al, Theorem 3.7.3] for the tower (Ej)i>0, and
to study the localization map [<al, (3.19)].

5.1 Choice of N-th roots

Proposition 5.1.1. For anyv € V, there exists a family ( W)NN >0 where N/
C%zaul(E/1€7fl-,/F1,)2 —F,” such that

1. for all k >0, Yok, = ak,

2. for allk >0 and N,N' > 1 such that N divides N’, N,’/akﬂ,N//N = Nk,

3. forallk >0 and N > 1, AW%}U( NCi10) = NQy-

Proof. Using Bézout identities, we see that it is enough to construct families ( EW) m>0,E>0
for all primes ¢. So fix a prime number £. For a fixed k > 0, there exists a family

( ZW) >0 satisfying the first two conditions in the proposition, and such that for all

m > 0 and o € Gal(Ej 3/ F,), ¢{/ak,(0,1) = 1. If we choose two such families for k& and

k + 1, the last condition might not be satisfied, i.e. for some m > 1 the obstruction

AW? (/a1
k,v( k+1, ) : Gal(Ek+1,z‘1/Fv) X Gal(Ek@/Fv) — Hgm

om

ALy
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could be non-trivial. Note that the target is contained in ugm because AWi’v(aka) =
oy Recall that Z(1) is defined as @m> o Hem- By the second condition these obstruc-

tions, as m varies, glue to give a mapping
Gal(Eky1,0/Fy) x Gal(Ey / Fy) — Z(1)

which maps any element of Gal(Ej11/Fy) x {1} to 1. Applying Lemma 3.1.6 with A =

Zy(1), we obtain that ( ¢Y/0%114)m>0 can be chosen so that AW;,U( O 1w) = Ok
for all m > 0. ]

Fix such a family for each v € V. Recall from Section 4.2 the embedding ji , : E} ; <
I(E)). We now want to extend to ji., : F- I(F). For z € F,”™, there exists i > 0

such that = € E,:H ;- Define

@ = T U@
TGR]H»LU ~-~Rk+i,v

which does not depend on the choice of a big enough i. These extended embeddings j, ,

also satisfy a compatibility formula similar to (4.2.1): for any z € F,” we have

gro@ = I rUrne@). (5.1.1)

TGRkJrl,v

For N > 1 define ¥/a} : Gal(Ey/F)* — Maps(Vg,, I(F)) by

1{/042(7“107“2_1, rorry V) (r1 - k) = 11 (i Vo (0, 7))

for ri,rm9,73 € wa and 0,7 € Gal(Ej/F,). Obviously {/a) = o) and whenever N
divides N/, N\'/ozz,N N _ A/a). By the same proof as Lemma 4.2.2, thanks to (5.1.1),

we have
AWES? ( N,/azﬂ) = V/aj.

Note that for any £ > 0 and v € V/, there exists ¢ > 0 such that {/aj, takes values in
X
Ek+i,1‘;
We now want to construct N-th roots ¥/aj of the Tate classes aj constructed in

and so for any w € {v}g,, V/a}(—,—)(w) takes values in Ang.

Section 4.4. For this it is necessary to take N-th roots of idéles, which may not be
ideles. For S’ a finite subset of V, let Z(F, S") C [[,ey (F ®F Fy) * be the set of families
(x4)y such that for any v € S’, there exists a finite Galois extension K/F unramified
above v such that z, € (O ®o, OF,)* = [T Ok, - Let Z(F) = lim Z(F,S"). Recall
(Theorem 4.4.2) that oy, : Gal(Ey/F)? — Maps(Vg,, I(Ey)) has the following properties:

o for all 0,7 € Gal(Ey/F) and wy,ws € Vg, ax(o, 7)(w1)/ou (o, 7)(w2) € EY,
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e forall o,7 € Gal(Ey/F),v eV and w € {v}g,, ar(o,7)(w) € I(E}) is a unit away
from Sy g, U{v}g,.

It is crucial for {/ay to enjoy similar properties.

Proposition 5.1.2. There exists a family (N/ozk)N>1 k>0 Where Y/ay Gal(Ey/F)? —
Z(F) such that

1. for allk >0, o = oy,
2. for all k>0 and N,N’ > 1 such that N divides N', ~/az" '~ = ¥/a,
3. for allk >0 and N > 1, AWES}( {/aj11) = Y/,

4. forallk >0, N > 1, 0,7 € Gal(Ey/F) and wi,ws € Vg,, ¥og(o,7)(w1)/ Nag(o,7)(ws2) €
F*,

5. forallk >0, N>1, 0,7 € Gal(Ex/F), v e V and w € {v}g,, Yag(o,7)(w) €
Z(F, S U{v} UN).

Proof. It will be convenient to fix an archimedean place v of F, so that in particular
Uy, € Sk, for all k > 0. As in the proof of Proposition 5.1.1 it is enough to restrict to
powers of a fixed prime 4.

First we show how to construct a family (‘v’m)m>0 for a fixed £k > 0. For m >
0 and 0,7 € Gal(Ey/F) choose roots \/ay(o,7)(oT - 1) € I(F,S, UL) such that
(o, ) (o)t = ag(o,7)(oT1;). We can further impose that 1/ (o, 1)(o-
ar) = 1 for all o € Gal(Ex/F). Then choose, for 0,7 € Gal(Ey/F), v € V and
w € {vlp, ~ {oT - U}, £M-th roots of ay(o,7)(w)/ak(o,7)(o7 - w) in (Fgugeiue)”,
and define ¢{/ay (o, 7)(w) as the products of these £™-th roots with “{/ay (o, 7)(o7-1y).
This can be done compatibly as m varies. Again we can impose ‘\/ai(o,1)(w) = 1
for all o € Gal(Ey/F). We obtain a family ( *y/ay)

proposition except for the third one.

m>0 satisfying all conditions in the

The fact that these choices can be made compatibly as k varies, i.e. in such a way
that the third condition is also satisfied, can be proved as in Proposition 5.1.1, using the
fact that AWES%(akH) = oy, and Lemma, 4.3.4 instead of Lemma 3.1.6. O

Fix a family (N\ /O‘k)Nzl,kzo as in the proposition. We want to compare m
and {/ag. Recall (Theorem 4.4.2) that oy, = o} d(Bx), where g : Gal(Eg/F) —
Maps(VEk, I(Ek, Sk))

Proposition 5.1.3. There exists a family (N\/Bk)N>1 p>o Where N/By 1 Gal(Ey/F) —
Maps (Vg,,Z(F,S; UN)) such that
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1. for allk >0, VBr = B,
2. for all k>0 and N,N' > 1 such that N divides N’, N\//BkN//N = VB,

3. forallk >0 and N > 1, AWESL(Y/Bri1) = VB

Proof. Only the third condition is non-trivial, and the proof proceeds as in Propositions
5.1.1 and 5.1.2. O

Fix a family ( N\/ﬁk)N>1 x>0 as in the proposition. Note that d (N\/ﬁk) : Gal(Fs,un/F)x
Gal(Ey/F) — Maps (VEg,,Z(F, Sy UN)).

Definition 5.1.4. For k>0 and N > 1, let
(N) = NN—\/@ : Gal(Fs,un/F) x Gal(Ex/F) — Maps (Vg,,Z(F)[N])
Ve, d(VBr)
where Z(F)[N] is the subgroup of N-torsion elements in Z(F).

By construction, we have:

e Forall k>0, N > 1 and w € Vg,, there exists a finite Galois extension K of F
containing Ej, such that d;(N)(w) factors through Gal(K/F) x Gal(Ey/F).

e Forallk >0, N > 1,0 € Gal(Fg,un/F), 7 € Gal(Ex/F),v € V and w € {v}pg,,
0k(N)(o,7)(w) € Z(F, Sk, U {v} U N)[N].

e Forall k> 0and N, N’ > 1 such that N divides N’, we have d;(N")V'/N = §;(N).

e Forall k> 0and N > 1, AWES2(5;41(N)) = 6,(N).

5.2 Generalized Tate-Nakayama morphism for the global tower

Using the compatible families of cochains constructed in the previous section, we now
want to recast several of Kaletha’s constructions in cohomology, but for actual cochains.
First we describe the extension Py, — &, — Gal(F/F) explicitly as a projective limit
of extensions P(Ey, S};k, N) = &(S',N) — Gal(Fgun/F) constructed using Y/ay, for
varying k,S’, N. This is the global analogue of | , §84.5]. Then we make explicit
the morphism ¢y, of [I<al, Theorem 3.7.3] using this projective limit. To avoid repeating
similar calculations we deduce these two constructions from Lemma 5.2.1 below.

Let us recall notation from [KKal, Lemma 3.1.7]. Suppose that S’ C V. If M is an
abelian group, define !y : M[Sy | — M[S};kﬂ] by (A)(Cew(w)) = A(w) for v € " and
w € {v}g,, and (A)(u) = 0if u & {(pp(w) |v € S, w € {v}p, }. Here (x, is the section
of the natural projection {v}g, ., — {v}g, defined in Section 4.2.

Recall also the notion of unbalanced cup-product Ll from | , §4.3].
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Lemma 5.2.1. Let T be a torus defined over F'. Denote Y = X, (T). Let k be big enough
so that Ey splits T. Let N > 1 be an integer. Let S’ be a finite subset of V' containing
N ~
Sk+1. Let A € Y[SE ] Fe/F — Z=YGal(Ey/F),Y[SE,lo). Then we have an equality of
maps Gal(F gy /F) = T(Ogiun):
N - N |
VvV 5 /F = VOk+1 k+1/F k(A).

Note that if Sy C S” C S’ and the support of A is contained in S7% , then the left
hand side is inflated from a map Gal(Fgr n/F) — T(Osnun)-

Proof. For o € Gal(Fgn/F) we have
(VarUg pd) ()= T[] Varler)@or(d)

r€Gal(Ey /F)

= ]I I Var(o,n)(w) & or(A)(w).

T€Gal(Ey /F) wESjEk
Note that in this last expression, the tensor products land in Z(F, S’ UN) ®z Y, but the
product over Sy, belongs to Og, y ®zY = T(Ogun) because Zwele A(w) = 0, using
k
the third condition in Proposition 5.1.2. Compare with the pairing [lKal, (3.24)]. Recall
that Y¥/ay = AWES%( N/ag+1) by construction in Theorem 4.4.2; so that

(var U ,.4) @

Eg1/F

= I II I S e sor)

r€Gal(Ey/F) veS' we{v}p, neGal(Exy1/Ey) 0, 1) (k17 G (7 - )

where o1 is the image of o in Gal(Ey,1/F). We recognize ( X /akH / (A )) at
kJrl

the numerator, by writing the product over 7 € Gal(Ey/F) and n € Gal(Ey41/Ey) as a
product over 7 € Gal(Fj41/F) with 7/ = n7. We obtain

(MEk+ /P k(A )> (0)/<1\V/07k U A> (0) =

E,/F

H H H H Nogri(o,n)(on - Cpo(T-w)) @ o7 (Alw)) .

