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Abstract

A theorem of Nomizu and van Est computes the cohomology of a compact nil-

manifold, or equivalently the group cohomology of an arithmetic subgroup of a

unipotent linear algebraic group over Q. We prove a similar result for the cohomol-

ogy of a compact open subgroup of a unipotent linear algebraic group over Qℓ with

coe�cients in a complex of continuous ℓ-adic representations. We work with the

triangulated categories de�ned by Ekedahl which play the role of �derived categories

of continuous ℓ-adic representations�. This is motivated by Pink's formula comput-

ing the derived direct image of an ℓ-adic local system on a Shimura variety in its

minimal compacti�cation, and its application to automorphic perverse sheaves on

Shimura varieties. The key technical result is the computation of the cohomology

with coe�cients in a unipotent representation with torsion coe�cients by an explicit

complex of polynomial cochains which is of �nite type.
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1 Introduction

A theorem of Nomizu [Nom54] and van Est [Est58] identi�es, for a unipotent linear

algebraic group N over R and a discrete cocompact subgroup Γ of N(R), the group

cohomology groups H i(Γ,R) with the Lie algebra cohomology groups H i(LieN(R),R).
This also holds with coe�cients in a non-trivial representation of N. A rational version

of this isomorphism, with N de�ned over Q and Γ an arithmetic subgroup of N(Q), was

obtained in [GHM94, �24]1. For a prime number ℓ this result was used2 by Pink [Pin92,

Theorem 5.3.1] to deduce from his Theorem 4.2.1 loc. cit. the explicit computation of the

restriction to strata of the higher direct images of ℓ-adic automorphic local systems on a

Shimura variety in its minimal compacti�cation. This computation also uses Kostant's

formula [Kos61, Theorem 5.14] which explicitly computes Lie algebra cohomology in this

setting. Pink's Theorem 4.2.1 identi�es the restriction to strata of higher direct images

of local systems with torsion coe�cients with local systems obtained from certain group

cohomology groups. In fact this theorem is stated in derived categories, and for the

study of certain perverse sheaves on minimal compacti�cations of Shimura varieties it is

desirable to have a �derived� analogue of [Pin92, Theorem 5.3.1], that is a commutative

square between suitable triangulated categories. Such an analogue seems to have been

implicitly used in [Mor08, Théorème 2.2.1], [Mor10, Theorem 1.2.3] and [Zhu]. To prove

such an analogue one needs the ℓ-adic analogue of [Pin92, Theorem 4.2.1], which we

have not considered seriously yet but should be rather formal to deduce from the proof

loc. cit., and an ℓ-adic analogue of the Nomizu-van Est theorem in suitable triangulated

categories (�derived categories of continuous ℓ-adic representations of pro�nite groups�).

The goal of this article is to prove such an analogue, Theorem 11.1.

The rough strategy is familiar: for a unipotent linear algebraic group N over Qℓ, an

algebraic representation V of N and a compact open subgroup N of N(Qℓ) we would

like to de�ne two natural quasi-isomorphisms

C•
cont(N,V )←− C•

pol(N, V ) −→ C•
CE(LieN, V ) (1.1)

where C•
cont denotes the complex of continuous cochains, C•

pol denotes the complex

of polynomial cochains, the left map is the obvious one, C•
CE denotes the Chevalley-

Eilenberg complex computing Lie algebra cohomology, and the right map is obtained by

taking di�erentials at the origin (details in Section 10). One could also replace polyno-

mial cochains by analytic cochains, in fact this gives quasi-isomorphisms in much greater

1More precisely, half of this isomorphism was constructed loc. cit., the morphism from algebraic group

cohomology to group cohomology. For the other half, the morphism from algebraic group cohomology

to Lie algebra cohomology, see Section 10.
2To be honest I do not understand Pink's reduction, see Remark 11.4.
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generality [Laz65, Theorems V.2.3.10 and V.2.4.10]. Unfortunately in the triangulated

categories that will consider this strategy will not work as is, mainly because the objects

that we need to consider are not these complexes. Indeed continuous group cohomology

with ℓ-adic coe�cients does not quite �t in the derived functor formalism, and instead

we work with Ekedahl's formalism introduced in [Eke90]. This formalism applies to ar-

bitrary toposes and seems well-suited for the above application which mixes continuous

representations of pro�nite topological groups and sheaves on schemes. In particular

this formalism de�nes, for a pro�nite topological group K and a �nite extension E of

Qℓ, a certain triangulated category D+(K,E), which admits a natural functor F from

the derived bounded category of �nite-dimensional continuous representations of K over

E (see Corollary 2.5). This seems to be the only way to explicitly construct objects

in D+(K,E). We emphasize that D+(K,E) is only de�ned after the integral analogue

D+(K,OE) where OE is the ring of integers of E, essentially by inverting ℓ, and that

objects of D+(K,OE) are inverse systems of complexes of smooth OE/m
i
E [K]-modules

where mE is the maximal ideal of OE . In particular the case of torsion coe�cients seems

to be di�cult to avoid when proving results about such objects. For N a closed normal

subgroup of K we have by general topos theory [Eke90, �5] a derived pushforward functor

RΓ(N,−) : D+(K,E) −→ D+(K/N,E)

and our goal is to compute the composition RΓ(N,F (−)) in certain cases, again in terms

of bounded complexes of �nite-dimensional representations of K/N over E. The problem

is that the middle term in (1.1), i.e. the complex of polynomial cochains, does not make

sense a priori as an object of D+(K/N,E), because its terms have in�nite dimension over

E. Even if we try to make sense of it, it still does not seem possible to de�ne the right

map in (1.1) over OE , even after multiplying by a large power of ℓ. Our solution roughly

consists of replacing the complex of polynomial cochains by an explicit subcomplex which

is quasi-isomorphic to it and whose terms have �nite dimension over E. For the purpose

of induction and to keep an action of K/N it is crucial that these subcomplexes be

canonical, even if they depend on auxiliary suitable integers, and that we obtain results

for representations with torsion coe�cients �rst.

Let us describe the contents of the paper. As above let E be a �nite extension

of Qℓ, with ring of integers OE having maximal ideal mE . In Sections 2 and 3 we

review the setting in which we will work, Ekedahl's formalism for (discrete) sets with

continuous action of a pro�nite group, and gather a few lemmas. In section 4 we show

that RΓ(N,−) can be computed using the usual complex of locally constant cochains in

towers in OE/m
i
E-modules, at least in the case where K is a semi-direct product N ⋊H.

For the purpose of induction we recall in section 5 the explicit �Künneth formalism� in
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the simplicial setting, due to Eilenberg, Zilber and MacLane, for the universal cover of

the classifying space of a semi-direct product of groups. The resulting Künneth formula

is useless because the associated topological spaces are contractible, but by equivariance

this formalism yields an explicit version of the Hochschild-Serre spectral sequence in

the case of semi-direct products which is robust when imposing additional conditions on

cochains. To start the induction we consider in Section 6 the case where N ≃ Zℓ, which

is enlightened by the explicit description of 1-cocycles and motivates the introduction of

�ltrations on OE [N ]-modules. We show in Lemma 6.5 that we can compute RΓ(Zℓ,−) on
bounded below complexes of unipotent OE/m

i
E [Zℓ]-modules using polynomial cochains of

bounded degree (in terms of a �ltration). In Section 7 we consider the general case where

N is a torsion-free nilpotent topologically �nitely generated pro-ℓ group (equivalently,

N is a compact open subgroup of N(Qℓ) for some unipotent linear algebraic group

N over Qℓ, see Corollary 7.11). It is natural to use Mal'cev coordinates to describe

polynomial functions on N but to obtain a canonical notion of degree we are led to

introduce ponderations, which unfortunately complicate the �ltrations. We complete the

induction for torsion coe�cients in Theorem 7.8, pass to Ekedahl's triangulated categories

in Corollary 7.9, and generalize this result suitably after extension of scalars from OE

to E in Proposition 8.3. This last result is where we get rid of the assumption that K

is a semi-direct product N ⋊H. We recall, in the form suitable for our application, the

de�nitions of Lie algebra cohomology and Hochschild cohomology for algebraic groups in

Sections 9 and 10. In Section 11 we put the pieces together and �nally prove Theorem

11.1.

I am grateful to Sophie Morel for her comments on a previous version of this paper.

2 �Derived categories� of ℓ-adic representations

Let E be a �nite extension of Qℓ, OE its ring of integers, mE its maximal ideal. Let K be

a pro�nite topological group. Following [Sga, Exposé IV �2.7.2] consider the topos SK
of sets with a smooth action of K, i.e. the stabilizer of any point is open. For ? ∈ {+, b}
denote by D?(K,OE) the associated �derived category of OE-modules with continuous

action of K� [Eke90]. We borrow notation from loc. cit., in particular we will need to

work with the ringed topos (SN
K , (OE)•). Note that condition B loc. cit. holds.

Proposition 2.1. Let Repfg,cont(K,OE) be the abelian category of �nitely generated OE-

modules with a continuous linear action of K. The functor

F : Repfg,cont(K,OE) −→ (SN
K , (OE)•)−modules

A 7−→ (A/mi
EA)i≥1
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induces an exact functor F : Db(Repfg,cont(K,OE))→ Db(K,OE).

Proof. The preservation of cones is obvious. By Lemma 3.2 loc. cit. the functor F maps

complexes concentrated in one degree to OE-complexes. By an immediate induction it

maps bounded complexes to objects of Db(K,OE).

We are left to check that F maps exact complexes to negligible complexes. By Lemma

1.4 loc. cit. it is enough to check that the image of an exact complex is essentially zero,

which easily follows from the Artin-Rees lemma for OE-modules.

We will often consider images F (A•) of this functor F where A• is a bounded below

complex of objects of Repfg,cont(K,OE) for which there exists n0 ∈ Z such that we have

Hn(A•) = 0 for any n > n0. We emphasize that in this case F (A•) is de�ned as the

bounded complex F (τ≤n0A
•), which up to a well-de�ned isomorphism in Db(K,OE) does

not depend on the choice of n0.

Lemma 2.2. Let (D,Σ) be an OE-linear triangulated category3. Let D[ℓ−1] be the cate-

gory having the same objects as D, with

HomD[ℓ−1](X,Y ) := E ⊗OE
HomD(X,Y ).

The auto-equivalence Σ of D induces an auto-equivalence of D[ℓ−1]. Call a triangle in

D[ℓ−1] distinguished if it is isomorphic to the image, under the obvious functor D →
D[ℓ−1], of a distinguished triangle of D. Then D[ℓ−1] is a triangulated category.

Proof. We check the axioms of [Ver96, Ch. II Dé�nition 1.1.1]. We �rst check axiom TR1.

The �rst part follows immediately from the de�nition. The fact that X → X → 0→ ΣX

is distinguished for any object X is obvious. Any morphism X → Y in D[ℓ−1] is of the

form ℓ−kf for some integer k ≥ 0 and some morphism f : X → Y in D. We have a

commutative diagram in D[ℓ−1]

X Y

X Y

f

1 ℓ−k

ℓ−kf

where the vertical morphism are isomorphisms, and the existence of a distinguished

triangle containing ℓ−kf in D[ℓ−1] follows from the existence of a distinguished triangle

containing f in D. The last part of TR1 is tautological.

Axiom TR2 is formal.
3The class of distinguished triangles is abusively omitted from the notation.
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To check axiom TR3 we can reduce to the case of a diagram

X Y Z ΣX

X ′ Y ′ Z ′ ΣX ′

u

ℓ−af ℓ−bg

v w

ℓ−aΣf

u′ v′ w′

where u, v, w, u′, v′, w′, f, g are morphisms in D and both rows are distinguished triangles

in D. Letting k = max(a, b) and using the commutative diagram

X Y Z ΣX

X Y Z ΣX

u

ℓk ℓk

v

ℓk

w

ℓk

u v w

where all vertical morphisms are isomorphisms in D[ℓ−1], we reduce to the case where

a = b = 0, and apply TR3 for D.
In order to check the octahedral axiom TR4 we may reduce, thanks to TR3, to the

case where the three initial distinguished triangles are obtained (in a strict sense) from

distinguished triangles in D.

Remark 2.3. One can also show that D[ℓ−1] is equivalent to the quotient of D by the

full subcategory consisting of all objects X of D for which there exists an integer k ≥ 0

satisfying ℓk = 0 in HomD(X,X), and apply [KS06, Theorem 10.2.3].

Lemma 2.4. The functor

Db(Repfg,cont(K,OE))[ℓ
−1] −→ Db(Repfg,cont(K,E))

A 7−→ E ⊗OE
A

is an equivalence of triangulated categories.

Proof. The fact that this functor is exact is obvious. Essential surjectivity essentially fol-

lows from the existence of stableOE-lattices in continuous �nite-dimensionalE-representations

of K.

Let us show that this functor is conservative. By exactness it is enough to show that

an object A of Db(Repfg,cont(K,OE))[ℓ
−1] is zero if its image is zero. This last condition

means that the cohomology groups of A are killed by ℓk for some integer k ≥ 0. There

exist integers a ≤ b such that H i(A) = 0 for i ̸∈ [a, b], and we proceed by induction on

b− a. If b− a = 0 then A is quasi-isomorphic to a complex concentrated in one degree,

and its endomorphism ℓk is both invertible and zero, so A is a zero object. If b− a > 0

we use the distinguished triangle in Db(Repfg,cont(K,OE))

Ha(A)[−a]→ A→ B
+1−−→
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where H i(B) = 0 for i ̸∈ [a+1, b]. By induction hypothesis both Ha(A) and B are zero,

so A is zero too.