TE€Gal(Ey/F) veS’ we{v} g, n€Gal(Eyy1/E})

To simplify this expression we use the change of variable u = 7 - w to get

I I Vasenen Guwes| S r@E" )

s’ € €Gal(Ey/F
neGali(}EkJrl/Ek) uetie, recalEL/)
and the sum over 7 vanishes since Ng, / r(A) = 0 by assumption. O
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Let kK > 0 and N > 1, and let S’ be a finite subset of V containing Sy. Recall
the finite sub-Gal(E}/F)-module M (E}, S}Ek, N) of Maps(Gal(Ey/F) X S, +Z/Z) de-
fined in [K<al, §3.3], and the finite commutative algebraic group P(Ej, Sp, , N) such that
X*(P(Ey, S;Ekv N)) = M(Ey, S}Sk, N). For any finite commutative algebraic group Z over
F such that exp(Z)|N and the Galois action on A := X*(Z) factors through Gal(Ey/F),

. ., N
we have an identification ¥(FEy,S’, N) : Hom(P(Ek,SjEk,N),iZ) ~ AY[SE o Ef“/F (see
[[<al, Lemma 3.3.2]). Recall also the 2-cocycle & € Z2(Gal(Fgun/F), P(Ey, Sg,.N))

from [I<al, (3.5)], defined using an unbalanced cup-product:
(S, N) = d (Y/az) Eu/F Cuniv(Eg, S, N) (5.2.1)
k

. . N
where cyniv(Eg, S, N) € M(Ey, Sjgk,N)v[SjEk]o Pe/F 55 the image of Idp g, N under
b} k’

(B, S, N). Explicitly, for w € S, and f € M(Ek,S};k,N), Cuniv(Ek, 8", N)(w)(f) =
f(1,w). The restriction of d (W) to SjEk is a 3-cocycle
Gal(Fgun/F) x Gal(Ey,/F)? — Maps(Sg, , Z(F, 5" U N)[N])

such that

d (V) (01,02, 03)(w1)

d (N,/ak) (01,02,03)(w2)
This property allows to pair d (Y/a) (01, 02, 03) with an element of M (E, SIEk’ N)Y [S/Ek]o
to get an element of P(Fk, SjEk, N), as in [[Kal, Fact 3.2.3|. This is the pairing used in

the definition of & (S’, N) (5.2.1). The 2-cocycle & (S’, N) is universal in the sense that
for any morphism of algebraic groups f : P(E, S}Ek, N) — Z over F we have

€ un(F) C Z(F,S" UN)[N].

ful&e (S, N)) =d (Vo) U W(E, S, N)(f) (5.2.2)

E/F
Definition 5.2.2. Let k > 0 and N > 1, and let S’ be a finite subset of V' containing
Sk. Define E(S’, N) as the central extension P(Ek,SjEk,N) . (? ) Gal(Fsun/F).
k )

Recall that set-theoretically this is P(Ey, S}Jk, N) x Gal(Fgun/F), with group law
(zXo)(y R 7) = 20(y)&K(S", N)(0,7) K oT.

Suppose Z — T is an injective morphism of commutative algebraic groups over F
with Z finite, exp(Z)|N and T a torus split by Ej. Denote A = X*(Z), Y = X,(T') and
Y = X.(T/Z), so that we have a short exact sequence 0 —Y — Y — AY — 0. Recall
from [I<al, §3.7] the subgroup Y[S;Ek,SjEk] of ?[S}Ek] consisting of all elements whose
image in AY[S, | is supported on S, . Also let Y[Sy | S}Jk]o =YI[S%,, S}Jk] NY[Sglo
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_ . N _ . — N,
and Y[Sy , S% o Br/E Y[SE,Se] N YI[SEJo Pe/T " As shown in [Kal, Proposition

3.7.8], we have a morphism
(SN VS, S5 10 85— 21 (P(By, Sy, N) = E(S',N), Z = T(Osruw))

A <;p Ko s U(Ey, S, N) L ([A])(z) ( Var 0 NA) (a)>

. N
where [A] is the image of A in A [S};k]o Pe/F - As explained in the proof of [ILal, Propo-
sition 3.7.8|, the fact that ¢x(S’, N)(A) is a 1-cocycle is essentially equivalent to

dWar) U NA=d®ar) U [A] (5.2.3)

Ey/F Ey/F

Note that different pairings are used to form cup-products in this equality: [I<al, (3.24)]
on the left, [[<al, (3.3)] on the right. To be rigorous we should point out that [I<al,
Proposition 3.7.8] is stated with additional assumptions on S’; but it is easy to check
that the first point in this proposition does not use these assumptions.

As N and S’ vary, there are natural morphisms between the extensions &£ (S’, N),
compatible with ¢4 (S’, N). Verifying this is purely formal, so we omit this verification.

The more challenging and interesting compatibility is when k varies. This is the
main goal of this paper, and we can finally harvest the fruit of our labour. Assume
that S’ also contains Si11. Recall ([KKal, (3.7)]) the natural injection M (E, S’Ek, N) —

M(Ej+1,5F,,,,N) mapping f to

(00) f@w) ifol we Vg,
’ 0 otherwise.

where @ (resp. w) is the image of o in Gal(Ey/F) (resp. Vg, ), and the dual surjective
morphism pg(S’, N) : P(Eg41, S%kH,N) — P(E, S;Ek,N).

It is formal to check that for any finite commutative algebraic group Z over F' such
that exp(Z)|N and the Galois action on A := X*(Z) factors through Gal(E)/F) and

any finite s’ C V, the following diagram is commutative.

\I,(EkuslyN)

Hom(P(Ex, S, N), Z) s AV (S o B
lpk(S’,N)* l!k (5.2.4)

- 7S/7
Hom(P(Egy1, S, N), 2) —mein 20,

’ Epi1/F
Epy1?

. N
AV, o

Proposition 5.2.3. Let k >0 and N > 1, and let S’ be a finite subset of V' containing

Sky1-
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1. Composition with pg(S’, N) maps Ek1(S’, N) to &(S’, N). In particular, we have
a natural surjective morphism of extensions
5k+1(SI,N) — gk(Sl,N)
rXo—pp(S,N)(z) Ko

2. Let Z — T be an injective morphism of commutative algebraic groups over F with
Z finite and T a torus split by Ey. Assume that exp(Z)|N. Let Y = X,.(T') and
Y = X.(T/Z). Then the following diagram commutes

1 (S’,N)

_ . N .
VAR » ZY(P(Ey, Sy, . N) = E(S',N), Z = T(Os1un))

: J

J— . N L 4 .
Y[s, fi ]0 Ep1/F M) Zl(P(Ek+1aS;Ek+1>N) — Ers1(S',N), Z = T(Ogiun))

Epy1) " Egqa
where the right vertical map is the inflation map induced by the morphism of ex-

tensions defined above.

Proof. 1. We use an argument similar to the proof of [[{al, Lemma 3.2.8]. We will
apply Lemma 5.2.1. This way we avoid explicit computations with 3-cocycles
d (¥/ax). Denote Z = P(Ek,S’jEk,N) and A = X*(Z). Fix a surjective mor-
phism X — A where X is a free Z[Gal(Ey/F)]-module, and let X be the ker-
nel. Associated to X, X are tori 7,7 and a short exact sequence 1 — Z —
T —-T —1 Let Y = X.(T) = Homz(X,Z) and Y = X,(T) = Homy(X,Z).
We have a short exact sequence 0 — Y[Sp Jo — Y[SpJo — AY[Sp o — 0,
where A = Hom(X"(Z),Q/Z). The Gal(Ey/F)-modules Y and Y[S%, | are co-
homologically trivial (for Tate cohomology) and we have a short exact sequence
0= Y[SgJo— Y[SE] — Y — 0, therefore Y/[ST, ]o is also cohomologically trivial.
This implies in particular that there exists A € ?[S}Ek]é\[ P/ mapping to the class

of cuniv(Ep, S', N) in AV[SjEk](])VE’“/F/IEk/F (AV[SE,C]())' Since Ig, /p <?[S};k]o) sur-

N
jectsto I, /p <AV [Sbk]o) , we can even assume that the image [A] of A in AY[ST, ] Ew/F

_ . N

equals cuniv(Ek, S', N). Then A € YI[Sy ,Sg ], Pe/F - and applying Lemma 5.2.1
N

to NA € Y[S}Jk]o Pe/F and taking the coboundary, we obtain the identity between

2-cocycles taking values in Z

dWag) U NA=d((/a) U (NA).

Ey/F Eps1/F

Using identity (5.2.3) on both sides, we obtain

&(S',N)=d¥/ar) U [k

By /F
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Moreover [!x(A)] =1k ([A]) =k (cuniv(Eg, S, N)) =g <\I'(Ek,5”,N) (IdP(EhS/Ek,N)))
equals U(Ey.1,5, N) (pp(S’, N)) by commutativity of diagram (5.2.4). Therefore

(S, N) =d (Vokt1) |—|/F U(Egy1,5", N)(pr(S', N))

Egt1

:pk’(sla N)*(gk—i-l(slv N))

2. Let A € Y[Sy, S’Ek]éka/F. The inflation of tx(S’, N)(A) is the element of
ZNP(Eps1,55,,,, N) = E1(S',N), Z = T(Osiun))

mapping X o € E11(5', N) to
¥(EL ') DS W)@ (VAT U, NA) (o)

By (5.2.4) we have U(Ey, S, N)"1([A]) o pr(S', N) = ¥(Ey41, 5, N)('x([A])) and
moreover ! ([A]) = ['x(A)]. The conclusion then follows from Lemma 5.2.1 applied
to NA.

U

Thanks to the first part of Proposition 5.2.3 and obvious compatibilities with respect
to enlarging S’ and replacing N by a multiple, we can now define the extension P — &
of Gal(F/F) as the projective limit of the extensions P(Ey, S;Ek,N) — &k(S', N) over
triples (k, N, S’) such that S’ D Sk.