Let A,B be objects of Db(Repfg,cont(K,OE)). It is clear that every morphism of

complexes E ⊗OE
A → E ⊗OE

B is of the form ℓ−kf for some morphism of complexes

f : A→ B. This fact and conservativity imply fullness.

To check faithfulness it is enough to prove that if f : A→ B is a morphism between

bounded complexes of objects in Repfg,cont(K,OE) mapping to the zero morphism in

Db(Repfg,cont(K,E)) then it already maps to the zero morphism inDb(Repfg,cont(K,OE))[ℓ
−1].

The condition means that there exists a quasi-isomorphism gE : E ⊗OE
B → CE of

bounded complexes of objects in Repfg,cont(K,E) such that the composition E ⊗OE

A → CE is homotopic to zero. There exists a bounded complex C of objects in

Repfg,cont(K,OE), an isomorphism E ⊗OE
C ≃ CE and a morphism of complexes g :

B → C inducing gE such that the composition g ◦ f : A→ C is homotopic to zero. We

have proved above that g becomes an isomorphism in Db(Repfg,cont(K,OE))[ℓ
−1], and

so f becomes the zero morphism in this category.

Let D+(K,E) = D+(K,OE)[ℓ
−1], and similarly for Db.

Corollary 2.5. The functor F of Proposition 2.1 induces a functor, abusively still de-

noted by F :

F : Db(Repfg,cont(K,E)) −→ Db(K,E).

3 Group cohomology as a derived functor

For any morphism of pro�nite topological groups f : G → H we have a morphism of

toposes SG → SH for which pullback is the restriction functor resG and the pushforward

functor is smooth induction indHG . More precisely for an object X of SG we de�ne indHG
as the set of smooth (i.e. locally constant) functions φ : H → X such that for any

g ∈ G and any h ∈ H we have φ(f(g)h) = g · φ(h). We will use this in two cases:

when the morphism G → H is injective, equivalently G is (isomorphic to) a closed

subgroup of H, or when the morphism G → H is surjective, i.e. H is (isomorphic to)

the quotient of G by a closed normal subgroup N . Note that in the second case the

pushforward functor is really the functor of �N -invariants�, simply denoted −N . In this

case we denote by RΓ(N,−) its derived functor D+(SN
G, (OE)•) → D+(SN

G/N , (OE)•)

(resp. D+(G,OE) → D+(G/N,OE), resp. D+(G,E) → D+(G/N,E); see [Eke90, �5]).

Our ultimate goal is to compute, in some cases, the composition RΓ(N,F (−)) as the

composition of F with a more concrete functor.
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Lemma 3.1. If K ′ is a closed subgroup of a pro�nite topological group K then the

restriction functor

resK′ : (SN
K , (OE)•)−modules −→ (SN

K′ , (OE)•)−modules

maps injective objects to injective objects.

Proof. If K ′ is an open subgroup of K then resK′ admits a left adjoint, namely induction

(again!). More precisely the unit for this adjunction is given by the obvious identi�cation

of an (OE/m
m
E )•-module Am in SK′ with the subobject of resK′ indKK′Am consisting of

all functions supported on K ′. If K ′ is open in K then the induction functor is exact so

the lemma follows in this case.

Let I• be an injective (OE)•-module in SN
K . Consider an embedding A• ⊂ B• of

(OE)•-modules in SN
K′ and a morphism φ : A• → resK′ I•. We wish to extend φ to B•.

Assume that B• is not equal to A•, i.e. there exists n ≥ 1 such that we have An ⊊ Bn.

Choose x ∈ Bn∖An. For m ≤ n let Cm be the sub-OE/m
m
E [K ′]-module of Bm generated

by the image of x, and for m > n let Cm = 0. This de�nes a sub-(OE)•-module of

B•, and to extend φ to A• + C• it is enough to extend φ|A•∩C• to C•. There exists an

open and normal subgroup U of K such that x is �xed by U ∩ K ′. In particular each

Cm is an OE/m
m
E [K ′/(U ∩K ′)]-module. Using the isomorphism K ′/(U ∩K ′) ≃ K ′U/U

we may see C• as a (SN
K′U , (OE)•)-module, and A• ∩ C• as a submodule. Now K ′U is

an open subgroup of K so by the previous case we can extend φ|A•∩C• to C•. So φ

can be extended to give a morphism A• + C• → resK′ I•. By the usual argument using

Zorn's lemma we conclude that any φ as above can be extended to give a morphism

B• → resK′ I•.

Let K ′ be a closed subgroup of a pro�nite topological group K. Let N be a closed

normal subgroup of K. Denote N ′ = K ′ ∩N , a closed normal subgroup of K ′. We have

a morphism of composite functors

D+(SN
K , (OE)•) D+(SN

K/N , (OE)•)

D+(SN
K′ , (OE)•) D+(SN

K′/N ′ , (OE)•),

RΓ(N,−)

resK′ resK′/N′

RΓ(N ′,−)

i.e. a morphism of functors

rK,N,K′ : resK′/N ′(RΓ(N,−)) −→ RΓ(N ′, resK′(−)). (3.1)

Indeed, before derivation we have an obvious morphism of functors

resK′/N ′(−N ) −→ (resK′ −)N ′
.
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By general formalism, the right derived functor of the left-hand side is isomorphic to

resK′/N ′(RΓ(N,−)) because resK′/N ′ is exact, and the right derived functor of the right-

hand side is isomorphic to RΓ(N ′, resK′(−)) thanks to Lemma 3.1.

If K ′ contains N , i.e. if N ′ is equal to N , then rK,N,K′ is an isomorphism of functors,

essentially because it is an isomorphism before derivation.

If K ′′ is a closed subgroup of K ′, denoting N ′′ = K ′′ ∩ N we have an equality of

morphisms of functors

rK,N,K′′ = rK′,N ′,K′′(resK′) ◦ resK′′/N ′′(rK,N,K′). (3.2)

The tedious but unsurprising veri�cation of this formula is left to the reader.

4 Group cohomology using continuous cochains

Now assume that K is a semi-direct product N ⋊ H of pro�nite topological groups.

For A• a complex of (SN
K , (OE)•)-modules consider the double complex C•(N,A•) of

(SN
H , (OE)•)-modules de�ned by

Cn(N,Am)i := Cn(N,Am
i ) := {locally constant φ : Nn+1 → Am

i }N

where the action of N is de�ned by the formula

(g · φ)(x0, . . . , xn) = g · φ(g−1x0, . . . , g
−1xn) (4.1)

and with obvious morphisms Cn(N,Am)i+1 → Cn(N,Am)i and Cn(N,Am)i → Cn(N,Am+1)i.

(Of course we de�ne Cn(N,−) = 0 for n < 0). The action of H on Cn(N,Am
i ) is de�ned

by the formula

(h · φ)(x0, . . . , xn) = h · φ(h−1x0h, . . . , h
−1xnh). (4.2)

The di�erentials are de�ned by the formula

dφ(x0, . . . , xn+1) =
n+1∑
j=0

(−1)jφ(x0, . . . , x̂j , . . . , xn+1) (4.3)

where the hat means that xj is omitted. It will be useful to keep in mind that these

de�nitions come from the realization of the classifying space BN as a quotient N\EN
where EN is the simplicial set with (EN)n = Nn+1, degeneracy maps for 0 ≤ i ≤ n− 1

si : N
n −→ Nn+1

(x0, . . . , xn−1) 7−→ (x0, . . . , xi, xi, . . . , xn−1),
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face maps for 0 ≤ i ≤ n

∂i : N
n+1 −→ Nn

(x0, . . . , xn) 7−→ (x0, . . . , x̂i, . . . , xn)

and action of N on EN

g · (x0, . . . , xn) := (gx0, . . . , gxn).

In particular it will be useful to view functions from Nn+1 to an abelian group M

as morphisms of abelian groups Z[Nn+1] → M . Letting ∂ : Z[Nn+2] → Z[Nn+1] be∑n+1
i=0 (−1)i∂i we have dφ = φ ◦ ∂. The proof of the Dold-Kan correspondence applied to

the simplicial abelian group Z[EN ] yields the decompositions

Z[Nn+1] =
⋂

0≤i<n

ker ∂i ⊕
∑

0≤i<n

im si

which are compatible with ∂, and the corresponding projections Z[Nn+1]→
⋂

0≤i<n ker ∂i

are explicitly given by (1− sn−1∂n−1) . . . (1− s0∂0). De�ning θ : Z[Nn+1]→ Z[Nn+2] for

n ≥ 0 as
n∑

i=0

(−1)isi(1− si−1∂i−1) . . . (1− s0∂0) (4.4)

(and θ : 0→ Z[N ] in the only possible way) we have a chain homotopy relation

idZ[Nn+1] = (1− sn−1∂n−1) . . . (1− s0∂0) + ∂θ + θ∂.

IfM is an OE [K]-module we have a corresponding decomposition of complexes of OE [H]-

modules

C•(N,M) = C•
norm(N,M)⊕ C•

deg(N,M)

where

Cn
norm(N,M) := {φ ∈ Cn(N,M) | ∀0 ≤ i < n, φ ◦ si = 0} (4.5)

Cn
deg(N,M) :=

{
φ ∈ Cn(N,M)

∣∣φ|∩0≤i<n ker ∂i = 0
}
.

and denoting

θ∗ : Cn+1(N,M) −→ Cn(N,M) (4.6)

φ 7−→ φ ◦ θ

the corresponding projection Cn(N,M) → Cn
deg(N,M) is equal to d ◦ θ∗ + θ∗ ◦ d. In

particular the inclusion of complexes C•
norm(N,M)→ C•(N,M) is a quasi-isomorphism.

This is of course well-known but we will need these results for certain sub-complexes of

cochains de�ned by additional conditions on cochains which will be obviously preserved

by all the maps above.
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Lemma 4.1. Let K be a semi-direct product N ⋊H of pro�nite topological groups.

1. If A• → B• is a quasi-isomorphism between bounded-below complexes of (SN
K , (OE)•)-

modules then the induced morphism Tot•(C•(N,A•)) → Tot•(C•(N,B•)) is a

quasi-isomorphism. In other words we have a well-de�ned functor

RΓcont(N,−) : D+(SN
K , (OE)•) −→ D+(SN

K/N , (OE)•)

A• 7−→ Tot•(C•(N,A•)).

This functor is exact.

2. The functors RΓ(N,−) and RΓcont(N,−) are isomorphic.

Proof. The functors Cn(N,−) are exact so the preservation of quasi-isomorphisms in the

�rst point follows from [KS06, Theorem 12.5.4]. The fact that the functor RΓcont(N,−)
is exact, i.e. maps cones to cones, is a routine computation with double complexes.

The morphism of functors RΓ(N,−) → RΓcont(N,−) is de�ned as follows. For

an object A• of D+(SN
K , (OE)•) choose a quasi-isomorphism A• → I• where In = 0

for n << 0 and each In is an injective (SN
K , (OE)•)-module. This induces a quasi-

isomorphism RΓcont(N,A
•) → RΓcont(N, I

•). We have a natural morphism of double

complexes (I•)N → C•(N, I•) where (I•)N abusively denotes the double complex whose

0-th row is (I•)N and whose other rows are zero. By de�nition we have RΓ(N,A•) =

(I•)N . The composition in D+(SN
H , (OE)•)

RΓ(N,A•) = (I•)N −→ RΓcont(N, I
•)

∼←− RΓcont(N,A
•)

is functorial in A•, as usual because D+(SN
K , (OE)•) is equivalent to the homotopy cate-

gory of bounded below chain complexes consisting of injective (SN
K , (OE)•)-modules.

To check that this morphism of functors is an isomorphism it is enough to check that

for any injective (SN
K , (OE)•)-module I the complex

IN −→ C•(N, I)

is a resolution of the (SN
H , (OE)•)-module IN . Thanks to Lemma 3.1 we may assume

K = N . For any normal open subgroup U of N the (SN
N/U , (OE)•)-module IU is injective.

For any integer n ≥ 0 and any integer i ≥ 1 we have an identi�cation

Cn(N/U, IUi ) = Hom(SN
N/U

,(OE)•)
(R(i, n), IU )

where R(i, n) is the (SN/U , (OE)•)-module de�ned by

R(i, n)j =

{
OE/m

j
E [(N/U)n+1] if 1 ≤ j ≤ i

0 if j > i

12



with obvious transition morphisms. De�ning an (SN/U , (OE)•)-module R(i) similarly:

R(i)j =

{
OE/m

j
E if 1 ≤ j ≤ i

0 if j > i,

it is well-known that the complex

· · · → R(i, 2)→ R(i, 1)→ R(i, 0)→ R(i)→ 0

is exact, and we obtain, by almost the same argument as in the case of cohomology for

�nite groups, that C•(N/U, IU ) is a resolution of (IU )N/U = IN . We conclude by taking

the direct limit over all normal open subgroups U of N .

Lemma 4.2. Let K be a pro�nite topological group. Let N be a closed normal subgroup

of K. Let K ′ be a closed subgroup of K and denote N ′ = K ′∩N . The following diagram

of morphisms of functors is commutative.

res1(RΓ(N,−)) res1(RΓ(N
′, resK′(−)))

RΓ(N, resN (−)) RΓ(N ′, resN ′(−))

RΓcont(N, resN (−)) RΓcont(N
′, resN ′(−))

res1(rK,N,K′ )

rK,N,N rK′,N′,N′

rN,N,N′

∼ ∼

res

For the top horizontal morphism, the identi�cation res1 ≃ res1 ◦ resK′/N ′ was used implic-

itly. The bottom vertical isomorphisms are the ones de�ned in Lemma 4.1. The bottom

horizontal morphism is the one induced by the usual �restriction of cocycles� morphism

of functors C•(N,−)→ C•(N ′, resN ′(−)).

Proof. Commutativity of the top square is a special case of (3.2), so we are left to prove

commutativity of the bottom square.

We may restrict to considering bounded-below complexes I• consisting of injective

(SN
N , (OE)•)-modules, in which case we have RΓ(N, I•) = (I•)N and also

RΓ(N ′, resN ′(I•)) = (resN ′(I•))N
′

thanks to Lemma 3.1. The following diagram of double complexes, where as in the

previous proof complexes are considered as double complexes concentrated in one row,

is clearly commutative.

(I•)N (resN ′ I•)N
′

C•
cont(N, I

•) C•
cont(N

′, resN ′(I•))

13



Taking total complexes yields the result.

5 Explicit Hochschild-Serre for semi-direct products

By standard composition of derived pushforward functors between toposes, if N1 ⊂ N2

are closed normal subgroups of a locally pro�nite group K then the morphism of functors

RΓ(N2,−)→ RΓ(N2/N1, RΓ(N1,−)) is an isomorphism. We will need an explicit, more

�exible version of this statement for RΓcont. Assume that K decomposes as a semi-

direct product N1 ⋊ (N2 ⋊H). The comparison between RΓcont(N2, RΓcont(N1,−)) and
RΓcont(N1 ⋊ N2,−) proceeds from the proof of the Künneth formula for simplicial sets

which is due to Eilenberg-MacLane. More precisely we have an obvious identi�cation

E(N1 ⋊N2) ≃ EN1 × EN2 and the resulting action of N1 ⋊N2 on the right-hand side

is simple: N1 acts as usual on the factor EN1 and trivially on the factor EN2 while

N2 acts �by conjugation� on the factor EN1 and as usual on the factor EN2. Of course

the Künneth formula for EN1 × EN2 is not very interesting because both factors are

contractible, but we will see that since all maps are very explicit it is almost trivial to

add the �invariance under N1 ⋊N2� condition everywhere.

For i, j ∈ Z≥0 let Σ(i, j) denote the set of (j, i)-shu�es, i.e. the set of pairs (σ, τ)

of non-decreasing maps σ : [0, i + j] → [0, j] and τ : [0, i + j] → [0, i] satisfying σ(a +

1) + τ(a + 1) − σ(a) − τ(a) = 1 for all 0 ≤ a < i + j. Note that this condition implies

that both σ and τ are surjective, and that Σ(i, j) is naturally in bijection with the set of

subsets of [0, i+ j[ of cardinality j (resp. i), via

(σ, τ) 7−→ Iσ := {0 ≤ a < i+ j |σ(a+ 1) > σ(a)}

(resp. idem with τ replacing σ). For (σ, τ) ∈ Σ(i, j) de�ne its sign ϵ(σ, τ) as (−1)x where

x is the cardinality of the set

{(a, b) ∈ Iσ × Iτ | a > b} .

For M a smooth OE [N1 ⋊ N2]-module de�ne the Alexander-Whitney and Eilenberg-

MacLane maps and a map Ψ as follows:

AW :
⊕

i+j=n

Ci(N2, C
j(N1,M)) −→ Cn(N1 ⋊N2,M)

EML : Cn(N1 ⋊N2,M) −→
⊕

i+j=n

Ci(N2, C
j(N1,M))

Ψ : Cn+1(N1 ⋊N2,M) −→ Cn(N1 ⋊N2,M)

14



by the formulas

AW((φi,j)i,j)(x0y0, . . . , xnyn) =
∑

i+j=n

φi,j(yj , . . . , yn)(x0, . . . , xj), (5.1)

EML(φ)i,j(y0, . . . , yi)(x0, . . . , xj) =
∑

(σ,τ)∈Σ(i,j)

ϵ(σ, τ)φ((xσ(a)yτ(a))0≤a≤i+j), (5.2)

Ψ(φ)(x0y0, . . . , xnyn) =∑
p+q<n

∑
(σ,τ)∈Σ(q,p+1)

(−1)mϵ(σ, τ)φ((xaya)0≤a≤m, (xm+σ(a)yn−q+τ(a))0≤a≤p+q+1) (5.3)

where in the sum m = n− p− q− 1. It is easy to check that these maps are well-de�ned,

i.e. they preserve the smoothness and invariance conditions on cochains.

Theorem 5.1. 1. The operator AW maps⊕
i+j=n

Ci
norm(N2, C

j
norm(N1,M)) to Cn

norm(N1 ⋊N2,M),

and vice-versa for EML.

2. The maps AW and EML commute with di�erentials, where on the total complex

(
⊕

i+j=nC
i(N2, C

j(N1,M)))n the di�erentials are de�ned by summing the maps

djN1
: Ci(N2, C

j(N1,M))→ Ci(N2, C
j+1(N1,M))

and

(−1)jdiN2
: Ci(N2, C

j(N1,M))→ Ci+1(N2, C
j(N1,M)).

3. The restriction of EML ◦AW to
⊕

i+j=nC
i
norm(N2, C

j
norm(N1,M)) is the identity.

In particular there is an explicit (see previous section) homotopy between EML ◦AW
and id.

4. On Cn(N1 ⋊N2,M) we have

AW ◦EML−id = d ◦Ψ+Ψ ◦ d.

In particular AW and EML are both quasi-isomorphisms, inverse of each other after

taking cohomology.
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Proof. The �rst point is easy and left to the reader. This other points are dual to the

Eilenberg-Zilber theorem [EM54, Theorem 2.1a], following [EM53, �5]. Our operator

Ψ is dual to the one de�ned on p.55 of [EM54]. The closed formula for Ψ is a slight

reformulation of the dual to the opposite of the �Shih operator� [RG91, Dé�nition 3.1.1].

It is not di�cult to check that the opposite of Rubio's SHI satis�es the formula de�ning

Eilenberg-MacLane's Ψ by induction. Details are left to the reader.

We will in fact not need the precise formula for Ψ in the sequel, only its �shape�, from

which it will be obvious that it preserves certain additional conditions on cochains.

6 Polynomial cochains for Zℓ

Let A be a �nitely generated OE/m
i
E-module (for some integer i ≥ 1), endowed with a

continuous action of Zℓ. Let A be a torsion abelian group endowed with a continuous

action of Zℓ. We have a canonical decomposition A = Aℓ ×A′ where each element of Aℓ

is killed by some power of ℓ and each element of A′ is killed by some positive integer not

divisible by ℓ. Denote by γ the image of 1 ∈ Zℓ in Aut(A). It is well-known (see [Ser68,

VIII.4 and XIII.1]) that we have a quasi-isomorphism

[Aℓ
γ−1−−→ Aℓ] −→ C•(Zℓ, A) (6.1)

where the complex on the left is concentrated in degrees 0 and 1 and the maps are

Aℓ −→ C0(Zℓ, A)

a 7−→ (x 7→ γx · a)

and

Aℓ −→ Z1(Zℓ, A)

a 7−→

(x, y) 7→
∑
k≥1

(
y − x
k

)
(γ − 1)k−1γx · a


where the sum on the right only has �nitely many non-zero terms because the endomor-

phism γ − 1 of Aℓ is locally nilpotent. This formula gives the unique continuous (homo-

geneous) 1-cocycle whose value at (0, 1) is a. Motivated by this simple case, we will for

certain OE/m
i
E-modules with continuous action of Zℓ (and more generally, complexes)

�nd a bounded quasi-isomorphic subcomplex of the complex of continuous cochains which

consists of �nitely generated OE-modules.
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For an OE-module A and an integer r ≥ 0 let Pol(Zr
ℓ , A) be the OE-module of

functions Zr
ℓ → A of the form

(x0, . . . , xr−1) 7→
∑

i=(i0,...,ir−1)∈Zr
≥0

(
x0
i0

)
. . .

(
xr−1

ir−1

)
ai (6.2)

where ai ∈ A vanish for almost all i. By a well-known argument the ai's can be recovered

successively by evaluating at tuples of non-negative integers. We say that such a function

has total degree ≤ d if ai = 0 whenever |i| > d, where |i| := i0 + · · ·+ ir−1.

Lemma 6.1. Let N be a topological group isomorphic to Zr
ℓ for some r ∈ Z≥0. The

notions of polynomial function N → A and of total degree do not depend on the choice

of isomorphism N ≃ Zr
ℓ .

Proof. Two choices of isomorphisms N ≃ Zr
ℓ di�er by an element of GLr(Zℓ). The lemma

follows from Vandermonde's identity and the expansion(
λx

k

)
= λk

(
x

k

)
+

∑
0≤i≤k−1

ai(λ, k)

(
x

i

)
(6.3)

with ai(λ, k) ∈ Zℓ, valid for any λ ∈ Zℓ and k ∈ Z≥0. Details are left to the reader.

Let N be a topological group isomorphic to Zr
ℓ for some r ≥ 0 and let A be an

OE [N ]-module. Let (Filj A)j∈Z be a �ltration on A by sub-OE [N ]-modules satisfying

Filj A ⊆ Filj+1A for all j ∈ Z and such that Filj A = 0 for some j ∈ Z. Our convention
in this paper is that ��ltration� always means �non-decreasing �ltration�. For the purpose

of induction we have to introduce an integer w > 0. We will frequently assume that N

acts trivially on each �w-graded piece� Filj A/Filj−w A. For any integer n ≥ 0 we have

an action of N on Pol(Nn+1, A) de�ned by the formula (with multiplicative notation)

(g · f)(h0, . . . , hn) = g · f(g−1h0, . . . , g
−1hn).

We endow Pol(Nn+1, A) with the �ltration for which Filjw Pol(Nn+1, A) is the sub-OE-

module of Pol(Nn+1, A) consisting of all polynomials of the form

(x0, . . . , xn) 7→
∑
i∈I

Pi(x0, . . . , xn)ai

where I is a �nite set and for which there exists a family (di, ji)i∈I such that Pi has

total degree ≤ di and we have ai ∈ Filji A and wdi + ji ≤ j. In other words, choos-

ing an isomorphism N ≃ Zr
ℓ we see that f ∈ Pol(Nn+1, A) given by coe�cients ai

as in (6.2) belongs to Filjw Pol(Nn+1, A) if and only if for all i ∈ Zr(n+1)
≥0 we have

ai ∈ Filj−|i|A. For n,m ≥ 0 we have an obvious identi�cation of �ltered OE [N ]-modules

Pol(Nn+1,Pol(Nm+1, A)) ≃ Pol(Nn+m+2, A).
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De�nition 6.2. Let (A,Fil•A) be a �ltered OE [N ]-module satisfying Filj A = 0 for some

j ∈ Z. For an integer n ≥ 0 let Cn
pol(N,A) be the sub-OE-module of N -invariant elements

in Pol(Nn+1, A), endowed with the usual di�erentials and the �ltration Fil•w induced by

that on Pol(Nn+1, A).

Lemma 6.3. Let (A,Fil•A) be a �ltered OE [Zℓ]-module satisfying Filj A = 0 for some

j ∈ Z. Assume that each Filj A is a �nitely generated OE-module with continuous action

of Zℓ for the mE-adic topology, and that Zℓ acts trivially on each Filj A/Filj−w A. Then

for any d ∈ Z we have an isomorphism of OE-modules

Fildw C
n
pol(Zℓ, A) −→ Fildw Pol(Zn

ℓ , A)

φ 7−→ ((x1, . . . , xn) 7→ φ(0, x1, . . . , xn)) .

Proof. To avoid confusion we will denote the action of Zℓ on A as

Zℓ ×A −→ A

(x, a) 7−→ γx · a.

The fact that the morphism in the lemma is well-de�ned is clear, and injectivity imme-

diately follows from the equivariance condition which reads

φ(x0, . . . , xn) = γx0 · φ(0, x1 − x0, . . . , xn − x0).

We are left to check surjectivity. Let ψ ∈ Fildw Pol(Zn
ℓ , A). The polynomial function

(x0, . . . , xn) 7→ ψ(x1 − x0, . . . , xn − x0)

clearly belongs to Fildw Pol(Zn+1
ℓ , A), and so there is an expansion

ψ(x1 − x0, . . . , xn − x0) =
∑
i∈I

Pi(x0, . . . , xn)ai

where I is a �nite set, Pi ∈ Pol(Zn+1
ℓ ,OE) has total degree ≤ di and ai ∈ Fild−wdi A.

Fix j0 ∈ Z for which we have Filj0 A = 0. For x0 ∈ Z≥0 we have

γx0 · ψ(x1 − x0, . . . , xn − x0) =
∑
i∈I

Pi(x0, . . . , xn)γ
x0 · ai

=
∑
i∈I

∑
0≤k<(d−j0)/w−di

Pi(x0, . . . , xn)

(
x0
k

)
(γ − 1)kai

where the last equality follows from the usual binomial identity for

γx0 = ((γ − 1) + 1)x0 ∈ End(A)
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and the fact that (γ− 1)k maps Fild−wdi A to Fild−wdi−wk A. By continuity of the action

this equality holds for arbitrary x0 ∈ Zℓ and it is clear on this expression that

(x0, . . . , xn) 7−→ γx0 · ψ(x1 − x0, . . . , xn − x0)

belongs to Fildw Pol(Zn+1
ℓ , A).

Lemma 6.4. Let (A,Fil•A) be a �ltered OE [Zℓ]-module. Assume that there exists j ∈ Z
for which we have Filj A = 0, that for any j ∈ Z the OE-module Filj A is �nitely

generated and that the action of Zℓ on it is continuous, and that the action of Zℓ on each

Filj A/Filj−w A is trivial. For any d ∈ Z we have a quasi-isomorphism

[FildA
γ−1−−→ Fild−w A]→ Fildw C

•
pol(Zℓ, A)

where the complex on the left is concentrated in degrees 0 and 1. In particular if A is

killed by mi
E for some integer i ≥ 1 and if we have Fild−w A = A then the embedding of

complexes

Fildw C
•
pol(Zℓ, A)→ C•(Zℓ, A)

is a quasi-isomorphism.