Let Z < T be an injective morphism of commutative algebraic groups over F' with
Z finite and T a torus. Let Y = X, (T) and Y = X, (T/Z), and denote

_ . _ . N
VIV VI = lim V1S, )0 "
k,S"
where the limit is over pairs k, S’ such that Fj splits T and S’ D S.
Corollary 5.2.4. Let Z — T be an injective morphism of commutative algebraic groups
over F with Z finite and T a torus. Let T = T/Z and let Y = X.(T), Y = X.(T).
Then the morphisms (tk(S", N))g o1 > for k, 8", N such that Ey, splits T, exp(Z)|N and

S" D Sy, splice into a morphism
LY Ve V)T = ZNP = £, Z — T(F)). (5.2.5)

In Section 5.5 we will check that the class of the extension P — & coincides with
Kaletha’s “canonical class” from [[<al]. Granting this, it is clear that ¢ in (5.2.5) lifts the

cohomological isomorphism ¢y, of [I[<al, Theorem 3.7.3|.
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5.3 Generalized Tate-Nakayama morphism for the local towers

In this section we fix v € V. We want to study the relation of the map ¢ defined in
Corollary 5.2.4 with the localization map loc, defined in [[<al, §3.6]. This will necessitate
defining loc, (for varying k,S’, N) for cochains rather than in cohomology. The first
step is to recall several constructions from | |. We choose notation similar to the
global case instead of notation used in | |. For k > 0 and N > 1, we have a central

extension

P(Ek,in N) - gk,v(N) - Gal(?v/Fv)

where P(Egq, N) = Resg, ,/r, (n)/pn. In particular M(Ej;, N) := X*(P(E,, N))
can be identified with Z/NZ[Gal(E) 3/ Fy)]o. The central extension

Ekw(N) == P(Ek 4, N) &N) Gal(F,/F,)

kv

is defined using the 2-cocycle

gk,v(N) =d (N\/ ak,v) u CuniV(Ek;[n N)
k,0 v
where cuniv(E,5, N) € X*(P(EBy,5, N))" is killed by N, ,/p,, and is defined as f — f(1).
Suppose Z — T is an injective morphism of commutative algebraic groups over F,
with Z finite, exp(Z)|N and T a torus split by Ej,. Denote Y = X, (T) and Y =
X.(T/Z). We have a morphism

U (N) : YV Eks/ T s 7Y (P(Eg g, N) = Ero(N), Z — T(F))

A <m Ko U(Ego, N)“H([A])(z) x ( Yk, U NA) (0))
The following lemma and proposition, using a formulation analogous to Lemma 5.2.1
and Proposition 5.2.3, are essentially proved in | , Lemma 4.5 and Lemma 4.7|. Note
that we have arranged for the 1-cochain denoted ay in | , Lemma 4.5] to be trivial.
This slightly simplifies formulae. Then Kaletha’s proof becomes a simpler analogue of
that of Lemma 5.2.1, using AW2( N/@ki1,0) = ¥/Qk, instead of AWESE( N/ary1) =
Y/ar.

Lemma 5.3.1. Let T be a torus defined over F,. Denote Y = X.(T). Let k be big
enough so that Ey,;, splits T. Let N > 1 be an integer. Let A € YNERs /P Then we have
an equality of maps Gal(F,/F,) — T(Fy):

N\/ak,v = U A= N\/ Alt1v
k

L
o/ Fo Ery1,0/Fv
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As in the global case, there are natural morphisms py, ,(N) : P(Eg41,6, N) = P(Eg4, N),
denoted p in | , (3.2)]. There are also natural morphisms as N varies, which we do
not bother to name. As in the global case (5.2.4), for any finite commutative algebraic
group Z over F, such that exp(Z)|N and the Galois action on A := X*(Z) factors

through Gal(E}, 3/F,), we have a commutative diagram:

\II(Ek,’[JvN)

Hom(P(Ey 4, N), Z) ( AV)NEk,@/Fu
lpk,v(N)* j (5.3.1)

U(Eji1.0,N
Hom(P(Ej41.5,N), Z) (Bt1.0,) (AV)NBry1,0/Fo
Proposition 5.3.2. Let k>0 and N > 1.

1. Composition with py,(N) maps Egr15(N) to &k o(N). In particular, we have a

natural morphism of extensions
Ert1,0(N) —Er(N)

X o —pp(N)(z) Ko

2. Let Z — T be an injective morphism of commutative algebraic groups over F, with
Z finite and T a torus split by Ey 3. Assume that exp(Z)|N. Let Y = X, (T) and
Y = X.(T/Z). Then the following diagram commutes

Poar ™) (g N) o Epu(N), Z — T(F))

!

Zl (P(Ek+1,v7N) — ngrl,v(N); Z — T(E))

— N
YV VEk 1,0/ Fo Yot )>

where the right vertical map is inflation for the morphism of extensions defined

above.

Proof. The proof is similar to that of Proposition 5.2.3, in fact slightly easier, so we omit
it. O

Let Z — T be an injective morphism of commutative algebraic groups over F,, with
Z finite and T a torus. Let Y = X,(T) and ¥ = X,(T/Z). Denote Y /" = Y\ Er.s/F
for any k such that Ej, ; splits 7T'.

Corollary 5.3.3. Let Z — T be an injective morphism of commutative algebraic groups
over F, with Z finite and T a torus. Let Y = X, (T) and Y = X.(T/Z). Then the
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morphisms (trw(N)), n, for k, N such that Ey 4 splits T and exp(Z)|N, splice into a
morphism

Ly YN ZY (P, = &, Z = T(F,))

lifting the morphism in cohomology of [ , Theorem 4.8].

5.4 Localization

In this section v € V is fixed. We want to study the relationship between ¢ (Corollary
5.2.4), ¢, (Corollary 5.3.3) and loc, ([KKal, §3.6]). We study it for fixed k& > 0 first.
Recall ([I<al, (3.11)]) the morphisms locg, (S, N) : P(Ej 4, N) — P(Ek,S};k,N). If
v € S it is dual to f — (0 — f(0,0)). We define it to be trivial if v ¢ S'. It is
Gal(Ey,y/Fy)-equivariant, and there are obvious commuting diagrams as S’ and N vary.
For M a Gal(E)/F)-module, recall the morphism Iy, : M[Sbk]NEk/F s MNBro/Fo
(denoted I¥ in [KKal, Lemma 3.7.2]) defined by

lho(A) = D 17 (A(r-in))

/
rGRk’v
if v € S/, and zero otherwise.

Lemma 5.4.1. Let T be a torus defined over F'. Denote Y = X, (T). Let k be big enough
so that Ey splits T. Let N > 1 be an integer. Let S’ be a finite subset of V' containing
Sk. Let A € Y[Sp, o /"

Let i > 0 be big enough so that Y/ak, takes values in EkX—&-i,i)' Then we have an
equality of maps Gal(F/F) — T(F ®p F,):

o)) (o V) L, )

E/F

Narp U A)=ESL N, U
prv< akEk/F > S _U( ar, B

k+i, A/FU

« (o) U, A).

Ey/F

In particular, upon restriction to Gal(F,/F,) and projection to T(F,):

pro (Ve 0, 0) = (vars U, @) xa (V60 0, A)

E./F Ey 5/ Fy E./F

< (pratau) 0 A).

Ey/F

Note that the first equality implicitly uses the identification

. 1Gal(Bgy,/F ~
ind S P (B ) (Bugs 9 )
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fr— 11 9" (f(9)

9€Gal(Exyi o/ Fv))\Gal(Exti/F)

to see ESRk s ( N/Cl k,v(A)> as a map Gal(Fyyi/F) = T(Egt+i @ Fy).

ku/v

Proof. Recall that by definition of §;(NN), we have {/ap = Y/ajd(¥/Br)ok(NN), and we

compute unbalanced cup-products with these three terms separately. In the case of 65 (V)

there is nothing to prove, so we first consider d(Y/3x). By | , Fact 4.3] we have
d(/ U A=d (/B U A
(V/ Br) s < B ol >

and thus upon restriction to Gal(F,/F},),

pr; (d(N\/@) EkL/]F A) =d <pr1> <W U A>> :

Ep/F

Let us now consider {/«j. For o € Gal(E}/F') we have

(( \/7UEk/FA> ) I1 11 (o, 7) (o7 - 0r) ® o7 (A(y - 0k)) -

VER), , T€Gal(Ey/F)

Write 7y = r7’ and or = 1’0’ where r,7’ € R} and 7',0’ € Gal(E};/F,) are functions
of (¢,7,7). For o and v fixed the map 7 — (r,7’) is bijective onto R}, x Gal(Ej/Fy).
We obtain

pr, (( A\I/CT;;I—'E;C/F A) (U)>
H H H W(T/O'/T_l,TT/’}/_l)(T ) @r'o’ Ty 1 (A(y - 0p))

YER) ,TER; , T'EGal(Ey 5/ Fy)

where r'o’ = or, ' € R} and o’ € Gal(Ej;/F,) being functions of . Recall that by

’U
definition,

N\/a;ﬁ(rla'r_l, rr'y D o) = (jk,v ( N/ (0, 7'/))) .

Therefore

(5,8 )

IT II I 7 U (Vara(o' 7)) @'ty (Aly - 0n))

'yER;m} reR; , T'€Gal(Ey, o/ Fv)
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S T e (V) @ o )

TGR;“J 7'€Gal(Ey, o/ Fv)

The map r +— 7’ from R;w to itself is bijective, so we can write this as

e[ T e (V) oo Qi)

TIER;“U TIGGELI(E]C’{,/FU)

where ¢’ depends on r’ and is the unique element of Gal(E}, ;/F,) such that o~!r'o’ €
R} ,- Choose i > 0 such that for any 7' € Gal(Ey,;/Fy), Y/ar.(o',7') € By, ;. Using
(5.1.1) we obtain

prv(<u;€ ¥ A) (a>): I 7 TI e (Ve ™) © o' (h(A)

B/F rER; . \T'€Gal(Ey /Fy)
and it is easy to check that this is equal to ESL, N/a U e (A o). O
y ! Ritiw ( ey Ey/F k’v( )> ( )

It is formal to check that for any finite commutative algebraic group Z over F' such
that exp(Z)|N and the Galois action on A := X*(Z) factors through Gal(Ey/F'), and

any finite set of places S’ of F' such that S’ O S, the following diagram is commutative.

Hom(P(Ex, S}, , N), Z) — et

l(lockw(S’,N))* llk,u <5'4'1)

V(Eg,s,5",N)

A

Hom(P(Ey4, N), Z) ( AV)NEk,@/Fv

Definition 5.4.2. For k > 0, N > 1 and S’ a finite subset of V containing S,
let (S, N) : Gal(F,/F,) — P(Ek,S’jEk,N) be the restriction of pr,(dx(N)) EHF
Cuniv(Ex, S’, N) to Gal(F,/F,).
Proposition 5.4.3. Let k >0, N > 1 and S’ a finite subset of V containing S.
1. The restriction of the 2-cocycle &,(S’, N) to Gal(F,/F,) equals
(locky(S",N)), (Erw(N)) x d (neo(S, N))
and so the morphism locg ,(S",N) : P(Eg4, N) — P(Ek,S};k,N) can be extended

to a morphism of extensions

lock»(S', N) : Ep(N) — EL(S', N)
loc, (S, N)(z)
Mkew(S5', N)(0)

zXo X o.
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2. Let Z — T be an injective morphism of commutative algebraic groups over F with
Z finite and T a torus split by Ey. Assume that exp(Z)|N. Let Y = X,.(T') and
Y = X.(T/Z). Then for any A € Y[S Sbk]évE’“/F, the following identity holds in
ZYNP(Erp, N) = Ecw(N), Z — T(Fy)):

pry (ue(S", N)(A) olocku(S', N)) = tho(N)(lkw(A)) x d (prq-}( N/Br) E,I:l/F NA) )

(5.4.2)
Proof. The proof is similar to that of Proposition 5.2.3, and we will be more concise.

1. Let Z = P(Ey, S’Ek, N)and A = X*(Z). Asin the proof of Proposition 5.2.3 we can
find an embedding Z < T where T is a torus over F, split over Fj and such that
Y := X.(T) is a free Z[Gal(Ey/F)]-module. Let Y = X,(T/Z). There exists A €
?[S’},;k, Skk]éVEk/F such that its image [A] in AV[S’EJéVE’“/F equals cupiv(Eg, S’, N).
Applying Lemma 5.4.1 to NA € Y and taking the coboundary, we obtain the
identity between 2-cocycles Gal(F,/F,)? — T(F,)

d Wag) U NA:(d(m) U levv(A)>xd(pr@(5k(N)) L NA).