Proof. To avoid confusion we will denote the action of Zℓ on A as

Zℓ ×A −→ A

(x, a) 7−→ γx · a.

Let σw Pol(Zℓ, A) be Pol(Zℓ, A) but with shifted �ltration:

Filj σw Pol(Zℓ, A) := Filj−w
w Pol(Zℓ, A).

We use the resolution (short exact sequence)

0→ A→ Pol(Zℓ, A)→ σw Pol(Zℓ, A)→ 0

where the �rst map is a 7→ (x 7→ a) and the second map is ∆ : f 7→ (x 7→ f(x+1)−f(x)).
Note that both morphisms are strict, in fact we have a section s of ∆:(

x 7→
(
x

i

)
a

)
7→
(
x 7→

(
x

i+ 1

)
a

)
which identi�es Pol(Zℓ, A) with A⊕ σw Pol(Zℓ, A) as a �ltered OE-module, but s is not

Zℓ-equivariant. We get for each integer n ≥ 0 a short exact sequence

0→ Pol(Zn+1
ℓ , A)→ Pol(Zn+1

ℓ ,Pol(Zℓ, A))→ Pol(Zn+1
ℓ , σw Pol(Zℓ, A))→ 0
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in which both morphisms are strict. By the previous lemma taking Fild and Zℓ-invariants

yields a short exact sequence

0→ Cn
pol,≤d(Zℓ, A)→ Cn

pol,≤d(Zℓ,Pol(Zℓ, A))→ Cn
pol,≤d(Zℓ, σw Pol(Zℓ, A))→ 0 (6.4)

Next we claim that the complex

C•
pol,≤d(Zℓ,Pol(Zℓ, A))

is exact in positive degree. Using the identi�cation of �ltered OE [N ]-modules

Pol(Zn+1
ℓ ,Pol(Zℓ, A)) −→ Pol(Zn+2

ℓ , A)

φ 7−→ ((x0, . . . , xn+1) 7→ φ(x1, . . . , xn+1)(x0))

we obtain

Fildw C
n
pol(Zℓ,Pol(Zℓ, A)) ≃ Fildw C

n+1
pol (Zℓ, A)

and applying the previous lemma to the right hand side gives us an isomorphism

Fildw C
n
pol(Zℓ,Pol(Zℓ, A)) −→ Fildw Pol(Zn+1

ℓ , A)

φ 7−→ ((x0, . . . , xn) 7→ φ(x0, . . . , xn)(0)) .

Via this identi�cation the exactness of C•
pol,≤d(Zℓ,Pol(Zℓ, A)) in positive degree is ob-

tained as usual using the homotopy corresponding to

Fild Pol(Zn+2
ℓ , A) −→ Fild Pol(Zn+1

ℓ , A)

ψ −→ ((x0, . . . , xn) 7→ ψ(0, x0, . . . , xn)) .

In degree 0 we �nd that the kernel of Fildw C
0
pol(Zℓ,Pol(Zℓ, A))→ Fildw C

1
pol(Zℓ,Pol(Zℓ, A))

is naturally isomorphic to FildA.

The same arguments are valid with Pol(Zℓ, A) replaced by σw Pol(Zℓ, A) (e.g. by

shifting the �ltration on A). Using the short exact sequences (6.4) and a familiar double

complex argument we obtain that the complexes Fildw C
•
pol(Zℓ, A) and

FildA
γ−1−−→ Fild−w A. (6.5)

are both quasi-isomorphic to the same complex. By making this explicit or by direct

computation now that we know that Fildw C
•
pol(Zℓ, A) is exact in degree > 1 we �nd that

the complex τ≤1 Fil
d
w C

•
pol(Zℓ, A) is isomorphic to (6.5) via the isomorphisms

Fildw C
0
pol(Zℓ, A) −→ FildA

φ 7−→ φ(0)
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and

Fildw Z
1
pol(Zℓ, A) −→ Fild−w A

φ 7−→ φ(0, 1).

The last assertion of the lemma follows using the quasi-isomorphism (6.1) recalled above.

For the purpose of induction the following direct consequence of the previous lemma

will be more useful.

Lemma 6.5. Let (A•,Fil•A•) be a bounded below �ltered complex of OE [Zℓ]-modules.

Assume that there exists j ∈ Z such that the complex Filj A• is zero, that for any j, n ∈ Z
the OE-module Filj An is �nitely generated and the action of Zℓ on it is continuous, and

that the action of Zℓ on each Filj An/Filj−w An is trivial.

1. Assume that each Filj An is torsion, i.e. killed by mi
E for some integer i ≥ 1, and

that there exists d0 ∈ Z such that for any j ≥ d0 the embedding of complexes

Filj A• → Filj+1A• is a quasi-isomorphism. Then for any integers d ≥ d0+w and

j ≥ d the embedding of complexes

Tot•(Fildw C
•
pol(Zℓ, A

•))→ Tot•(C•(Zℓ,Fil
j A•))

is a quasi-isomorphism.

2. Let d ∈ Z be such that FildA• and Fild−w A• are exact in degree > r. Then

Tot•(Fildw C
•
pol(Zℓ, A

•)) is exact in degree > r + 1.

Proof. 1. By Lemma 6.4 the embedding of double complexes[
FildA• γ−1−−→ Fild−w A•

]
→ Fildw C

•
pol(Zℓ, A

•) (6.6)

where the left hand side has two rows in degrees 0 and 1, consists of quasi-

isomorphisms on columns. Because we assume j ≥ d ≥ d0 + w the embedding

of double complexes[
FildA• γ−1−−→ Fild−w A•

]
→
[
Filj A• γ−1−−→ Filj A•

]
consists of quasi-isomorphisms on all rows. We also know that the embedding of

double complexes [
Filj A• γ−1−−→ Filj A•

]
→ C•(Zℓ,Fil

j A•)
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consists of quasi-isomorphisms on all columns (this is where we use the assumption

that each Filj An is torsion). These three embeddings and the embedding

Fildw C
•
pol(Zℓ, A

•)→ C•(Zℓ,Fil
j A•)

sit in an obvious commutative diagram, and the result follows.

2. This also follows from the fact that the embedding of double complexes (6.6) con-

sists of quasi-isomorphisms on columns.

7 Polynomial cochains for torsion-free pro-ℓ nilpotent groups

Lemma 7.1. Let N be a pro-ℓ topological group, i.e. N is isomorphic to a projective

limit of �nite ℓ-groups. The following conditions are equivalent.

1. N is nilpotent, torsion-free and topologically �nitely generated.

2. There exists a �ltration

N = N0 ⊃ N1 ⊃ · · · ⊃ Nm ⊃ Nm+1 = 0

where each Ni is a closed normal subgroup in N , each Ni/Ni+1 is isomorphic to

Zri
ℓ for some ri ∈ Z≥0, and the action by conjugation of N on Ni/Ni+1 is trivial.

Proof. The fact that (2) implies (1) is easy and left to the reader. For the other im-

plication we claim that we can take (Ni)i to be the upper central series of N . Let

(N ′
j)j be the lower central series of N . Applying [KM79, Lemma 17.2.1] to �nite quo-

tients of N we see that each N ′
j is also topologically �nitely generated, and so we have

isomorphisms N ′
j/N

′
j+1 ≃ Z

r′j
ℓ × Z/ℓs

′
jZ for all j. Note that any closed subgroup of

Z
r′j
ℓ × Z/ℓs

′
jZ is also topologically �nitely generated. Intersecting (N ′

j)j with Ni then

shows that each Ni is also topologically �nitely generated, and so we have isomorphisms

Ni/Ni+1 ≃ Zri
ℓ × Z/ℓsiZ. We are left to show that all si vanish, i.e. that Ni/Ni+1 is

ℓ-torsion-free. This can be proved by descending induction on i ∈ {0, . . . ,m}, using the

well-known fact that for any i ∈ {0, . . . ,m−1}, x ∈ Ni and y ∈ N we have [xℓ, y] = [x, y]ℓ

in Ni+1/Ni+2.

Let (N, (Ni)i) be as in Lemma 7.1 (2). If we choose g = (gi,j)0≤i≤m,1≤j≤ri where

gi,j ∈ Ni and the image of (gi,j)1≤j≤ri is a basis of the Zℓ-module Ni/Ni+1, we obtain a

homeomorphism between Zrm+···+r0
ℓ and N ,

ψg : (xm,1, . . . , xm,rm , . . . , x0,1, . . . , x0,r0) 7−→ g
xm,1

m,1 . . . g
x0,r0
0,r0

. (7.1)
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The xi,j 's may be called Mal'cev coordinates after [Mal49] where the case of discrete

torsion-free nilpotent groups was considered. A simple argument by induction shows

that for any other choice h of lifts of bases of (Ni/Ni+1)i the composition ψ−1
h ◦ ψg is of

the form

(xm, . . . , x0) 7−→ (αm(xm) + βm(xm−1, . . . , x0), . . . , α1(x1) + β1(x0), α0(x0)) (7.2)

where for each i we have αi ∈ GLri(Zℓ) and βi : Z
ri−1+···+r0
ℓ → Zri

ℓ is a continuous map

(which depends on g and h) Similarly for any family g as above and any h ∈ N we have

h−1ψg(xm, . . . , x0) = ψg(xm + Pm(xm−1, . . . , x0), . . . , x0 + P0)

where each Pi : Z
ri−1+···+r0
ℓ → Zri

ℓ is a continuous map (which depends on g and h).

To obtain an intrinsic de�nition of polynomials with some notion of bounded degree,

we will require the following assumption, but see Lemma 7.3 and Remark 7.4 below.

Assumption 7.2. There exists an integer d (which depends on N and (Ni)i) such that

the following holds.

1. For any families g and h as above, each βi is a polynomial of degree ≤ d.

2. For any family g as above and any h ∈ N , each Pi is a polynomial of degree ≤ d.

Lemma 7.3. Let N be a unipotent algebraic group over Qℓ. Let (Ni)i be a �ltration of

N by normal algebraic subgroups such that each Ni/Ni+1 is a vector group centralized by

N. Let N be a compact open subgroup of N(Qℓ) and Ni = N ∩Ni(Qℓ). Then (N, (Ni)i)

satis�es Assumption 7.2.

Proof. Recall from [DG70, �IV.2.4] that unipotent algebraic groups over a �eld of char-

acteristic zero are equivalent to nilpotent �nite-dimensional Lie algebras via the expo-

nential map and the Campbell-Hausdor� formula, which are polynomial in this case.

Let B be the open a�ne subscheme of Nr0
0 ×Qℓ

· · · ×Qℓ
Nrm

m parametrizing families

g = (gi,j)0≤i≤m,1≤j≤ri such that for any 0 ≤ i ≤ m the image of (gi,j)j in the vector

group Ni/Ni+1 is a basis. Then the morphism of schemes over Qℓ

Θ : B×Qℓ
A
∑

i ri
Qℓ

−→ B×Qℓ
N

(g, x) 7−→ (g, ψg(x)),

where ψg is de�ned using the same formula (7.1), is easily seen to be an isomorphism

using the exponential map. Choose an arbitrary isomorphism N ≃ A
∑

i ri
Qℓ

of schemes

over Qℓ (e.g. one given by a point in B(Qℓ)), identifying Θ with an automorphism of
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A
∑

i ri
B over B. Then the degrees of the specialization of Θ and Θ−1 at any point of B

are uniformly bounded, implying the �rst bound in Assumption 7.2.

The second bound is obtained using a similar argument for the composition of

B×Qℓ
A2

∑
i ri

Qℓ
−→ B×Qℓ

N

(g, y, x) 7−→ (g, ψg(y)ψg(x))

with Θ−1.

Remark 7.4. One can show that any nilpotent, torsion-free and topologically �nitely

generated pro-ℓ group N with a �ltration (Ni)i as in Lemma 7.1 (2) satis�es Assumption

7.2. In fact any such pair (N, (Ni)i) is isomorphic to one obtained as in Lemma 7.3. The

proof of Mal'cev's theorem for discrete groups [KM79, Theorems 17.2.5 and 17.3.2] can

certainly be adapted to this case. In the context of this paper it is natural to prove this

result by induction using continuous cohomology groups in degree 2, see Corollary 7.11.

Under this assumption we may consider, for any OE-module A, the OE-module

Pol(Nn, A) of polynomial functions Nn → A, de�ned as functions which are polyno-

mial when composed with some ψg. Because the polynomials βi in (7.2) are not a�ne

in general it does not make sense to �lter Pol(Nn, A) by total degree. To overcome this

problem we introduce weights as follows.

De�nition 7.5. A tuple (N, (Ni)i, w) will be called a �ltered weighted nilpotent group if

there exists d ∈ Z such that

� N is a nilpotent, torsion-free and topologically generated pro-ℓ-group,

� (Ni)0≤i≤m+1 is a �ltration as in Lemma 7.1 (2),

� (N, (Ni)i) satis�es Assumption 7.2 for the integer d,

� w = (wA, wm, . . . , w0) are positive integers satisfying wA ≥ wm and wi ≥ (d +

1)wi−1 for all 1 ≤ i ≤ m.

Note that given (N, (Ni)i, d) satisfying Assumption 7.2 there always exists w satis-

fying the inequalities in De�nition 7.5, for example we could take wi = (d + 1)i and

wA = (d+ 1)m.