Ey/F E,o/Fy Ey/F

Since d (N,/ak)N =1,d (N1 /ak,v)N =1 and 6(N)N =1 all three terms take values

in Z C T(F,) and the equality can be written

awan 0, 0= (A@aw) | U, tala)) <a (o) U, W)

Ey/F Ko/ Fo By /F
using the pairing uy x AV — Z. Using the fact that
Lk (Camiv(Ey,57,3)) = Y (Egs,9 N)(lockw (S, N))
thanks to (5.4.1), we obtain the desired equality.

2. This is a direct consequence of Lemma 5.4.1 applied to NA, using also the com-

mutative diagram (5.4.1) with [A] in the top right corner.
O

Lemma 5.4.4. Let T be a torus defined over F'. Denote Y = X, (T). Let k be big enough
so that E), splits T. Let N > 1 be an integer. Let S’ be a finite subset of V' containing
Sk+1. Let A € Y[S};k]éVEk/F. Then we have an equality of maps Gal(Fgn/F) —
Y ®z Z(F,S"UN)[N]:

B(N) U A =B (N) U Iy(A) (5.4.3)
+1
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and an equality in Y @z Z(F,S" UN):

VB U A= X/Br U lk(A). (5.4.4)

k/F Ey1/F

Note that in (5.4.4) the left hand side belongs to Y ®z Z(F, S U N).

Proof. For (5.4.3) the proof is identical to that of Lemma 5.2.1. For (5.4.4) the proof is

similar and easier, so we omit it. O
The localization maps [, are compatible with increasing k, i.e. lpy1p0!k = lg 0.
This is proved in [Kal, Lemma 3.7.2]. Thus for any embedding Z < T of commutative

algebraic groups over F' with Z finite and 1" a torus, they splice into
— - N —
L : YV, V]g/F — Y

where Y = X, (T/Z).

The localization morphisms locy (S, N) : P(Ej4, N) — P(Ek,S}Jk,N) are also
compatible with varying k. We formulate this compatibility, together with (5.2.4), (5.3.1)
and (5.4.1), using a commutative cubic diagram below. For any finite commutative
algebraic group Z over F such that exp(Z)|N and the Galois action on A := X*(Z)
factors through Gal(Ey/F'), and any finite set of places S’ of F' such that S’ D Si11, the

following cubic diagram is commutative.

‘lj(Ekzsl7N)

Hom(P(Ej, S, , N), Z) AV[S ]o 5"

10C]€’U(S,7N)* /
pr(S",N)* lkw

Ng, .
HOHI(P(Ekﬂ',,N),Z) VB l N (A\/) B,/ Fo s

) ) N
Prw(N)* Hom(P(FEx41, S,Ek+17 N),Z) N AV[S,E;CH]O Ept1/F
locg41,0(S",N)*

/ %
Y (Ey+1,5,N)

Hom(P(Ejy11.4,N), Z) (AV)NErpr,0/ 0
(5.4.5)

In fact the commutativity of the left face follows from the commutativity of the other

Y (Ek41,5",N)

faces and the fact that the morphisms ¥ are isomorphisms.

Proposition 5.4.5. 1. For any k>0, N > 1 and S’ a finite subset of V containing
Sk+1 we have Ny, (S", N) = pi(S’, N« (Me+1,0(S', N)), and a commutative diagram
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of central extensions

! +(S",N
Eri1.0(N) ook t1,0(S7N) Erp1(S',N)

l l (5.4.6)

1 » (S,
(V) — 22T e g Y

Therefore as k,S’, N vary, the morphisms locy ,(S’, N) yield loc, : &, — £.

2. Let Z — T be an injective morphism of commutative algebraic groups over F with
Z finite and T a torus. Let Y = Xo(T) and Y = X, (T/Z). Let A € Y[V, V]éV/F.
For k,S’, N such that Ey, splits T, N > 1 is divisible by exp(Z), S’ contains Sy and

A comes from an element Ay, € Y[S}, S’}Ek]éVEk/F, let ky(AN) = pry( N\/ﬁk)EL/'FNAk €
k

T(F,). As the notation suggests, it does not depend on the choice of k,S’, N. Then
the following identity holds in Z*(P, — &,,Z — T(F,)):

pr,, (t(A) olocy) = ty(I,(A)) x d (ky(A)) . (5.4.7)

Proof. 1. The equality ng ,(S", N) = pr(S’, N)x (i41,0(S’, N)) follows from (5.4.3) in
Lemma 5.4.4, using the same argument as in the proof of Proposition 5.2.3. Com-
mutativity of diagram (5.4.6) follows from this equality and the equality locg , (S, N)o
Pro(N) = pr(S',N) olock41,,(S’, N), which is equivalent to commutativity of the
left face of (5.4.5) for Z = P(Ek,S’}Jk,N).

2. The fact that k,(A) does not depend on the choice of k, 5", N follows from (5.4.4)
in Lemma 5.4.4, and (5.4.7) is (5.4.2) in Proposition 5.4.3.
O

5.5 Comparison with Kaletha’s canonical class

We follow the convention in [I<al] and define, for a projective system (Qg)x>0, (Qr+1 —
Qr)k>0 of commutative algebraic groups over F' and R a F-algebra, (l&nk Qk) (R) =
im, Qr(R). In particular

liny <(1'£1Qk)(E)> — (@m) (F)
E/F finite k k

is not surjective in general. For Gal(F/F)- or Gal(F,/F,)-modules which arise naturally
as projective limits (such as Q(F), Q(F,) or Q(A) for Q = lim, Qr as above), we will
only consider continuous cochains, for the topology on projective limits induced by the

discrete topology on each term.
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As in [IKal] we let P = lim, o, o P(Ey, Sy, ,N). Each term P(Ey, S, N) is finite,
so that we can also simply consider the profinite Gal(F'/F')-module P(F'), which equals
P(F,) forany v € V.

The 2-cocycles & (S’, N) are compatible by Proposition 5.2.3, and so we obtain a
2-cocycle ¢ € Z%(F, P) which corresponds to the extension P — £ of Gal(F/F) intro-
duced at the end of Section 5.2. The goal of this section is to check that & represents

the canonical class in H?(Gal(F/F), P) defined in [[Xal, §3.5], so that our P — & is
isomorphic to Kaletha’s, canonically by [I<al, Proposition 3.4.6].
As in [[Kal, §3.3], fix a cofinal sequence (Ng)g>0 in Zsq (for the partial order defined

by divisibility) with Ny = 1 and such that for any k£ > 0, Si contains all places dividing
Ny, (this is possible up to enlarging the finite sets Si). To simplify notation we write
Py = P(Ey, Sk.i,, Ni.), M, = M(Ey, Sk.5,, Ni.) = X*(Px), pr : Per1 — Py and cuniv.ip =
Cuniv (Ek, Sk, Nk)-

First we need to go back to the construction of a resolution of P by pro-tori in [Kal,
Lemma 3.5.1].

Lemma 5.5.1. There exists a family of resolutions, for k > 0,
1P, =T, —>Tr—1

of Py by tori Ty, Ty defined over F and split by E), and morphisms 1, : Tyy1 — T and
Tr : Thy1 — Tk, such that

1. For all k > 0, the diagram

Popg —— Thy1 —— T

ka f’“ kk (5.5.1)

Pk > Tk > Tk

is commutative and 1y, Ty are surjective with connected kernels.

2. Letting Yy = Xi(Tx) and Yy, = X.(Ty), there exists a family (Ax)r>0 where Ay €

_ ) N . N .
Y 1 [Sk B Sk.ELo P maps to Cunive € MY [Sk.EJo B ond (Ag) = Tr(Agyr) in

_ ) Ng, p
k+1/
Y1 [Sk41,Berrs Skt1,Ers1 )0 :

Proof. For k > 0 let X} = Z[Gal(Ey/F)][Mg], so that there is a canonical surjective map
of Z[Gal(E}/F)]-modules X; — My. Let Xo = X, and for & > 0let X1 = Xp @ X ;.
We have a natural surjective morphism X — M}, which for £ > 0 is obtained as the
sum of Xy — Mj_1 — My and X; — Mj. Let T} be the torus over F such that
X*(Ty) = Xk, and let U, = Ty/Px. Compared to the construction in [Kal, Lemma
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3.5.1], the only difference is that X;_  is free with basis M instead of M1 \ M.
Let Y = X, (T) and Y = X, (Uy), so that we have an exact sequence

0—Y, =Y, — M —0.

Let X) = ker(X; — M), Y/ = Homgz(X},Z) and Y}, = Homgz(X},Z) Since X is

a free Z[Gal(E}/F]-module, using the same argument as in Proposition 5.2.3 we can
- . N

find Y}, € Y;C[Sk,EkaSk,Ek]o Pe/F mapping to Cunivk- For all k& > 0 we can identify

Y11 with the group of f &g € YV @ ?;Hl such that [f] = [g] in M,’. We use these

identifications to construct Ay inductively from Yg. Let Ag = Tg, and for & > 0 let
Ny 1 /F

A1 = (AR) BT 1 € (YVe®Y 1y 1) Skt Burr Skt Bra o

o . Ne. . ¢
_ k+1/
le(Cuniv,k) = Pr(Cuniv,kt1), we have that Agi 1 € Yy 1[Skr1,5,. Skt 1,E01)0 O

. Thanks to the equality

Let us now recall how Kaletha pins down the canonical class £ in [l<al, Proposition
3.5.2]. For v € V, let ko, be the minimal £ > 0 such that v € S;. For k > ko,
let Py, = P(Ek;, Ni). As in the global case (§k)k>k, induce a continuous 2-cocycle
& € Z%(Gal(F,/F,, P,) where P, = h&“k Py . Note that unlike in the global case,
the cohomology class of &, is simply characterized by the property that its image in
H?*(Gal(F,/Fy), Py) is that of &, for every k > ko . Uniqueness follows from vanishing
of lim! HY(Gal(F,/F,), Pr.).

For v € V denote R] = (R§€7v)k20. Consider a projective system (Qk)r>0, (Qr+1 —
Qk)r>0 of commutative algebraic groups over F', and let Q = I&Hk Q. The Eckmann-
Shapiro maps, for k,i,j > 0,

ESS,  : CY(Gal(Bpsip/Fy), Qu(Ersig)) = C(Gal(Eyyi/F), Qu(Ersi ®p Fy))

k+i,v

are compatible (for k fixed and varying ¢, and then also for varying k) and yield a pro-

Eckmann-Shapiro map
ESp, : O(Fy, Q(F) = CV(F,Q(F ®r F)).

This is explained in [[<al, Appendix B|, although notations differ: our set of right coset
representatives R , corresponds to the image of the composition in [Kal, Lemma B.1,
1.], by mapping r € R}, to r~L.

Define xy, € Z2(Gal(F/F), P.(A)) by

zp = | ] ESk, (ocky(&w)) € Z2(A, Pr).
vESE

The family (zy)x>0 is easily seen to be compatible and so it defines a continus 2-cocycle
r € Z?(Gal(F/F), P(A)). Kaletha checks that the class of x in H?(Gal(F/F), P(A))
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does not depend on the choice of sets of representatives Ry ,, nor does it depend on the

choice of &, in its cohomology class.

Kaletha shows [I<al, Proposition 3.5.2] that there is a unique class cl(&can) € H2(Gal(F/F),

such that.
1. For any k > 0, the image of cl(£can) in H2(F, Py) is cl(&).
2. The image of cl(€can) in H2(A, T — T) coincides with the image of cl(z).

Adelic cohomology groups of complexes of tori were defined and studied in | , Ap-
pendix C|, see [[<al, §3.5] for the case of projective systems of complexes of tori satisfying
a Mittag-Leffler condition. The class cl(§can) does not depend on the choice of a suit-
able pro-resolution T' — T of P by pro-tori, but for the following proposition it will be

convenient to use the pro-resolution introduced in Lemma 5.5.1.

Proposition 5.5.2. The 2-cocycle ¢ belongs to the canonical class cl(&can) € H?(F, P)
defined in [Kal, Definition 3.5.4].

Proof. The first property above is obviously satisfied. The second property is equivalent
to the existence of a compatible family (ax, by)r>0 where aj, € CY(F,Ty) and by, € T}, (Ag)
are such that a; = d(b;) in C1(A, T}) and

&=1]] ESh (ock(€r0) x d(ar)

vESK

in Z2(A,Ty), for i > 0 large enough.
By Lemma 5.4.1 and thanks to the fact that Aj has support in the finite set Sy g, ,
for ¢ > 0 big enough we have

ﬁ/ ;c |_| NkAk = H ESL, _ (N@/Oékv l_| Nklkv(Ak)>
vESK

as maps Gal(Ey/F) — Tp(Ag,,,). Using an argument similar to the proof of Proposition
5.4.3, we deduce

d( /o, U NiA ES? Nqusz
( % kk) H kﬂy( <¢/ak Y, kk(k)))

v

= H ESR/ IOCk v(gk v))

in Z?(Gal(F /F),ker(T;,(Az) — T,(A5))). This leads us to define

N

_ Qg 1
0 = S g Vil € CH(Gal(B/F) Tulb.)
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Then
. ap
=— U Ar=4d(b
S ar e (b)

where by, = B U Ag € T(AEk)
EL/F

The fact that 75 (bxy1) = by for all & > 0 follows directly from (5.4.4) in Lemma 5.4.4.
Using Nk+%/Oszk+1/Nk = Ng/ay; and Lemma 5.2.1 we find

N@/Oék E,L—l/F NipA, = Nk+{/0ék E5F Nk-JrlAk- = NkJr«%/Okorl 5 I_l/F Nk-Jrl'k-(Ak)

k+1

Lemma 5.2.1 also holds with /a7 replaced by A/af because this family also satisfies
AWESZ (/o +1) = V/aj, and so we similarly find

N/ N /
of, U NpAp = kﬂ/a U Nesqlp(Ag).
ko kK k41 Fosi /F k+1 k( k)

The fact that ri(ag4+1) = ag for all k > 0 follows from these two equalities and T (Agy1) =
'k(Ak) (Lemma 5.5.1). ]

6 On ramification

6.1 A ramification property

We deduce a ramification property for Kaletha’s generalized Galois cocycles from our
explicit construction. Such a property is important to state Arthur’s multiplicity formula
in [I<al, §4.5], namely to guarantee that the global adélic packets II, are well-defined:

see [lKal, Lemma 4.5.1].

Proposition 6.1.1. Let G be a connected reductive group over F, and Z a finite central
subgroup defined over F. For any z € ZY(P — £,7Z — @), there exists a finite subset
S" of V' containing all archimedean places such that for any v € V . .S, pry(z o loc,)
is unramified, i.e. inflated from an element of Z'(Gal(K (v)/F,), G(O(K (v)))) for some
finite unramified extension K(v)/F,.

Proof. Let us first check that for 2/ € Z}(P — £,Z — G) in the same class as z, this
ramification property holds for z if and only if it holds for 2’ (in general for distinct finite
sets of places). There exists g € G(F) such that for any w € &, 2/(w) = g~ 2(w)w(g).
Note that the action of £ on G(F) factors through Gal(F/F). There exists a finite set
S” C V containing all Archimedean places and a finite Galois extension E/F unramified
away from S” such that g € G(O(F,S”)). Thus if z satisfies the ramification property
for S/, 2’ satisfies it for 8" U S”.
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Thanks to [I<al, Lemma 3.6.2| it is enough to prove the statement in the case where
G is a torus T. We remark that this reduction could force us to enlarge S’. As usual
let Y = X,(T/Z). Let N = exp(Z). There exists k > 0 such that Ej splits T and
a finite S’ C V containing all places dividing N and Sy such that z is inflated from a
unique element of Z!(P(E}, S}Jk,N) — EL(S',N),Z — T(Og/)), which we also denote
by z. By [Kal, Proposition 3.7.8,3.|, up to replacing z with a cohomologous cocycle we
can assume that z = (5", N)(A) for some A € ?[S;Ek, S’Ek]éVE’“/F, up to enlarging S’ so
that Conditions 3.3.1 in [[Kal] are satisfied.

For v € V \ 8, the morphism locy ,(S",N) : & o(N) — &k(S',N) is trivial on
P(Eg4,N) and so it factors through Gal(F,/F,). Thanks to ramification properties
of 0;x(N) (see Definition 5.1.4) and by definition of 7 ,(S’, N) (see Definition 5.4.2),
Nko(S', N) : Gal(F,/Fy,) — P(Ek,S};k,N) factors through Gal(F}"/F,). By construc-
tion in Proposition 5.1.3, ¥/Bj takes values in Z(F, Sy U N). Thus by definition of x,(A)
in Proposition 5.4.5, k,(A) € T(O(F}™)). The equality (5.4.7) in Proposition 5.4.5, which
is inflated from (5.4.2) in Proposition 5.4.3, shows that pr,(z oloc,) is unramified. [

Note that it does not seem possible to choose K (v) = K, for some finite extension

K/F.

6.2 Alternative proof

As announced in the introduction to this paper, we now give an alternative proof of
Proposition 6.1.1, which relies solely on Kaletha’s definition of the canonical class, and

not on constructions in the present paper.

Alternative proof of Proposition 6.1.1. Forv € V temporarily let &, € Z?(Gal(F,/F,), P,)
be any element of Z?(Gal(F,/F,), P,) representing the class defined in | |. Choose
a tower of resolutions (1 — P, — T}, = U, — 1)~ as in [Kal, Lemma 3.5.1], and as be-
fore write T'(A) = lim, Ty, (A) and U(A) = lim, U;;(K). Temporarily let £ be any element
of Z?(Gal(F/F), P) representing the canonical class defined in [I<al, §3.5]. Of course
the 2-cocycles constructed in this paper are examples of elements of these cohomology
classes, but we want to emphasize that the present proof does not require constructions
in previous sections.

By definition of the canonical class there exists a € C'(A,T) and b € U(A) such that

¢ = [] BS%, (locu(&) x d(@)

veV

in Z2(A,T) and @ = d(b) in C'(A,U). In particular for any v € V we have
res, (£) = locy (&) % d(ay)
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where res, denotes restriction to Gal(F,/F,) and a, = pr,(res,(a)). This equality holds
in Z2(F,,T), but ¢ and loc,(&,) both take values in P. Let b, = pr;(b), and choose a lift
b, of b, in T(F,). This is possible thanks to the surjectivity of all maps Py 1 — P, by
a simple diagram chasing argument (or more conceptually using vanishing of 1&1’1 Py).
Let a/, = a,/d(b,). Then a!, € C'(F,, P), and we have the equality

res, (£) = loc,(&,) x d(al)

in Z2(F,, P).

Fix k > 0. For v € V denote by ay,, (resp. b v, l~)kﬂ,, a;w) the image of a, (resp. by, by,
al) in CY(F,,Ty) (vesp. Ux(F,), Tx(F,), CY(F,, P)). Let us check that there is a finite
set S of places of F such that for allv ¢ §', aj, , € CY(F,, P.) is unramified. There exists
a finite set S’ D S} and a finite Galois extension K of F' containing E}, splitting T}, and
unramified away from S’ such that ay € C1(K/F,Ty(Ak)s) and by, € Up(Ak)s where
Ti(Ak)s is defined as X.(Ty) ®z I(K,S'). So for v & S', ay,, € CHKy/Fy, T(O(K3)))
is unramified. The group Py = ker(T}; — Uy) is killed by Ng, and so there is a unique
morphism U — T} such that the composition U, — T — U is the Ni-power map.
Thus for any v € ', by, € Ti(O(K;)N¥)) where O(K;)(M%) is the finite étale extension
of O(K;) obtained by adjoining all Nj-th roots of elements in O(K;)*. We conclude
that for v & S, af,, € CH(Gal(O(Ky)NW) JO(F,)), Py) and

resy(&k) = d(ay,,)

in Z2(F,, P,), where & is & composed with the surjection P — Pj. This easily implies
Proposition 6.1.1. O

Note that the fact that for a fixed k, res,(§x) is the coboundary of an unramified
1-cochain for almost all v € V is straighforward from the definition. What the proof
above shows is that the cochain a) , coming from “infinite level”, which is unique up

multiplication by a 1-coboundary, is unramified for almost all v € V.

6.3 A non-canonical class failing the ramification property

Proposition 6.3.1. Assume that N1 = 2 and that S1 is big enough so that Py is non-
trivial. Then there exists €24 € Z2(F, P) which coincides with the canonical class in
@k H?(F, Py) and such that for infinitely many places v of F, the 1-cochain a, €
CY(F,, P) such that res,(£P*d) = loc,(&,)d(ay) is such that its image a1, € CY(F,, Py)

is ramified.

Note that a, is unique up to a l-coboundary by [I<al, Proposition 3.4.5], and so the

property “aj, is unramified” is well-defined at all places v € V \.5;.
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Proof. Fix a tower of resolutions (T, — Uj)g>0 of Py by tori as in [IKal, §3.5], and
denote by mj the morphism (Tj4+1 — Uky1) — (T — Ug). Recall (discussion before
Proposition 3.5.2 in [Kal] and [ , Theorem 3.5.8|) that for any j > 0 the following

short sequences are exact:

1 = lim ' HY(F, Py) — HIYY(F, P) = lim H/TH(F, Py) — 1 (6.3.1)
k k
1= lim " H/ (A, Ty — Uy) = HTHA, T = U) — lim H/HA, T, — Uy) — 1.
k k

For any k > 0 and j > 0 the natural map H’ (F, P,) — H(F, Ty — Uy) is an isomorphism
because
1— P,(F) = Tp(F) = Up(F) — 1

is exact (whereas Ty (A) — Ui(A) is not surjective in general). By the five lemma this

implies that the first short exact sequence (6.3.1) is isomorphic to
1= lim "B (F, T}, = Uy) = HTHF,T = U) = lm H*YY(F T — Uy) — L.
k k
One could also check that H’(F, P) — H’(F,T — U) is an isomorphism more directly

by manipulating cocycles.