Let (A,Fil•A) be a �ltered OE-module. Let Filjw Pol(Nn, A) be the sub-OE-module

of Pol(Nn, A) generated by(
ψg(x

(1)
m , . . . , x

(1)
0 ), . . . , ψg(x

(n)
m , . . . , x

(n)
0 )
)
7→ Pm(x(1)m , . . . , x(n)m ) . . . P0(x

(1)
0 , . . . , x

(n)
0 )a
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where Pi is a polynomial of total degree ≤ di for some di ∈ Z≥0, a ∈ FildA A for some

dA ∈ Z, these upper bounds satisfying

dAwA + dmwm + · · ·+ d0w0 ≤ j.

In other words xi,j is given degree wi and an element of Filj A∖Filj−1A is given degree

jwA. In particular the �error terms� βi in (7.2) are now given smaller degree than the

�main terms� αi, and we conclude that the �ltration Fil•w on Pol(Nn, A) does not depend

on the choice of g. This also shows that this �ltration is preserved by any automorphism

of the topological group N which preserves the �ltration (Ni)i.

A similar argument, now using the second part of Assumption 7.2, shows that if

(A,Fil•A) is a �ltered OE [N ]-module then the left action (4.1) of N on Pol(Nn, A)

preserves Filjw Pol(Nn, A). In this case we denote Cn
pol(N,A) = Pol(Nn+1, A)N and

endow it with the �ltration Fil•w.

Lemma 7.6. Let (N, (Ni)i, w) be a �ltered weighted nilpotent group (De�nition 7.5). Let

H be a pro�nite topological group acting on N and preserving the �ltration (Ni)i. Let

(A,Fil•A) be a �ltered OE [N ⋊ H]-module satisfying Filj A = 0 for some j ∈ Z. Let

n ≥ 0.

1. Assume that the action of N on each grj A is trivial. Then the action (4.2) of H

on Pol(Nn, A) preserves the �ltration Fil•w.

2. Assume further that the action of H by conjugation on each Ni/Ni+1 is trivial and

that the action of N ⋊ H on each grj A is trivial. Then H acts trivially on each

Filjw Pol(Nn, A)/Filj−w0
w Pol(Nn, A).

Proof. 1. For h ∈ H we know that ψ−1
g (h−1ψg(xm, . . . , x0)h) is given as in (7.2) by

a family (αi)i with αi ∈ GLri(Zℓ) and a family of polynomials (βi)i of degree at

most d where d ∈ Z≥0 is as in De�nition 7.5. We have wi ≥ dwj whenever i > j

and the fact that H preserves each Filjw Pol(Nn, A) easily follows.

2. Under the additional assumption we also have αi = 1 for all i in (7.2). Using the

inequalities wi ≥ dwj + w0 whenever i > j, as well as the inequality wA ≥ w0, we

conclude that H acts trivially on each Filjw Pol(Nn, A)/Filj−w0
w Pol(Nn, A).

We prove the higher-dimensional analogue of Lemma 6.3, but for a di�erent purpose.

Lemma 7.7. Let (N, (Ni)i, w) be a �ltered weighted nilpotent group (De�nition 7.5).

Let (A,Fil•A) be a �ltered OE [N ]-module such that we have Filj A = 0 for some j ∈ Z
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and each Filj A is a �nitely generated OE-module with a continuous action of N , and

assume that the action of N on each graded pieces grj A is trivial. Then for any d ∈ Z
and n ∈ Z≥0 the map

Fildw C
n
pol(N,A) −→ Fildw Pol(Nn, A)

φ 7−→ ((x1, . . . , xn) 7→ φ(1, x1, . . . , xn))

is an isomorphism.

Proof. We proceed by induction on
∑

i ri ∈ Z≥0, the initial case being trivial. So assume

that we have
∑

i ri > 0. We may assume r0 > 0 and realize N as N ′ ⋊Zℓ. By induction

hypothesis we have isomorphisms

Fildw′ Cn
pol(N

′, A) −→ Fildw′ Pol((N ′)n, A)

φ 7−→ ((x1, . . . , xn) 7→ φ(1, x1, . . . , xn)).

These isomorphisms are Zℓ-equivariant (for the usual action given by formula (4.2) on

both sides), and we see them as an isomorphism of �ltered OE [Zℓ]-modules

Cn
pol(N

′, A) −→ Pol((N ′)n, A).

By the second part of 7.6 we know that the action of Zℓ on each Fildw′ /Fil
d−w0
w′ (on either

side) is trivial. We also have identi�cations

βn : Pol(Nn, A) −→ Pol(Zn
ℓ ,Pol((N

′)n, A))

φ 7−→ ((y1, . . . , yn) 7→ ((x1, . . . , xn) 7→ φ(x1y1, . . . , xnyn)))

which clearly identify the �ltration Fil•w on the left-hand side with Fil•w0
on the right-

hand side (here Pol((N ′)n, A) is endowed with the �ltration Fil•w′). These maps are also

N -equivariant (see Section 5) and so we also have isomorphisms of �ltered OE-modules

βNn+1 : C
n
pol(N,A) −→ Cn

pol(Zℓ, C
n
pol(N

′, A))

φ 7−→ ((y0, . . . , yn) 7→ ((x0, . . . , xn) 7→ φ(x0y0, . . . , xnyn))).

We conclude the induction step using the commutative diagram of �ltered OE-modules

Cn
pol(N,A) Cn

pol(Zℓ, C
n
pol(N

′, A))

Cn
pol(Zℓ,Pol((N

′)n, A))

Pol(Nn, A) Pol(Zn
ℓ ,Pol((N

′)n, A))

βN
n+1

αN

Cn
pol(Zℓ,αN′ )

αZℓ

βn

26



The maps βn and βNn+1 are isomorphisms of �ltered OE-modules, as are the maps

Cn
pol(Zℓ, αN ′) (by induction hypothesis) and αZℓ

(thanks to Lemma 6.3), so αN is also

an isomorphism of �ltered OE-modules.

Theorem 7.8. Let (N, (Ni)i, w) be a �ltered weighted nilpotent group (De�nition 7.5).

Let (A•,Fil•A•) be a bounded below �ltered complex of OE [N ]-modules satisfying the

following conditions.

� There exists j ∈ Z such that Filj A• is the zero complex.

� For any j, n ∈ Z the OE-module Filj An is �nitely generated, the action of N on it

is continuous, and the action of N on grj An is trivial.

1. Assume that each Filj An is torsion, i.e. killed by some mi
E, and that there exists

dA ∈ Z such that for any j ≥ dA the embedding Filj A• → Filj+1A• is a quasi-

isomorphism. Then for any integers d ≥ dAwA +
∑

i riwi and j ≥ ⌊d/wA⌋ the
embedding of complexes

Tot•(Fildw C
•
pol(N,A

•))→ Tot•(C•(N,Filj A•))

is a quasi-isomorphism.

2. Assume that there exists rA ∈ Z such that for any j ∈ Z we have H i(Filj A•) = 0

for i > rA. Then for any d ∈ Z we have H i(Tot•(Fildw C
•
pol(N,A

•))) = 0 for

i > rA + rm + · · ·+ r0.

Proof. We will prove both points by induction on
∑

i ri. We start with the �rst point,

in particular we assume that each Filj An is torsion. We may reduce to the case where

r0 > 0. (Note: this is the only place in the induction where we use wA ≥ wm rather

than the weaker inequality wA ≥ w0.) Let N ′ be the preimage of Zr0−1
ℓ × {0} in N and

identify N with N ′ ⋊Zℓ. By induction hypothesis for any d ≥ dAwA +
∑

i riwi−w0 and

any j ≥ ⌊d/wA⌋ the embedding of complexes

Tot•
(
Fildw′ C•

pol(N
′, A•)

)
→ Tot•

(
C•(N ′,Filj A•)

)
is a quasi-isomorphism. Because for complexes of smooth OE [Zℓ]-modules the functor

Tot•(C•(Zℓ,−)) respect quasi-isomorphisms4, and by associativity of �taking total com-

plexes�, it follows that for such integers d and j the embedding

Tot•
(
C•(Zℓ,Fil

d
w′ C•

pol(N
′, A•))

)
→ Tot•

(
C•(Zℓ, C

•(N ′,Filj A•))
)

4This is a well-known and easier analogue of Lemma 4.1.
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is also a quasi-isomorphism. Note that the induction hypothesis also implies that the

embedding

Tot•
(
Fildw′ C•

pol(N
′, A•)

)
−→ Tot•

(
Fild+1

w′ C•
pol(N

′, A•)
)

is a quasi-isomorphism for d ≥ dAwA+
∑

i riwi−w0. Thanks to Lemma 7.6 we know that

the action 4.2 of Zℓ on C•
pol(N

′, A) preserves the �ltration Filjw′ and that it acts trivially

on each Filjw′ /Fil
j−w0

w′ . By the �rst part of Lemma 6.5 the embedding of complexes

Tot•
(
Fildw0

C•
pol(Zℓ, C

•
pol(N

′, A•))
)
→ Tot•

(
C•(Zℓ,Fil

j
w′ C

•
pol(N

′, A•))
)

is a quasi-isomorphism whenever d ≥ dAwA +
∑

i riwi and j ≥ d.
By Theorem 5.1 the maps AW and EML induce quasi-isomorphisms

Tot•(C•(Zℓ, C
•(N ′, An)))↔ C•(N,An).

We claim that for every n ∈ Z the maps AW and EML also induce well de�ned maps

Tot•(Fildw0
C•
pol(Zℓ, C

•
pol(N

′, An)))↔ Fildw C
•
pol(N,A

n) (7.3)

which are inverse of each other modulo homotopies, in particular they are quasi-isomorphisms.

Here C•
pol(N

′, An) is endowed with the �ltration Fil•w′ . To prove this claim we simply

observe that it is clear on the de�ning formulas (4.4), (5.1), (5.2) and (5.3) that the maps

θ∗, AW, EML and Ψ preserve the �ltrations, so that the argument in Theorem 5.1 is still

valid for these subcomplexes.

We will conclude using the following commutative diagram where d is any integer

and j ≥ ⌊d/wA⌋.

Tot•(Fildw0
C•
pol(Zℓ, C

•
pol(N

′, A•))) Tot•(C•(Zℓ,Fil
d
w′ C•

pol(N
′, A•)))

Tot•(Fildw C
•
pol(N,A

•)) Tot•(C•(Zℓ,Tot
•(C•(N ′,Filj A•))))

Tot•(C•(N,Filj A•)) Tot•(C•(Zℓ, C
•(N ′, A•)))

AW IH

ι

AW

For d ≥ dAwA +
∑

i riwi we have seen above that the top horizontal map is a quasi-

isomorphism thanks to Lemma 6.5, that the map labelled IH is a quasi-isomorphism

thanks to the induction hypothesis, and that both maps labelledAW are quasi-isomorphisms.

It follows that the embedding labelled ι is also a quasi-isomorphism.

The second point is proved by induction in a similar but simpler fashion using (7.3)

and the second part of Lemma 6.5.
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Corollary 7.9. Let (N, (Ni)i, w) be a �ltered weighted nilpotent group (De�nition 7.5).

Let H be a pro�nite topological group acting on N and preserving (Ni)i. Let A• be a

bounded complex of objects of Repfg,cont(N ⋊ H,OE). Let Fil•A• be a �ltration of A•

satisfying

� there exists j ∈ Z for which we have Filj A• = 0,

� there exists dA ∈ Z for which FildA A• = A•,

� for any n ∈ Z and j ∈ Z the action of N on grj An is trivial.

Then for any d ≥ dAwA +
∑

i riwi the obvious morphism in Db(H,OE)

F
(
Tot•(Fildw C

•
pol(N,A

•))
)
→ RΓcont(N,F (A

•))

is an isomorphism.

Proof. For n ∈ Z and an integer i ≥ 1 we endow An/mi
EA

n with the image of the

given �ltration of An. By the �rst part of Theorem 7.8 we have for every i ≥ 1 a

quasi-isomorphism

Tot•
(
Fildw C

•
pol(N,A

•/mi
E)
)
→ C•(N,A•/mi

E)

and as i varies these morphisms are clearly compatible. In particular we have an isomor-

phism in D+(H,OE)

Tot•
(
Fildw C

•
pol(N,F (A

•))
)
→ RΓcont(N,F (A

•)).

Thanks to the second part of Theorem 7.8 we know that the complex Tot•
(
Fildw C

•
pol(N,A

•)
)

has non-vanishing cohomology in only �nitely many degrees, in particular we may apply

to it the functor F of Proposition 2.1. More precisely if we have Aj = 0 for all j > rA

then we have

Hj
(
Tot•

(
Fildw C

•
pol(N,A

•)
))

= 0

for all j > rA +
∑

i ri, and letting r = 1 + rA +
∑

i ri we have a canonical isomorphism

F
(
Tot•

(
Fildw C

•
pol(N,A

•)
))
≃ F

(
τ≤r Tot

•
(
Fildw C

•
pol(N,A

•)
))

.

(The integer r is one more than necessary here but this will be useful below.) We have

a morphism in D+(H,OE)

F
(
Tot•

(
Fildw C

•
pol(N,A

•)
))
→ Fildw C

•
pol(N,F (A

•)) (7.4)
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obtained as the composition of the natural morphism of complexes

F
(
τ≤r Tot

•
(
Fildw C

•
pol(N,A

•)
))
→ τ≤r Fil

d
w C

•
pol(N,F (A

•)) (7.5)

with the quasi-isomorphism

τ≤r Fil
d
w C

•
pol(N,F (A

•))→ Fildw C
•
pol(N,F (A

•))

(again using the second part of Theorem 7.8, this time for A•⊗OE
OE/m

i
E). Let us show

that (7.4) is an isomorphism in D+(H,OE). Thanks to Lemma 7.7 we may identify the

OE-module Fildw C
n
pol(N,A

m) with a direct sum of �nitely many Filj Am. The natural

maps of (OE)•-modules(
Filj Am ⊗OE

OE/m
i
E

)
i≥1
−→

((
Filj Am +mi

EA
m
)
/mi

EA
m
)
i≥1

are clearly surjective, and by the Artin-Rees lemma their kernels are essentially zero. This

implies that the morphism of complexes (7.5) is surjective (in degree r this uses the fact

that the right-hand side has vanishing cohomology, and is the reason for the increment

in the de�nition of r) and that its kernel is essentially zero. In the derived category this

kernel is isomorphic to the cone of (7.5) up to a shift, and so this cone is essentially

zero and thus negligible by [Eke90, Proposition 3.4 (i)], i.e. (7.5) is an isomorphism in

D+(H,OE) and thus so is (7.4).

Corollary 7.10. Let (N, (Ni)i, w) and (A•,Fil•A•) be as in Theorem 7.8. Assume that

there exists dA ∈ Z for which we have FildA A• = A•. Then for any d ≥ dAwA +
∑

i riwi

the embedding

Tot•(Fildw C
•
pol(N,A

•))→ Tot•(C•
cont(N,A

•))

is a quasi-isomorphism, where on the right we consider continuous cochains for the mE-

adic topology on each An.

Proof. By the usual double complexes arguments it is enough to consider the case of a

single �ltered OE [N ]-module (A,Fil•A). As in the proof of Theorem 7.8 we endow each

A/mi
EA with the �ltration ((Filj A + mi

EA)/m
i
EA)j∈Z. From the �rst part of Theorem

7.8 we have quasi-isomorphisms

Fildw C
•
pol(N,A/m

i
EA) −→ C•(N,A/mi

EA)

which are compatible as i ≥ 1 varies, and we consider them as an embedding of complexes

of projective systems of abelian groups. All terms satisfy the Mittag-Le�er condition,
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in fact all transition morphisms are surjective (thanks to Lemma 7.7 for the left-hand

side), and so applying R lim←−i
we obtain a quasi-isomorphism

lim←−
i

Fildw C
•
pol(N,A/m

i
EA) −→ C•

cont(N,A).

Because each Filj A is closed in A the natural map

Fildw C
•
pol(N,A) −→ lim←−

i

Fildw C
•
pol(N,A/m

i
EA)

is an isomorphism.

Corollary 7.11. Let N be a pro-ℓ group. Assume that N is topologically �nitely gen-

erated, nilpotent and torsion-free. Let (Ni)0≤i≤m+1 be a �ltration of N as in 7.1 (2).

Then there exists a unipotent algebraic group N over Qℓ and a �ltration (Ni)i of N by

normal algebraic subgroups such that each Ni/Ni+1 is a vector group centralized by N,

and an isomorphism between N and a compact open subgroup of N(Qℓ) such that for any

0 ≤ i ≤ m+ 1 we have Ni = N ∩Ni(Qℓ). In particular (Lemma 7.3) Assumption 7.2 is

automatically satis�ed.

Proof. We proceed by induction onm ≥ 0, the casem ≤ 0 being trivial. So assumem > 0

and consider N as a central extension of N ′ := N/Nm by Nm. We have a continuous

section s : N/Nm → N , for example the section given by Mal'cev coordinates (7.1), and

so our central extension corresponds to a class in H2
cont(N/Nm, Nm). Let N ′

i = Ni/Nm

for 0 ≤ i ≤ m, applying the induction hypothesis to (N ′, (N ′
i)i) we obtain a �ltered

unipotent group (N′, (N′
i)0≤i≤m). By Lemma 7.3 there exists w′ = (wA, wm−1, . . . , w0)

such that (N ′, (N ′
i)i, w

′) is a weighted �ltered nilpotent group (De�nition 7.5). By Corol-

lary 7.10 any class in H2
cont(N/Nm, Nm) is represented by a polynomial 2-cocycle, i.e. up

to choosing another continuous section s we may assume that the map

(N/Nm)2 7−→ Nm

(x, y) 7−→ s(x)s(y)s(xy)−1

is given by a polynomial, and choosing an isomorphism Nm ≃ Zrm
ℓ we can see this

polynomial as a morphism c : (N′)2 −→ Arm
Qℓ

of schemes over Qℓ. Using c we may

de�ne a structure of linear algebraic group on the scheme N = Arm
Qℓ
×Qℓ

N′, de�ne

Nm = Arm
Qℓ
⊂ N and Ni = Arm

Qℓ
×Qℓ

N′
i for 0 ≤ i < m and identify N with a compact

open subgroup of N(Qℓ). Details are left to the reader.

Remark 7.12. In the same vein using cohomology in degree 1 one can show that any

continuous unipotent �nite-dimensional representation over E of a nilpotent, torsion-free
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and topologically �nitely generated pro-ℓ group N (i.e. any compact open subgroup of

N(Qℓ) for a unipotent linear algebraic group N over Qℓ) is automatically algebraic, by

induction on the dimension.

8 Characteristic zero coe�cients

Let N be a unipotent linear algebraic group over Qℓ. Let (Ni)0≤i≤m+1 be a �ltration by

normal algebraic subgroups such that we haveN0 = N andNm+1 = 1 and such that each

Ni/Ni+1 is a vector group centralized by N. Recall from the proof of Lemma 7.3 that

we have analogues of Mal'cev coordinates 7.1 for (N(Qℓ), (Ni(Qℓ))i) with Qℓ replacing

Zℓ, and that they satisfy the analogue of Assumption 7.2. In particular there exists

w = (wA, wm, . . . , w0) as in De�nition 7.5 but now for (N, (Ni)i). Similarly to De�nition

7.5 we will call such a triple (N, (Ni)0≤i≤m+1, w) a weighted �ltered unipotent linear

algebraic group. Let V be a (�nite-dimensional) algebraic representation of NE , which

we consider as a continuous representation of N(Qℓ). Then V admits a �ltration Fil• V

by subrepresentations of NE such that there exists j ∈ Z>0 satisfying Fil−j V = 0 and

Filj V = V and NE acts trivially on each grj V . We may de�ne Pol(N(Qℓ)
n, V ) similarly

to the integral case after De�nition 7.5, endow it with a �ltration Fil•w. Similarly we can

de�ne the E-vector space Cn
pol(N(Qℓ), V ) with its �ltration Fil•w. For any compact open

subgroup N of N(Qℓ) there exists an OE-lattice A in V which is stable under N , and we

endow it with the induced �ltration. Then each Filjw Pol(Nn, A) (resp. Filjw C
n
pol(N,A))

is an OE-lattice in Filjw Pol(N(Qℓ)
n, V ) (resp. Filjw C

n
pol(N(Qℓ), V )), essentially because

N is Zariski-dense in N. We can use this simple fact, combined with the observation that

compact open subgroups of N(Qℓ) exist, to deduce analogues of some of the results of the

previous section with N(Qℓ) replacing N and algebraic representations of NE replacing

�nitely generated OE-modules with a continuous action of N . In particular Lemmas 7.6

and 7.7 admit obvious analogues, as does the second part of Theorem 7.8. We record a

slightly indirect consequence of our integral results in the following lemma.

Lemma 8.1. Let (N, (Ni)0≤i≤m+1) be as above. Let (V •,Fil• V •) be a bounded below

�ltered complex of �nite-dimensional algebraic representations of NE such that there

exists j ∈ Z satisfying Filj V • = 0 and such that NE acts trivially on each graded

piece grj V n. Assume that there exists dV ∈ Z satisfying FildV V • = V •. Then for any

j ≥ dV wA +
∑

i riwi the embedding

Tot•(Filjw C
•
pol(N(Qℓ), V

•)) −→ Tot•(Filj+1
w C•

pol(N(Qℓ), V
•))

is a quasi-isomorphism.
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Proof. Choose a compact open subgroup N of N(Qℓ) and let Ni = N ∩Ni(Qℓ). Choose

OE-lattices An in V n which are stable under N and stable under the di�erentials of V •,

and endow A• with the induced �ltration. The lemma follows from Corollary 7.10 and

extending scalars from OE to E.

The following lemma will be useful to apply Corollary 7.9 in cases where instead of

a semi-direct product N ⋊H we have an open subgroup of such a product, provided we

invert ℓ in the coe�cients.

Lemma 8.2. Let K ′ be an open subgroup of a pro�nite topological group K. Let N

be a closed normal subgroup of K. Assume that N is pro-ℓ, nilpotent, torsion-free and

topologically �nitely generated (see Lemma 7.1). Denote N ′ = K ′ ∩N , a closed normal

subgroup of K ′ and an open subgroup of N . Let A• be a bounded complex of objects of

Repfg,cont(K,OE). Assume the existence of a �ltration (Filj A•)j∈Z of A• satisfying

� for any n ∈ Z and any j ∈ Z the action of N on grj An is trivial,

� there exists j ∈ Z≥0 satisfying Fil−j A• = 0 and Filj A• = A•.

Then the morphism (see (3.1))

rK,N,K′(F (A•)) : resK′/N ′ RΓ(N,F (A•))→ RΓ(N ′, resK′ F (A•))

becomes an isomorphism in D+(SN
K′/N ′ , (OE)•)[ℓ

−1], in particular it becomes an isomor-

phism in D+(K ′/N ′, E).

Proof. By the same argument as in the proof of Lemma 2.4 it is enough to show that

the cone of rK,N,K′(F (A•)) has non-zero cohomology in only �nitely many degrees and

that all of its cohomology group are killed by some power of ℓ. For this we can forget

the action of K ′/N ′, and using Lemma 4.2 we are left to show this property for the cone

of the restriction map on cocycles

RΓcont(N, resN F (A•)) −→ RΓcont(N
′, resN ′ F (A•)).

Let (Ni)i be the upper central series of N , and choose w as in De�nition 7.5. As in the

proof of Corollary 7.9 we endow each An/mi
EA

n with the �ltration induced by that on

An, and for any large enough integer d we have thanks to the �rst part of Theorem 7.8

a quasi-isomorphism

Tot•(Fildw C
•
pol(N,F (A

•))) ≃ RΓcont(N, resN F (A•)),
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and similarly with N replaced by N ′ (replacing Ni by N ′
i := Ni ∩ N ′). We are left to

consider the cone of the natural map of complexes

Tot•(Fildw C
•
pol(N,F (A

•))) −→ Tot•(Fildw C
•
pol(N

′, F (A•))). (8.1)

By the second part of Theorem 7.8 we also know that both sides have non-vanishing

cohomology in only �nitely many degrees.

We claim that for any m ≥ 0 and n ∈ Z there exists an integer k ≥ 0, which also

depends onN , N ′, w and on an integer j0 > 0 satisfying Fil−j0 An = 0 and Filj0 An = An,

such that for any i ≥ 1 the kernel and cokernel of the morphism

Fildw C
m
pol(N,A

n/mi
EA

n)
res−−→ Fildw C

m
pol(N

′, An/mi
EA

n)

are killed by ℓk. To prove the claim we use Lemma 7.7 to consider instead the kernel and

cokernel of

Fildw Pol(Nm, An/mi
EA

n)
res−−→ Fildw Pol((N ′)m, An/mi

EA
n). (8.2)

We also observe that we have an isomorphism of �ltered OE-modules

Pol(Nm,OE)⊗OE
An/mi

EA
n ≃ Pol(Nm, An/mi

EA
n),

where OE is endowed with the trivial �ltration (Fil−1OE = 0 and Fil0OE = OE) and

the �ltration on An/mi
EA

n is divided by wA, and similarly for N ′. Each restriction map

Filjw Pol(Nm,OE) → Filjw Pol((N ′)m,OE) is an embedding with �nite cokernel because

both sides are lattices inside Filjw Pol(N(Qℓ)
m, E). It follows that the cokernel of (8.2) is

killed by a power of ℓ which does not depend on i (note that only the indices j satisfying

0 ≤ j ≤ d+ (j0 − 1)wA are relevant). The fact that the kernel of (8.2) is killed by some

power of ℓ is slightly more subtle, it follows by induction from the same property for the

maps

grjw Pol(Nm, An/mi
EA

n)
res−−→ grjw Pol((N ′)m, An/mi

EA
n) (8.3)

for wA(1− j0) ≤ j ≤ d. We have

grjw Pol(Nm, An/mi
EA

n) ≃
⊕

jP ,jA∈Z
jP+wAjA=j

grjPw Pol(Nm,OE)⊗OE
grjA An/mi

EA
n

and similarly for N ′. Using the beginning of the long exact sequence for Tor groups we

deduce that if a power of ℓ kills

grjPw Pol((N ′)m,OE)/ gr
jP
w Pol(Nm,OE)

for all 0 ≤ jP ≤ j + (j0 − 1)wA then it also kills the kernel of (8.3). This concludes the

proof of the claim. It is easy to deduce that each cohomology group of the cone of (8.1)

is killed by some power of ℓ.
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We can now state and prove a slight generalization of Corollary 7.9 when ℓ is inverted

in the coe�cients.

Proposition 8.3. Let (N, (Ni)0≤i≤m+1, w) be a �ltered weighted unipotent linear alge-

braic group over Qℓ. Let H be a linear algebraic group over Qℓ acting on N. Let V • be

a bounded complex of �nite-dimensional algebraic representations of (N ⋊H)E, consid-

ered as continuous E-representations of (N ⋊H)(Qℓ). Let Fil• V • be a �ltration on V •

satisfying

� there exists j ∈ Z for which we have Filj V • = 0,

� there exists dV ∈ Z for which we have FildV V • = V •,

� for any n ∈ Z and j ∈ Z the action of NE on grj V n is trivial.

Let K be a compact open subgroup of (N ⋊H)(Qℓ). Denote NK = N(Qℓ) ∩K and

HK = K/NK , considered as a compact open subgroup of H(Qℓ).