By [Kal, Lemma 3.5.3| the natural morphism

li

B8

LHY(F, Py) — lim  HY (A, Tj, — Uy) (6.3.2)
k

S

is an isomorphism. So let us first define a non-trivial element of l&nk LHY (A, Ty, — Uy).
Choose, for any k& > 1, a place vy, € V ~\ S1 such that Ej/F is split above vy and the
vg’s are distinct. For any k& > 1, the tori T}, Uy, 11 and U; are split over F,,, and
the surjective morphism of tori U, — Uy splits over F,, since it has connected kernel.
Therefore

HY(F,,,P.) = H'(F,,, Ty, — Ug) ~ Up(F,,)/Tx(Fy,)

maps onto

Hl(vaPl) = Hl(kaaTl — Ul) = Ul(ka)/Tl(ka)'

Since we have assumed Np = 2, over F,, the multiplicative group P is isomorphic to
s for some r > 1. For each k > 1 let cg,, € ZY(F,,, Px) C Z'(F,,, T — Ug) be such
that its image in H*(F,,, P1) is ramified. Recall that H'(A, T}, — Uy) decomposes as a

restricted direct product over places in V' | , Lemma C.1.B]. Define ¢, € Z1(A, Ty, —
Uk) by
(c8) 1 if v # vy,
r,(ck) =
Dotk ES}% (Chp,) if v =0
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Ifé € CHA, T — U) lifts ¢, then d(¢x) € Z2(A, T — U) has trivial image in Z2(A, T}, —
Uk). The family (cg)g>1 defines an element of lﬂli HY(A, T}, — Up), whose image in
H?(A,T — U) is the class of the convergent product [, d(¢), for any choice of lifts
(ék)k>1. For simplicity we choose a lift &, € C1(F,,T = U) of ¢, and define ¢ by

R {1 if v £ v

r,(¢r) =
pry() ES}% (Chp,) if v =0y

By surjectivity of (6.3.2), there exists a family (bg)g>1 with by € Z'(A, T, — Uy) such
that for every k > 1, the class of cpby/m1(bry1) belongs to the image of HY(F, T}, —
Uy) — HY(A, T}, — Up). This means that there exists e € CO(A, Ty — Uy) = Ti(A)
such that for every k& > 0,

by,

—=_d(ey) € ZYF, T;, — Uy).
ﬂ-k(bk—i—l) ( k) ( k k)

fr = cx

Choose lifts b, € CY(A, T — U) of by, é, € COA,T — U) = T(A) of e, and f, €
CYF, T — U) of f;. Then

_ by
gk 1= Cp=
br+1

d(ex) fi ' € CHA, T — U)
takes values in the complex
ker (T(A) — Tj,(A)) — ker (U(A) — Ui(A))

and so []>, gk is convergent in C*(A, T — U). Let ¢ = [];>, d(fr) € Z3(F, T — U),

which converges because fj is a cocycle. In Z2(A, T — U) we have a factorization

g=d(by) x | [Td@) | x| [’
k>1 k>1
Moreover ¢ defines a class in H?(F,T — U) = H?(F,P). Choose oY) € CY(F,T — U)
such that ¢ x d(a)) € Z%(F, P).

Let &paq = € % ¢ x d(aV)) in Z%(F, P), where & € Z%(F, P) belongs to the canon-
ical class. For any v € V, by vanishing of le’lf HY(F,,P) = l&nllf HY(F,, T — U) we
know a priori that res,(q) is the trivial class in H?(F,, P). The point of the diagonal
construction above is that we can write res,(¢) more explicitly as a coboundary. Let
a® =, [Ti>1 95" € CHA,T — U). Then for any place v, letting al? = pr;(res, (a?)),

(0 = [4@) if v & {urlk > 1},
res,(q) = " .
1 d(ag) X c,(C )) if v = vg.
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Since & belongs to the canonical class, as in the alternative proof in section 6.2 there
exists a3 € CY(A,T — U) such that for any place v, res, (&) = loc,(&,) x d(a$,3)). Let
a=aWMaPa® ¢ CY(A, T — U). Then for every place v, letting a, = pr,(res,(a)),

d(ay) if v & {vglk > 1}
d(a, x cl(f)) if v =vy.

resv(gbad)/locv(gv) = {

By the same argument as in section 6.2, in this equality we can replace a, € C'(F,, T —
U) by a;, € C'(F,, P), and for almost all places v the image af , of aj, in C'(F,, Py) is un-
ramified. We conclude that for almost all k > 1, res,, ({pad)/10Cy, (€y, ) is the coboundary
of an element of C*(F,,, P) whose image in C*(F,, , P\) is ramified. O

This example shows that for [[<al, Lemma 4.5.1], it is important to use the canonical
class and not an arbitrary lift in H?(F, P) of the canonical element of lim, H 2(F,Py).
More precisely, suppose that we form an extension £°2 of Gal(F'/F) by P using a non-

fbad

canonical class as above. Suppose that G is a reductive group that is an inner form

of a quasi-split reductive group G* over F'. Realize G as a global rigid inner form (Z, z)
of G* with z € ZY(P — £ Z — G*) for some finite central subgroup Z of G*. Let
k > 0 be big enough so that

1. G* and G admit reductive models over O(F, Si), that we fix,

2. G* admits a global Whittaker datum tv compatible with this model at all v € S

in the sense of | |,

3. the restriction of z to P factors through a morphism P(FEj, S}Ek, Ny) — Z, and for
any v € S}, the localization z, € Z'(F,, G*) is cohomologically trivial.

It can happen that the set VP24 of finite places v ¢ S} such that the conjugacy classes of
hyperspecial maximal compact subgroups G(Op,) and G*(Op,) are not conjugate under
the trivialization of (Z,, z,) is infinite. Using Proposition 6.3.1 one can easily give such
examples with G* = Sps,, for any n > 1. Suppose for simplicity that G* is split and that
for a finite place v of F' there are exactly two conjugacy classes of hyperspecial maximal
compact subgroups in G*(Fy,), as is the case for G* = Sp,,,. Suppose that ¢ is a global
discrete Langlands parameter for G and that for every place v of F', ¢, is relevant for Gp,
i.e. that the local L-packet II,, is non-empty. Let V;ad be the set of v € VP2 such that
the local parameter ¢, is unramified and endoscopic, i.e. the centralizer of ¢(Frob,) in G
is not connected. For every such v, II,, has two elements and the base point of this set
for the rigidifying datum (GF, , Zv, 20, W0y) is not G(OF, )-spherical. If Vé)ad is infinite, no

element of the adelic L-packet considered in [[<al, §4.5] is admissible, which is a problem
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to formulate a multiplicity formula for automorphic representations. In Example 6.3.2
below we point out that by | | there are infinitely many examples of (unconditional
substitutes for) global Langlands parameters ¢ such that ¢, is endoscopic for infinitely
many v. We do not know if there are examples with V;ad infinite, but Proposition 6.3.1

and Example 6.3.2 certainly justify caution.

Example 6.3.2. Consider first a prime number p and the group SLa(Qp). There are two
conjugacy classes of hyperspecial mazimal compact subgroups of SLa(Qy), represented by
Ky = SLy(Zy) and its conjugate Ko under diag(p,1) € GL2(Qp). Therefore, for any
Satake parameter ¢ = cl(diag(x, 1)), a semisimple conjugacy class in PGL9(C), a priori
there are two associated unramified representations of SLa(Qp), say 1 4, T2, such that
dimg¢ Trlng = 1. Let T = {diag(t,t ') [t € QF}, a mazimal torus in SLy(Qp), and x, the
unramified character diag(t,t=1) %) of T, where vy, s the p-adic valuation such that
vp(p) = 1. Let B be a Borel subgroup of SLa(Qp) containing T'. Then Ind%LQ(Qp)(Xx) is
irreducible and isomorphic to my o ~ mo . if x & {—1,p, p~ '}, whereas IndSBL2(Q”)(X,1) ~
T1,—1 @ o1 with m 1 % ma,_1. This is related to the fact that diag(—1,1) is, up to
conjugation, the only semisimple element of PGLa(C) whose centralizer is not connected
(it has two connected components).

Now let E be an elliptic curve over Q. Let f =" - anq™ be the associated | /
newform. By [ | there are infinitely many pm’me_s p such that a, = 0. In terms of
the cuspidal automorphic representation ™ = ®! m, corresponding to f, this means that
for infinitely many primes p, the Satake parameter of the unramified representation m,
of GL2(Qp) (a semisimple conjugacy class in GL2(C)) has trace zero. Equivalently, its
image i PGL2(C) is cl(diag(—1,1)). Consider the conjectural associated Langlands
parameter ¢ : Lg — GL(C) of m, where Lg is the hypothetical Langlands group of Q.
Then its projection g to PGLa(C) is such that for infinitely many unramified primes p,
@E(Frob,) is conjugated to diag(—1,1).

This phenomenon has the following unconditional consequence. Let G be an inner
form of GL2/Q, i.e. the group of invertible elements of a central simple algebra of degree
2 over Q. Assume that E is relevant for é, i.e. that for any prime p such that éQp 18
not split, m, is a twist of the Steinberg representation or a supercuspidal representation of
GL2(Qp). By the Jacquet-Langlands correspondence [ [, there is a unique automor-
phic cuspidal representation ' for G corresponding to w. Let G be the derived subgroup
of G, an inner form of SLy/Q. By [ | and [ |, the restriction of ©’ to G(A)
(at the real place, one should consider (g, K)-modules) embeds in the space of cuspidal
automorphic forms for G. This restriction is admissible but has infinite length: for any
prime p > 3 such that Gg, is split and E has good supersingular reduction, ﬂI’)]G(Qp) has
length 2.
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Interestingly, the algorithm in [ | uses primes which do not split in certain
quadratic extensions of Q, while the counter-example in 6.3.1 is constructed using primes

split in arbitrarily large extensions of the base field.

7 Effective localization

We conclude by explaining how the constructive proof of the existence of a family of “local-
global compatibility” cochains (8j)r>0 at the end of section 4.4 allows one to explicitly
compute all localizations of a global rigidifying datum, as promised in the introduction

to this article.

7.1 A general procedure

Let G* be a quasi-split connected reductive group over F'. Fix a global Whittaker datum
o of G*, i.e. choose a Borel subgroup B* of G* defined over F, let U be the unipotent
radical of B*, let x be a generic unitary character of U(A)/U(F), and let to be the
G*(F)-conjugacy class of (B*, x). Let T' a maximal torus of G* defined over F, and F a
finite Galois extension of F splitting T'. Let .S be a finite set of places of F' such that

1. S contains all archimedean places of F' and all places of F' which ramify in F,
and the (always injective) morphism I(E,S)/O(E,S)* — C(E) is surjective (i.e.
Pic(O(E,S)) =1).

2. G* admits a reductive model G* over O(F,S) in the sense of | , Exposé
XIX, Définition 2.7] such that the schematic closure T' of T in G*, which is a flat
group scheme over O(F, S) since this ring is Dedekind, is a torus in the sense of
| , Exposé IX, Définition 1.3].