Then for any d ≥ dV wA +
∑

i riwi we have an isomorphism in D+(HK , E)

RΓ(NK , F (V
•)) ≃ F (Tot•(Fildw C•

pol(N(Qℓ), V
•))),

where the right-hand side is well-de�ned because each Fildw C
•
pol(N(Qℓ), V

n) is exact in

degree greater than
∑

i ri.

Note that for any complex V • as in the proposition there always exists a �ltration

satisfying the assumptions in the proposition because every algebraic representation of

N is unipotent.

Proof. Let s : H → N ⋊ H be the obvious section. We introduce the compact open

subgroup K ′ = Ks(HK) of (N⋊H)(Qℓ). It is open because it contains K, and compact

because it is generated by its open subgroup K and the subset X := {ks(k)−1|k ∈ K}
of N(Qℓ), and X is compact and so there exists a compact subgroup of N(Qℓ) which

contains X ∪ NK and is stable under the conjugation action of K. Denoting NK′ =

N(Qℓ) ∩K ′, we have K ′ = NK′ ⋊ s(HK), in particular HK′ := K ′/NK′ is equal to HK .

Let A• be a model of V •, i.e. an object ofDb(Repfg,cont(K
′,OE)) with an isomorphism

E⊗OE
A• ≃ V • inDb(Repfg,cont(K

′, E)). We may and do assume that A• is simply a sub-

complex of V • considered as a complex of OE [K
′]-modules. De�ne Filj An = An∩Filj V n

for all n, j ∈ Z. By Lemma 4.1 and Corollary 7.9 we have an isomorphism inD+(HK ,OE)

RΓ(NK′ , F (A•)) ≃ F
(
Tot•(Fildw C

•
pol(NK′ , A•))

)
.
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In particular this becomes an isomorphism in D+(HK , E). It is clear that the image of

Tot•(Fildw C
•
pol(NK′ , A•))

in Db(Repfg,cont(HK , E)) is equal to

Tot•(Fildw C
•
pol(N(Qℓ), V

•)).

Finally by Lemma 8.2 we have an isomorphism in D+(HK , E)

RΓ(NK′ , F (A•)) ≃ RΓ(NK , resK F (A•)).

9 Lie algebra cohomology

In order to work in derived categories of �nite-dimensional vector spaces over E with

additional structure, we de�ne Lie algebra cohomology in an ad hoc manner using the

Chevalley-Eilenberg complex as follows. Let N be a linear algebraic group over E,

and let n be its Lie algebra. Let H be another linear algebraic group over E. Let

Repfg,alg(N ⋊ H) be the abelian category of �nite-dimensional vector spaces over E

endowed with an algebraic linear action of N ⋊ H. For an object V in this category,

recall the Chevalley-Eilenberg complex of E-vector spaces C•(n, V ) = HomE(
∧• n, V )

with di�erential

df(X1, . . . , Xn+1) =
n+1∑
i=1

(−1)i+1Xi · f(X1, . . . , X̂i, . . . , Xn+1)

+
∑

1≤i<j≤n+1

(−1)i+jf([Xi, Xj ], X1, . . . , X̂i, . . . , X̂j , . . . , Xn+1).

The action of H on C•(n, V ) is de�ned by the formula

(y · f)(X1, . . . , Xn) = y · f(y−1X1y, . . . , y
−1Xny) (9.1)

where y ∈ H(R) for some commutative E-algebra R, X1, . . . , Xn ∈ n ⊗E R and f ∈
R⊗E C

n(n, V ). De�ne

RΓLie(n,−) : Db(Repfg,alg(N⋊H)) −→ Db(Repfg,alg(H))

V • 7−→ Tot•

(
Hom

( •∧
n, V •

))
.
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The fact that this is well-de�ned, i.e. that this functor preserves quasi-isomorphisms

can be checked using the commutative diagram

Kb(Repfg,alg(N⋊H)) Kb(Repfg,alg(H))

K+(U(n)−Mod) K+(E−Vect)

RΓLie(n,−)

RΓLie(n,−)

where the two vertical (forgetful) functors become conservative after passing to derived

categories and the bottom horizontal functor is known to compute Lie algebra cohomol-

ogy as a derived functor.

The analogue of Theorem 5.1 in the setting of Lie algebras is much simpler.

Lemma 9.1. Consider a compound semi-direct product N1⋊(N2⋊H) of linear algebraic

groups over E. Let N = N1⋊N2. For any object V of Repfg,alg(N1⋊ (N2⋊H)) we have

an isomorphism of complexes

C•(n, V ) −→ Tot•(C•(n2, C
•(n1, V )))

f 7−→ ((Y1, . . . , Yi) 7→ ((X1, . . . , Xj) 7→ f(X1, . . . , Xj , Y1, . . . , Yi))) .

In particular this gives an isomorphism between the two functors RΓLie(n,−) and

RΓLie(n2, RΓLie(n1,−))

Db(Repfg,alg(N1 ⋊ (N2 ⋊H))) −→ Db(Repfg,alg(H)).

Proof. We have n = n1 ⊕ n2 with [nk, nk] ⊂ nk and [n1, n2] ⊂ n1. The action of n2 on

C•(n1, V ) is easily computed from (9.1):

(Y · f)(X1, . . . , Xn) = Y · f(X1, . . . , Xn) +
n∑

i=1

f(X1, . . . , [Xi, Y ], . . . , Xn).

We have isomorphisms

⊕
i+j=n

j∧
n1 ⊗

i∧
n2 −→

n∧
n

(X1 ∧ · · · ∧Xj)⊗ (Y1 ∧ · · · ∧ Yi) 7−→ X1 ∧ · · · ∧Xj ∧ Y1 ∧ · · · ∧ Yi

and so the map in the lemma is an isomorphism of rational representations of H. To

check that it is a map of complexes, if f ∈ Cn−1(n, V ) corresponds to (fi,j)i+j=n−1 then

for all X1, . . . , Xj ∈ n1 and Y1, . . . , Yi ∈ n2 we have

f(X1, . . . , Xj , Y1, . . . , Yi) = fi,j(Y1, . . . , Yi)(X1, . . . , Xj)
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and we compute

(dnf)(X1, . . . , Xj , Y1, . . . , Yi)

=

j∑
a=1

(−1)a+1Xa · fi,j−1(Y1, . . . , Yi)(X1, . . . , X̂a, . . . , Xj)

+
i∑

a=1

(−1)j+a+1Ya · fi−1,j(Y1, . . . , Ŷa, . . . , Yi)(X1, . . . , Xj)

+
∑

1≤a<b≤j

(−1)a+bfi,j−1(Y1, . . . , Yi)([Xa, Xb], X1, . . . , X̂a, . . . , X̂b, . . . , Xj)

+
∑

1≤a<b≤i

(−1)a+b+jfi−1,j([Ya, Yb], Y1, . . . , Ŷa, . . . , Ŷb, . . . , Yi)(X1, . . . , Xj)

+
∑

1≤a≤j

∑
1≤b≤i

(−1)a+b+jfi−1,j(Y1, . . . , Ŷb, . . . , Yi)([Xa, Yb], X1, . . . , X̂a, . . . , Xj)

=dn1(fi,j−1(Y1, . . . , Yi))(X1, . . . , Xj) + (−1)j(dn2fi−1,j)(Y1, . . . , Yi)(X1, . . . , Xj).

The second part of the lemma follows using standard arguments with total complexes.

10 Algebraic group cohomology and Lie algebra cohomol-

ogy

Let N be a connected linear algebraic group over E. Denote N = SpecR(N). Following

Hochschild [Hoc61] we consider the abelian category Repalg(N) of representations of N

which are sums (i.e. internal direct limits) of �nite-dimensional algebraic representations.

This category has enough injectives: for any object V we have an embedding V →
R(N) ⊗E V , and R(N) ⊗E V is injective in this category because for any object W we

have an identi�cation

HomN(W,R(N)⊗E V ) −→ HomE(W,V )

f 7−→ (w 7→ f(w)(1))

essentially because the equivariance condition reads f(w)(g) = g · f(g−1 · w)(1). Just

as in the case of group cohomology we have a resolution of an arbitrary object V of

Repalg(N):

V → R(N)⊗E V → R(N2)⊗E V → . . .

with di�erentials as in (4.3), that is

d(f0 ⊗ · · · ⊗ fn ⊗ a) =
n+1∑
j=0

(−1)jf0 ⊗ · · · ⊗ fj−1 ⊗ 1⊗ fj ⊗ · · · ⊗ fn ⊗ a.
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Noticing that each term of this resolution is an injective object because of the iden-

ti�cation R(Ni+1) ≃ R(N) ⊗E R(Ni), we conclude that the right derived functor of

the functor of invariants applied to the complex V concentrated in degree 0 is (up to

canonical quasi-isomorphism) the complex

C•
alg(N, V ) := (R(N•+1)⊗E V )N

supported in non-negative degrees. Note that if N = UE for some connected linear

algebraic group U over Qℓ and if V is �nite-dimensional then we have a canonical iso-

morphism of complexes

C•
alg(N, V ) ≃ C•

pol(U(Qℓ), V )

where the right-hand side is the complex introduced in Section 8. This follows from the

well-known fact that U(Qℓ) is Zariski-dense in U.

There is another natural complex to which an arbitrary object V of Repalg(N) maps.

Denote by Ω•
N/E the algebraic de Rham complex on N. There is a natural action of N

on each term by left translation, commuting with the di�erentials, and it is easy to check

that each term is an object of Repalg(N). Now for any object V of Repalg(N) we obtain

a complex Ω•
N/E ⊗E V and the kernel of Ω0

N/E ⊗E V → Ω1
N/E ⊗E V is identi�ed with V .

It is well-known that the multiplication map

R(N)⊗E (Ω•
N/E ⊗E V )N → Ω•

N/E ⊗E V

is an isomorphism in Repalg(N), in particular each term of Ω•
N/E ⊗E V is an injective

object of Repalg(N). It would follow from general formalism (see [Stacks, Lemma 013P

(2)]) that there exists a morphism R(N•+1) → Ω•
N/E which in degree 0 is the obvious

isomorphism. We will need an explicit formula however, in order to obtain a morphism

of complexes

C•
alg(N, V ) −→ Ω•

N/E ⊗E V

in Repalg(N⋊H), whenever H is a linear algebraic group acting on N and V is an object

of Repalg(N⋊H). Fortunately this formula is very simple:

R(Nn+1) = R(N)⊗E · · · ⊗E R(N) −→ Ωn
N/E (10.1)

f0 ⊗ · · · ⊗ fn 7−→ f0 df1 ∧ · · · ∧ dfn.

We may de�ne n = LieN as the space of N-invariant (for left translation) derivations,

i.e. elements of

HomR(N)(Ω
1
N/E , R(N))N ≃ HomE((Ω

1
N/E)

N, E).
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Recall that Ω1
N/E is generated as a R(N)-module by the elements df where f ∈ R(N).

As usual for X ∈ HomR(N)(Ω
1
N/E , R(N)) we denote the image of df ∈ Ω1

N/E by X as

df(X). The Lie bracket

[·, ·] : HomR(N)(Ω
1
N/E , R(N))2 −→ HomR(N)(Ω

1
N/E , R(N))

is de�ned by the formula

df([X,Y ]) = d (df(Y )) (X)− d (df(X)) (Y )

and clearly maps n2 to n. We have isomorphisms5 in Repalg(N)

Ωn
N/E −→ HomE

(
n∧
n, R(N)

)
= HomR(N)

(
n∧
HomR(N)(Ω

1
N/E , R(N)), R(N)

)
(10.2)

f0df1 ∧ · · · ∧ dfn 7−→

(
(X1, . . . , Xn) 7→ f0

∑
σ∈Sn

ϵ(σ)dfσ(1)(X1) . . . dfσ(n)(Xn)

)
.

Via these isomorphisms the di�erential on Ω•
N/E is given by the formula6

HomE

(
n∧
n, R(N)

)
−→ HomE

(
n+1∧

n, R(N)

)
φ 7−→ dφ

dφ(X1, . . . , Xn+1) :=
n+1∑
i=1

(−1)i+1d(φ(X1, . . . , X̂i, . . . , Xn+1))(Xi)

+
∑

1≤i<j≤n+1

(−1)i+jφ([Xi, Xj ], X1, . . . , X̂i, . . . , X̂j , . . . , Xn+1).

For any object V of Repalg(N) the above isomorphism identi�es (Ωn
N/E ⊗E V )N with

HomE

(
n∧
n, (R(N)⊗E V )N

)
≃ HomE

(
n∧
n, V

)

by evaluation at 1 ∈ N(E). We recover the isomorphism from (Ω•
N/E ⊗E V )N to the

Chevalley-Eilenberg complex C•(n, V ) computing Lie algebra cohomology recalled in

Section 97. More generally if H is a linear algebraic group over E acting on N and V is

5This uses the assumption charE = 0.
6This computation is well-known, at least in the setting of real Lie groups.
7Strictly speaking we only de�ned the Chevalley-Eilenberg complex in the case where V is �nite-

dimensional, but of course it may be de�ned without this assumption.
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an object of Repalg(N⋊H) then the composition of (10.1) and (10.2) yields a morphism

of complexes in Repalg(H)

ΘN : C•
alg(N, V )→ C•(n, V ).