3. For any v ¢ S, the Whittaker datum tv is compatible with the G*(F,)-conjugacy

class of the hyperspecial maximal compact subgroup G*(O(F,)), in the sense of

|580].
Let Z be a finite central subgroup of G, N = exp(Z) and T = T/Z. Let Z be the

schematic closure of Z in T (or G), then Z is a group scheme of multiplicative type over
O(F,S). Moreover T := T/Z is a maximal torus of the reductive group scheme G*/Z
(see | , Exposé XXII, Corollaire 4.3.2]). Let S be a set of representatives for the
action of Gal(E/F) on Sg. Finally, choose A € Y[Sg, SE]éVE/F. If

ap/p € Z* (Gal(E/F), Hom(Z[Sglo, O(E, 5))*)
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is any Tate cocycle (as in then taking the cup-product of « wit ields
y yele ( [ ]), then taking the cup-product of ag/p with A yield
z € ZH(Gal(O(E, S)/O(F, S)), T(O(E, 5))) (7.1.1)

i.e. a Cech cocycle for the étale sheaf T and the covering Spec(O(E, S)) — Spec(O(F, S)).
In particular we obtain a reductive group G over O(F, S) by twisting G* with the image
zZof Zin

721 (Gal(O(E, 8)/O(F, 8)), G,(O(E. S))) .

This realizes the generic fiber G of G as an inner twist (Z,%) of G*.

Remark 7.1.1. The fact that any connected reductive group G over F' arises in this way
is a consequence of [Kal, Lemmas A.1 and 3.6.1].

More directly, that is without making use of [Kal, Lemma A.1], Steinberg’s theorem
on rational conjugacy classes in quasi-split semisimple simply connected algebraic groups
(/ /) implies that if we start with a reductive group G and a mazimal torus T of G,

then it can be realized as an inner twist (G*,E,%) with Z taking values in 2~ (Tyq(F)).

We now use the constructive proof of Theorem 4.4.2 at the end of section 4.4. Let
FEy = FE and §1 = S and choose a finite Galois extension Fs of I’ which is totally complex

and such that for every v € S non-archimedean,

Ng,/E HO(Ez,w)X

wlv

is contained in the subgroup of N-th powers in [[,,,, O(Ew)*. Finally, let Ej5 be any finite
Galois extension of F' containing the Hilbert class field of E5. Choose global fundamental
classes @1, o, a3 such that @ = AW%(@kH) for k € {1,2} and @3 is normalized, i.e.
a@s(1,1) = 1. Fix finite sets of places S3 D So D S as in section 2. For each v € S3
fix a place 3 € Sg,. Choose local fundamental classes oy, for v € S and k € {1,2,3}.
Choose sets of representatives (Ry ,)1<k<3wes @s in section 4.2, or rather, choose their
image Ry, in Gal(E3/F). These families (Sk)r<3, (k)r<3, (Qhp)k<swes: (Riw)k<swes
can be extended to £k > 0 and v € V, as explained in sections 4.1, 4.2 and 4.4. Moreover
{93}ses can be lifted and extended to yield V as in section 2.

Now choose Béo) : Gal(Es/F) — Maps(Sg,, C(E3)) such that d(BgO)) = ag/ab.
Choose B : Gal(Es/F) — Maps(Sg,, I(Es, S»)) lifting AWESL(BY”) such that 5V (1) =
1 and 69) := AWES! (Bél)) takes values in Maps(Sg,, I(E,S)). Let aq = o x d( 52)).
At the end of section 4.4 we constructed a family (Bg)k>0 such that there exists € €

— X

Maps(Sg,, O(E2) ) satisfying Bals,, = él) x d(€)), more precisely €} is the restriction
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to Sg, of
lim [ AWES}o--- o AWES] ,(e).

n—-+00 .
2<i<n

Therefore 1|5, = AWES}(52) = ?) x d(z) where x = AWES{(¢)) is a map

— X

Sg = Npg,/E ((’)(Eg) ) .

In particular for every non-archimedean v € S there exists amap y, : S — Hw‘ o O(Ey)™

such that y = pr,(z). For v € S archimedean, simply let y, = 1. Recall that N =
exp(Z). Going back to the construction of N’-th roots in Propositions 5.1.1, 5.1.2 and
5.1.3, we see that for any choice of N-th root 552) : Gal(E/F) — Maps(Sg, Z(E, S U
N)), we can choose the N-th root %/B; so that for all v € S,

pr, ( W) |5 = DI, (W) x d ().

If oy is chosen to form Z in (7.1.1), the generic fiber G of G is endowed with a
global rigidifying datum (G*, Z, z, o) where z = «(A). For v € V| the localization of this
rigidifying datum at v is (G}}v, Ey, 2y, 0,) where Z,, = Ef; and 2, = pr,;(z o locy).

Let z, = ty(ly(A)) and fix a rigid inner twist (G, =;) of GF. by z,, which is well-
defined up to conjugation by G, (F,) (see | , Fact 5.1]). We now compare the rigid
inner twists (Gr,,Z,) and (G, Z;) of G, . Recall (Proposition 5.4.5) that

pr,(z olocy) = ty(ly(A)) x d(ky(A))

where ry(A) = pry ( V/B1) I7I NA € T(F,). Therefore we have an isomorphism of rigid
E/F
inner twists of G,
(fva KU(A)) : (GFuv Eo, Zv) = (G{u’ E{u’ ZL)
where f, is obtained from Z! o Ad(k,(A)) o =, by Galois descent. Thus f, : Gg, ~
GT., identifies the rigidifying datum (G%, , Zy, 20, 0y) for G, with the rigidifying datum
(GF, s Bys 25 10y) for G,
e For v € VN S, [,(Ay) = 0 and we can simply take G, = G}, and =, = Id.
In particular G, is quasi-split and we can simply take as rigidifying datum the
pull-back f;(ro,) of the Whittaker datum ro,. The image %,(A) of k,(A) in T(F,)

equals
pry (1) E'fF A e T(O(E;))

and so Ad(ky(A)) is an automorphism of the reductive group scheme G* g, -

Since Z, is obtained as the generic fiber of an isomorphism G* g,y =~ Go(g,), We

)

55



see that f, descends from an isomorphism Gpg,) =~ G o(g,) and so f, can be
extended to an isomorphism of reductive models Gop,) ~ G*o(F,)- This shows
that f;(to,) is compatible with the G(F})-conjugacy class of hyperspecial maximal
compact subgroups represented by G(O(F,)). Note that this holds even for v ¢ S
dividing N.

e For v € S, one can compute the element x,(A) up to an element of T'(F,), since
d U NA=N U NA | eT(F
) EF E/F (yv BF > (Fy)

and so d(k,(A)) = d(k,(A)) where

H;(A):pri}(l\]\/ f)) U NA

EJF

is computable. Thus (f,, #,,(A)) is also an isomorphism of rigid inner twists of G .

Note that to compute f, it is enough to compute the image of &/ (A) in T(F},), i.e.
(2)) ol
T, U AeT(E;
pry (817) 0, A € T(EY)
and so in practice it is not necessary to compute an N-th rooth of B§2).

7.2 A simple example

Let us illustrate this on a simple example, where almost no computation of cocycles is
needed.

7.2.1 Definition of the group G

Let F = Q(s) with s> = 3. Let D be a quaternion algebra over F such that D is
definite at both real places of F, and split at all non-archimedean places of F'. Let
Np € Sym?(D*) be the reduced norm, and G the reductive group scheme over F defined
by

G(R)={r€ R®p D|Np(x) =1in R}

for any F-algebra R.

7.2.2 A reductive model of G

The class group of F' is trivial, and the narrow class group of F'is Z/27Z, corresponding
to the totally complex and everywhere unramified extension £ = F(() of F, where

¢?—5¢+1 =0 (¢ is a primitive 12-th root of unity). The class group of F is also trivial.
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Write o for the non-trivial O(F')-automorphism of O(E). Let S be the set of real places
of F, so that S = {v},v_} where the image of s in F;,, = R is positive. We still denote
by vy, v_ the unique complex places of E above vy, v_. The group O(E)*
by ¢ and ¢ — 1, which has infinite order. The group O(F)* is generated by —1 and
2 — s = Ng/p(¢ — 1), which has infinite order.

Let G* = SLg over O(F) and let T C G* be the torus defined by

rw-{(5 %)

for any O(F')-algebra R. Then T splits over O(E). Let Z ~ ps be the center of G* and
T =1T/Z. The element (z = s,y = —2) € T(Or) maps to the unique element of order 2

is generated

T,y € R, :1:2+sa:y+y2:1}

in T(F), and so we have a 1-cocyle

Z:o— (z=s,y=—2) € PGLy(O(F)).

Since PGLy is also the automorphism group of the matrix algebra Mo, we obtain an
Azumaya algebra O(D) over O(F) by twisting Ma(O(F')) using Z. Explicitly, it has
basis (1, Z,I, ZI) over O(F), where

0 -1\ . [ 0 2A—s
Z_<1 s)’I_(2C—8 0 )

We have Z'2 =1and I? = —1. Let D = F ®o(r) O(D). Let G be the inner twist of G*
by Z, so that
G(R) = {z € R®o(r) O(D)|Np(x) =1}

for any O(F)-algebra R.

7.2.3 The group G as a rigid inner twist

If we identify Y = X,(T) with Z, then Y = X,(T) is identified with 1Z. Let A €
Y[SE]éVE/F be defined by A(vy) = 1/2 and A(v—) = —1/2. An easy computation shows
that one can choose the Tate cocycle oy for E//F such that

a1(0,0)(v4) feu (o, 0)(v-) = 1

and so Z = a1 |7| A. Using z = ¢(A), we obtain a realization of G as a rigid inner twist
E/F

(5, 2) of G*.
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7.2.4 Choice(s) of Whittaker data

Let 7 be the unitary character of Ag/Q such that ¢ (z) = exp(2inz), so that for
every prime p we have ker(v,) = Z,. Fortunately the different ideal of F'/Q is principal,
generated by 2s, and so for any choice of sign the global Whittaker datum r for G*

(é :16) € U(Ar) = d(FTrp g2/ (29))) (7.2.1)

is compatible with the model G* ¢,y at every finite place v of F. Therefore the global
rigidifying datum D = (G*, £, z, w) for G is such that for any finite place v of F', the local-
ization D, is unramified and compatible with the G(F;,)-conjugacy class of hyperspecial

maximal compact subgroups G(O(Fy)).

7.2.5 Real places

At any real place v of F', we could compute explicit coboundaries expressing local-global
compatibility, but this is not necessary since the parametrization of Arthur-Langlands
packets for the compact Lie groups G(F;,) ~ SU(2) is simply determined by the Whittaker
datum 1o, and the cohomology class of z, in HY(P, — £,Z — T) (see | , §5.6] and
[ , §3.2|), which only depends on [,,(A). This simplification is particular to anisotropic
real groups, for which Langlands packets have at most one element.