If N is connected and unipotent then the complex Ω•
N/E is exact in positive degree

because N is isomorphic, as a scheme over E, to the a�ne space AdimN
E . It follows that

Ω•
N/E⊗E V is a resolution of V by injective objects of Repalg(N) in this case, and so ΘN

is a quasi-isomorphism. By the usual arguments involving double complexes, if V • is a

bounded below complex of objects of Repalg(N⋊H) then we have a quasi-isomorphism

between bounded-below complexes of objects of Repalg(H)

ΘN : Tot•
(
C•
alg(N, V

•)
)
−→ Tot•

(
HomE

( •∧
n, V •

))
. (10.3)

The de�nitions and arguments in Section 5 have obvious analogues for the complexes

C•
alg(N, V ), in particular the explicit version of the Hochschild-Serre spectral sequence

(Theorem 5.1) holds in this setting as well. We conclude this section with the comparison

of this result, the maps ΘN de�ned above and Lemma 9.1.

Lemma 10.1. For 1 ≤ j ≤ n de�ne

τj : R(N
n+1)⊗E V −→ R(Nn+1)⊗E V

f0 ⊗ · · · ⊗ fn ⊗ v 7−→ fj ⊗ f0 ⊗ . . . f̂j · · · ⊗ fn ⊗ v

and de�ne τ0 = id. On the subspace Cn
alg,norm(N, V ) of normalized cochains, de�ned as

in (4.5), we have

ΘN = (−1)jΘN ◦ τj .

Proof. Neither the tensor product with V nor the invariance condition under N play any

role in the proof and so we omit both. Recall that ΘN is de�ned as the composition of

(10.1), denoted α in this proof, and (10.2), denoted β in this proof. (This composition is

restricted to N-invariant forms, but the distinction is irrelevant here.) By de�nition the

subspace of normalized cochains is included in the kernel of

πi : R(N
n+1) 7−→ R(Nn)

f0 ⊗ · · · ⊗ fn 7−→ fifi+1 ⊗ f0 ⊗ · · · ⊗ fi−1 ⊗ fi+2 ⊗ · · · ⊗ fn

for any 0 ≤ i ≤ n− 1. With the convention τ0 = id we compute

(−1)id ◦ α ◦ πi = α ◦ τi + α ◦ τi+1.
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It follows that on normalized cochains we have

α = −α ◦ τ1 = · · · = (−1)jα ◦ τj .

Applying β yields the desired formula.

Proposition 10.2. Let N1 and N2 be unipotent algebraic groups over E. Let H be

a linear algebraic group over E. Assume given an action of H on N2 and an action

of N2 ⋊ H on N1. For any object V of Repfg,alg(N1 ⋊ (N2 ⋊ H)) and any n ∈ Z≥0

the following diagram commutes up to homotopy, where the bottom right arrow is the

isomorphism of Lemma 9.1.

⊕
i+j=nC

i
alg(N2, C

j
alg(N1, V )) Cn

alg(N1 ⋊N2, V )

⊕
i+j=nC

i
alg(N2, C

j(n1, V )) Cn(n1 ⊕ n2, V )

⊕
i+j=nC

i(n2, C
j(n1, V ))

AW

ΘN1 ΘN1⋊N2

ΘN2
∼

In particular the same holds if we replace V by a bounded complex and take total complexes

in the diagram.

Proof. It is enough to show that the restriction of both compositions to

Ci
pol,norm(N2, C

j
pol,norm(N1, V ))

are equal. Recall from Theorem 5.1 that AW maps this space to Ci+j
pol,norm(N1 ⋊N2, V ).

For explicit computations it is convenient to denote

c = f0 ⊗ · · · ⊗ fi ⊗ (g0 ⊗ · · · ⊗ gj ⊗ v) ∈ R(Ni+1
2 )⊗E (R(Nj+1

1 )⊗E V ).

By de�nition we have

AW(c) = (g0 ⊗ 1)⊗ · · · ⊗ (gj−1 ⊗ 1)⊗ (gj ⊗ f0)⊗ (1⊗ f1)⊗ · · · ⊗ (1⊗ fi)⊗ v

in R((N1 ⋊ N2)
n+1) ⊗E V . Applying ΘN1⋊N2 ◦ τj and evaluating at (X1, . . . , Xn) ∈

(n1 ⊕ n2)
n we obtain

(gj⊗f0)
∑
σ∈Sn

ϵ(σ)d(g0⊗1)(Xσ(1)) . . . d(gj−1⊗1)(Xσ(j))d(1⊗f1)(Xσ(j+1)) . . . d(1⊗fi)(Xσ(n))v.
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If we impose that Xk belongs to n1 for k ≤ j′ and to n2 for k > j′, then the term

corresponding to σ vanishes unless we have j′ = j and σ ∈ Sj × Si. More precisely we

obtain

(ΘN1⋊N2τj AW(c)) (X1, . . . , Xj′ , Y1, . . . , Yn−j′)

=

{
(ΘN1τj (ΘN2(c)(Y1, . . . , Yi))) (X1, . . . , Xj) if j′ = j,

0 otherwise.

whenever X1, . . . , Xj′ ∈ n1 and Y1, . . . , Yn−j′ ∈ n2. By Lemma 10.1 this implies

ΘN1⋊N2(AW(c)) = ΘN2ΘN1(c)

for any c ∈ Ci
alg,norm(N2, C

j
alg,norm(N1, V ))

11 A Nomizu-van Est theorem

Theorem 11.1. Let N be a unipotent linear algebraic group over Qℓ. Let H be a linear

algebraic group over Qℓ acting on N. Let K be a compact open subgroup of (N⋊H)(Qℓ).

Denote NK = K ∩N(Qℓ) and HK = K/NK , considered as a compact open subgroup of

H(Qℓ). Let n be the Lie algebra of NE. We have an isomorphism of composite functors

Db(Repfg,alg((N⋊H)E)) Db(Repfg,alg(HE))

D+(K,E) D+(HK , E)

RΓLie(n,−)

F F

RΓ(NK ,−)

∼
νN,H,K

i.e. isomorphisms in D+(HK , E)

νN,H,K(V •) : RΓ(NK , F (V
•)) ≃ F (RΓLie(n, V

•))

for all objects V • of Db(Repfg,alg((N⋊H)E)), which are functorial in V •. In the diagram

F abusively means the composition of the obvious functor

Db(Repfg,alg((N⋊H)E))→ Db(Repfg,cont(K,E))

with the functor F of Proposition 2.1, and similarly for HE and HK .

These isomorphisms enjoy the following compatibility properties.

1. The isomorphisms νN,H,K are compatible with restriction to a subgroup H′ of H.
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2. For K ′ any open subgroup of K and any object V • of Db(Repfg,alg((N⋊H)E)) the

following diagram is commutative

resHK′ (RΓ(NK , F (V
•))) RΓ(NK′ , F (V •))

F (RΓLie(n, V
•))

∼
resHK′ (νN,H,K(V •))

rK,NK,K′ (F (V •))

∼
νN,H,K′ (V •)

3. Assume that we have a decomposition N = N1 ⋊ N2 which is preserved by the

action of H, in other words we have N ⋊ H = N1 ⋊ (N2 ⋊ H). Denote N1,K =

K ∩N1(Qℓ), N2,K = (K ∩ (N1 ⋊ N2)(Qℓ))/N1,K (understood as a compact open

subgroup of N2(Qℓ)) and UK = K/N1,K (understood as a compact open subgroup of

(N2 ⋊H)(Qℓ)). Then for any object V • of Db(Repfg,alg((N⋊H)E)) the following

diagram is commutative

RΓ(NK , F (V
•)) F (RΓLie(n, V

•))

RΓ(N2,K , RΓ(N1,K , F (V
•)))

RΓ(N2,K , F (RΓLie(n1, V
•))) F (RΓLie(n2, RΓLie(n1, V

•)))

∼
νN,H,K

∼

∼

∼RΓ(N2,K ,νN1,N2⋊H,K(V •))

∼
νN2,H,UK

Here the left vertical isomorphism is given by Lemma 9.1 and the top left vertical

isomorphism is the usual composition of derived functors.

Proof. Endow N with a �ltration (Ni)0≤i≤m+1 (e.g. the upper central series) and weights

w = (wA, wm, . . . , w0)making it a weighted �ltered unipotent algebraic group in the sense

of Section 8. Denote Ni = N ∩Ni(Qℓ). De�ne a �ltration Fil• V • on V • by Filj V • = 0

for j < 0 and Filj V n = (V n/Filj−1 V n)NE for j ≥ 0. By Proposition 8.3 we have an

isomorphism in D+(HK , E)

RΓ(NK , F (V
•)) ≃ F

(
Tot•(Fildw C

•
pol(N(Qℓ), V

•))
)

(11.1)

for any large enough integer d. For large enough d we also have a quasi-isomorphism

Tot•
(
Fildw C

•
pol(N(Qℓ), V

•)
)
⊂ Tot•

(
C•
pol(N(Qℓ), V

•)
)

thanks to Lemma 8.1. We also have a quasi-isomorphism (10.3)

Tot•
(
C•
pol(N(Qℓ), V

•)
) ∼−→ RΓLie(n, V

•).
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Composing the two gives an isomorphism in Db(Repfg,cont(HK , E))

Tot•
(
Fildw C

•
pol(N(Qℓ), V

•)
)
→ RΓLie(n, V

•).

Applying the functor F and composing with (11.1) gives νN,H,K(V •). It is easy to check

that this morphism does not depend on the choices made (�ltration, weights, d, model

overOE . . . ), by co�nality arguments (e.g. lim−→d
Fildw C

n
pol(N(Qℓ), V

m) = Cn
pol(N(Qℓ), V

m)).

Using similar arguments one can check that νN,H,K(V •) is functorial in V •. The details

of these relatively formal arguments are omitted here.

The proof of the �rst compatibility is very formal.

The second compatibility property, where K ′ is an open subgroup of K, follows from

Lemma 8.2, also using arguments as in the proof of this lemma.

The second compatibility property follows from Proposition 10.2.

Remark 11.2. In applications it is often the case that H is reductive, so that the abelian

category Repfg,alg(HE) is semi-simple and so Db(Repfg,alg(HE)) is abelian and its objects

decompose as direct sums of complexes concentrated in one degree. In fact Theorem 11.1

is meant to be applied in the case where N ⋊ H is a parabolic subgroup of a connected

reductive group G over Qℓ and we pre-compose with the restriction functor

Db(Repfg,alg(GE))→ Db(Repfg,alg((N⋊H)E)).

In this case we may start from an irreducible representation of GE and Lie algebra

cohomology was explicitly computed by Kostant [Kos61, Theorem 5.14].

For the application that motivates this work we need the following slightly more

complicated consequence of Theorem 11.1.

Corollary 11.3. Let N be a unipotent linear algebraic group over Q. Let H be a linear

algebraic group over Q acting on N. Let K be a compact open subgroup of N(Af ).

Denote NK = K ∩N(Af ) and HK = K/NK , considered as a compact open subgroup of

H(Af ). Let n be the Lie algebra of NE. We consider algebraic representations of HE as

continuous representations of K over E via the projection H(Af )→ H(Qℓ). We have an

isomorphism of composite functors

Db(Repfg,alg((N⋊H)E)) Db(Repfg,alg(HE))

D+(K,E) D+(HK , E).

RΓLie(n,−)

F F

RΓ(NK ,−)

∼
νN,H,K
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It satis�es compatibilities similar to the ones in Theorem 11.1 (details left to the reader).

Proof. Denote by A(ℓ)
f the restricted product of Qp for primes p ̸= ℓ, so that we have

Af = Qℓ × A(ℓ)
f . Denote NK,ℓ = NK ∩ N(Qℓ) and N

(ℓ)
K = NK ∩ N(A(ℓ)

f ). Denote

K(ℓ) = K ∩ (N⋊H)(A(ℓ)
f and Kℓ = K/K(ℓ), considered as a compact open subgroup of

(N ⋊H)(Qℓ). We have NK = NK,ℓ × N
(ℓ)
K and N (ℓ)

K is an inverse limit of �nite groups

having cardinality coprime to ℓ. It follows that the functor of N (ℓ)
K -invariants, from

(SN
K , (OE)•)-modules to (SN

K/N
(ℓ)
K

, (OE)•)-modules, is exact. We get an isomorphism of

functors

D+(Kℓ, E) D+(K/N
(ℓ)
K , E)

D+(K,E)

inf

inf

RΓ(N
(ℓ)
K ,−)

where each map labelled inf is an in�ation map. We also have a morphism of functors

D+(Kℓ, E) D+(Kℓ/NK,ℓ, E)

D+(K/N
(ℓ)
K , E) D+(HK , E)

RΓ(NK,ℓ,−)

inf inf

RΓ(NK,ℓ,−)

which is easily seen to be an isomorphism using the isomorphisms of functors rKℓ,NK,ℓ,NK,ℓ

and r
K/N

(ℓ)
K ,NK,ℓ,NK,ℓ

de�ned in (3.1). Combining these two isomorphisms of functors with

the isomorphism of functors

RΓ(NK ,−) ≃ RΓ(NK,ℓ, RΓ(N
(ℓ)
K ,−))

reduces the corollary to Theorem 11.1.

Remark 11.4. As mentioned in the introduction, the motivation for proving Corollary

11.3 is to prove an analogue in triangulated categories, rather than just for cohomology

groups, of [Pin92, Theorem 5.3.1]. One might wonder why the proof of Corollary 11.3

does not use, as in �5.2 loc. cit., an argument by restriction from K ∩N(Af ) (denoted

KW loc. cit.) to K ∩ N(Q) (denoted ΓW loc. cit.). Using the notation loc. cit., I do

not understand how this argument by restriction can possibly yield a HQ/HC-equivariant

isomorphism, because there seems to be no subgroup of HQ surjecting onto HQ/HC and

whose intersection with KW is ΓW . Using our notation, the issue is roughly that the

action of K ∩H(Af ) on K ∩N(Af ) does not preserve K ∩N(Q) in general.
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