In order to formulate the local Langlands correspondence at each real place v of F it is
necessary to identify an algebraic closure of the base field F3,, occurring in the definition of
the Weil group Wpg,, with the coefficient field C. We have natural algebraic closures E,
and E,_ of F,, and F,_. Choose 74 : ¢ — exp(2im/12) (resp. 7_ : { + exp(5 x 2im/12))
identifying F,, (resp. E,_) with C. There is a natural identification 6, (resp. 0_) of
G*Fer (resp. G}}v_) with the usual split group SLo over R, compatibly with the canonical
isomorphisms F,, = R and F,_ = R. Let V/3 be the positive square root of 3 in R, so
that 7, (s) = v/3 and 7_(s) = —v/3. In particular for any choice of sign in (7.2.1), the
Whittaker data (6 ). (10, ) and (0_).(to,_) differ. Associated to to, is a Borel subgroup
By of G}U+ xp,, C containing Tr,, xp,, C (see [Iaia]), corresponding to the generic
discrete series representations of G*(F,, ). Using 74 we see By as a Borel subgroup of
GEv+, and since T is defined over F' and split over E we see that B, comes from a well-
defined Borel subgroup of G, containing Tz, which we still denote by B,. Similarly, we
have a Borel subgroup B_ of G}, containing Tr. Up to changing the sign in (7.2.1), we
can assume that B, is such that the unique root of T in By is ay : (z,9) — (z + Cy)>.
Let us determine B_ using 6, and §_. For this we need to conjugate 64 (TF,, ) and
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0_(TF, ) by an element of SLy(R). The matrix

g= (é _1/§> € SLy(R)

conjugates 0_(Tr, ) into 64 (TF,, ), mapping 6_(z,y) to 04 (x— V3y,y). Since (64).(ro4)
and (0_).(w_) differ, the root a— of T in B_ is not equal to

(r) " oryoayorto(64)g 0 Ad(g) o (9 )c o,

which equals a4. Therefore v # a4 and B_ # B,. Note that other choices for 7, 7_
would lead to other Borel subgroups, and some choices would give equal Borel subgroups.

Let us now consider Arthur-Langlands packets of unitary representations of G/(F,, )
and G(F,_). We refer to | , §3.2.2] for the parametrization of “cohomological” Arthur-
Langlands packets for inner forms of symplectic or special orthogonal groups, following
Shelstad, Adams-Johnson and Kaletha. The present case is much simpler. Note also
that since G(F,,) and G(F,_) are compact, any non-empty Arthur-Langlands packet
is “cohomological”, i.e. is a packet of Adams-Johnson representations. For v € {vi,v_}

there is only one Arthur-Langlands parameter
Wr, x SLy(C) — L@

which is non-trivial on SLy(C) and yields a non-empty packet, namely the principal
representation

SLy(C) = G ~ PGLy(C),

with corresponding packet containing the trivial representation with multiplicity one.
Any other Arthur-Langlands parameter yielding a non-empty packet of representations

is tempered and discrete, and so up to conjugation by G it is of the form

Ok, Wr,, — PGLy(C)
m(z/2)F 0
z€ B}, .—>< 0 ]

. 0 1
J 10

for some ky € Z>(, and similarly discrete tempered parameters for G, are parametrized
by integers k_ > 0, using 7_. Above j is any element of va+ \ E, such that g2 =—1.
Note that we have put ¢y, in dominant form for the upper-triangular Borel subgroup B
of G. Using B4 we have an identification between the group T of diagonal matrices in
PGLy(C) and T = X*(T) ®z C*. So we can identify Iy, (A) = A(vy) € X (T)Nerr with
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an element of X*(7), where T is the preimage of 7 in G = SLy(C). The preimage Ss;w

of Sy, = Cent(py , @) in G has 4 elements and is generated by

0 —
(0 _Z.>6T.

The class of [,, (A) modulo (1 — 0)X,(7T") defines a character of S;rk+. There is a unique

element 7,, 1, in the Arthur-Langlands packet attached to (the é—conjugacy class of)
@k, , that is the unique irreducible representation of G(F,, ) in dimension ky + 1. The
character (-,m,, 1, ) of S;k+ is the one defined by [, (A).

Similarly, each discrete series L-packet for Gg, has a unique element 7, ; , and
a character (-, m,__) of Sf,  coming from the character I,_(A) = A(v_) of T. Note

that since B_ and B, differ and A(v_) = —A(v, ), the characters of T corresponding to
A(v4) and A(v_) are equal.

7.2.6 Automorphic representations

To lighten notation we let K = G (5(?)) We can now formulate precisely the endoscopic
decomposition of the space of G(R ®q F')-finite functions on G(F)\G(Afr)/K, with com-
muting actions of G(R ®g F') and of the Hecke algebra in level K. Let Vi (resp. V_)
be the irreducible representation of G(F,, ) (resp. G(F,_)) of dimension ky + 1 (resp.
k_ 4+ 1). Note that Vi is obtained by restricting an irreducible algebraic representation
of Gg,, - Recall | | that we can cut out the Vi ® V_-isotypical subspace inside the
space of all automorphic forms for G, and define the space My, ;_(K) of automorphic

forms of weight (ky,k_) and level K as the space of G(F')-equivariant functions
G(AFJ)/K - Vi V_,

which is a finite-dimensional vector space over C endowed with a semi-simple action of
the commutative Hecke algebra in level K. Moreover it is easy to check that M, j_(K)
has a natural E-structure.

The automorphic multiplicity formula for SLo and its inner forms was proved in
| |, although at the time there was no general definition of transfer factors, let alone
Kaletha’s normalization of transfer factors for inner forms. Formally we can use the main
result of [Taial, but of course a careful reading of | | and a comparison of transfer
factors with the later definition in | | and | |, [i<al] should give a more direct
proof. In the present case, automorphic representations for G in level K fall into three

categories:

e the trivial representation,
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e representations corresponding to self-dual automorphic cuspidal representations of
PGL3/F which are algebraic regular at both infinite places and unramified at all

finite places,

e representations “automorphically induced” from certain algebraic Hecke characters
for F.

The multiplicity formula is non-trivial only in the third case. Making it explicit allows

one to enumerate representations in the (most interesting) second case.

7.2.7 Global endoscopic parameters

Let x : C(F) — C* be a continuous unitary character which is trivial on C(F) =
C’(E)Gal(E/F). In particular, x° = x~!. Using x we can form the parameter

Py ¢ WE/F — PGLQ(C)

2 € CO(B) H<ng) (1))

., (01
g 10

where ¢ € Wg/p is any lift of 0 € Gal(£/F). The parameters ¢, and ¢, -1 are conju-
gated by PGL2(C). We only consider characters x such that the restriction of ¢, to the
Weil groups at both real places of F' are discrete, i.e. we impose that x,, = x| B and

Xv_ = X| px are non-trivial. Therefore there are ai,a— € Z {0} such that

Xop (2) = 74(2/2)", xo_(2) = 7-(2/2)".

Moreover we impose that y is everywhere unramified, i.e. at every finite place w of F,
Xw is trivial on O(E,)*. Since E has class number 1 the map
Ef xEf x [[ O(E.)*— C(E)
w finite
is surjective, and its kernel is O(E)*. Thus for ay,a_ € Z ~ {0} there is at most one
everywhere unramified x as above, and there exists one if and only if x,, X x,_ is trivial
on O(E)*, which is generated by ¢ and ( — 1. A simple computation shows that this is

equivalent to
a4y +5a_ =0 mod 12.

For such a character y, at a finite place w of E we have:

o If w is fixed by o (inert case), then there is a uniformizer w,, € O(F), and so xu

is trivial.
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e If w is not fixed by o (split case), then if w,, € O(FE) is a uniformizer, we have

Xuw(@w) = Xo, (ww)ilxv, (ww)fl.

This concludes the description of all endoscopic global parameters for G which are discrete
at both real places and unramified at all finite places. They are parametrized by pairs
(ay,a_) € (Z~{0})? such that ay +5a_ =0 mod 12, modulo (ay,a_) ~ (—ay,—a_).

Let x be a character as above. Then the centralizer S, of oy is

{0 e

and so it coincides with the local centralizers at vy,v_. Up to replacing x by x=, we

are in exactly one of the following cases:

e a; > 0and a_ > 0, ie. xo, (2) = 74(2/2)"T! for ky > 0 and x,_(2) =
7_(2/z)k=*1 for k- > 0. Then (-, my, k,) X {-,Ty_x_) is the non-trivial charac-
ter of S, .

ea; > 0and a_ < 0, ie. xp, (2) = 7(2/2)"F! for ky > 0 and x,_(2) =
7_(2/z)7%="1 for k_ > 0. Then (-, m,, ) X (-, m,_) is the trivial character of S, .

By the multiplicity formula, in weight (k,k_) and level Q(O/(F)), there is at most

one endoscopic automorphic representation, and there is one if and only if
(ky+ +1)=5(k—-+1)=0 mod 12. (7.2.2)

In low weight, we have computed Hecke operators for small primes and verified this

condition.

7.2.8 Comments

The class number

card (G(P)\G(Ar,7)/G(O(F))) = 1

as one can check when computing a Hecke operator at any finite place, by strong ap-
proximation. Note that G is not the only reductive model of G, even up to the action of
G.q(F). By splitting the Azumaya algebra O(D) modulo (2) = (s—1)2, we can compute
an (s — 1)-Kneser neighbour of O(D), that is another maximal order O'(D) of D, having
basis over O(F)

L, Z4sI,(1—s)(s+ 2ZI),(1—s) " (1+1+sZI).
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It gives rise to a second model G’ of G, which is not isomorphic to G since one can compute
using reduction theory that G(Op) is a dihedral group of order 24 (generated by Z and
I, with IZI-!' = Z~1), whereas G'(O(F)) is isomorphic to SLa(F3) (an isomorphism is

given by reduction modulo s). One can also check that the class number

card (Gaa(F)\Gaa (b1 g)/Gaa (O(F)) ) =2

and so G and G’ are up to isomorphism the only two reductive models of G over O(F).
So we have two distinct notions of “level one” for automorphic representations for G,
and although the relevant Arthur-Langlands parameters are the same in both cases, the
automorphic multiplicities differ. More precisely, any algebraic Hecke character y for F
as above contributes an automorphic representation for G either in level Q(O/(F)) or in
level Q’(a(_}?)).

7.2.9 Higher rank

Alternatively, one could explicitly compute the geometric transfer factors defined in
| | for G and the endoscopic group H isomorphic to the unique anisotropic torus
over I’ of dimension 1 which is split by E. Although one would lose the interpretation
in terms of characters of centralizers of Langlands parameters, this would probably lead
to a proof that the multiplicity formula for G in level G ((’)/(F\)) reduces to (7.2.2).

Note however that the approach in the present paper generalizes easily to higher
rank. For example, using the embedding (SL3)™ < Sps,, it is easy to generalize the
above example to the case where G is the inner form of G* = Sp,, over F' which is
definite (i.e. G(F ®q R) is compact) and split at all finite places. This does not require
additional computation, and so one can make explicit Arthur’s multiplicity formula (also
known in this case, see | |) in “level one”. Moreover, using also pure inner forms of
quasi-split special orthogonal groups, namely definite special orthogonal groups obtained
using copies of (z,y) — 22 + szy + y? and (in odd dimension) x +— 2, it is possible to
carry out the same inductive strategy as in | |, but using definite groups as in | |,
which makes explicit computations much simpler. Therefore the above example makes it
possible to explictly compute automorphic cuspidal self-dual representations for general
linear groups over F' which are unramified at all finite places and algebraic regular at

both real places.
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